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ADVERTISEMENT. 



As Utility is the great object aimed at rh this Publi- 
cation, I have spared no pains to make a careful selection 
of materials, from the mosf approved sources, which may 
tend to elucidate, in a full and clear manner, the Elements 
of Algebra, both in theory and practice. 

Those authors of whose labours I have principally 
availed myself, are Euler^ Clairaut^ Lacroix^ Gamier ^ £«- 
zout, Lagrange^ J^ewton^ Simpson^ Emersonj Wood^ Bonny^ 
castle^ Bridge^ and Bland. 

To Bland's Algebraical Problems, (a work compiled for 
the use of Students in one of the first Universities in Eu- 
rope), I am chiefly indebted for the problems in Simple, 
Pure, and Quadratic Equations. 

By permission of the learned Dr. Adrain^ I have added, 
as an Appendix, his method of demonstrating algebraically 
the propositions in the fifth book of Euclid's Elements. 

J^MES Ryan* 
New-York, Jnly 1, 1824, 
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AN 

ELEMENTARY TREATISE 

Olf 

ALGEBRA. 

* INTRODUCTION. 

KXPLANATION OF THE ALGEBRAIC METHOD OF NOTATION :- 

DEFINITIONS AND AXIOMS. 



1. Mgthra is a general method of computatioD, la which 
abstract quantities and their spveral relations are made the ^ 
subject of CAlculatioo^ by means of alphabetical letters and 
lather signs. 

2. The letters of the alphabet may be employed at pleas- 
ure for denoting any quantities, as algebraical symbols or ab- 
breviations ; but. in general, quantities whose values are 
known or detemdmed, are expressed by the first letters, a, b^ 
0, &c. ; and unknown or undetermined quantities are denoted 
by the last or final ones, u, v, zv, or, &c. 

3. Quantities are equal when they are of the same magni- 
tude. The abbreviation a=^ implies that the quantity de* 
ftoted by a is equal to the quantity denoted by 6, and is read 
a equal to6 ; a>6 or a greater than 6, that the quantity a is 
greater than the quantity 6 : and a<6 or a less than 6, Ihat 
the quantity a is less than the quantity h. 

4. Addition is the joining of magnitudes into one sum* 
The sign of addition is an erect cross ; thus, a+h implies the 
sum of a and 6, and i^ called a plus 6. if a represent 8 and bl 
4 ; then, a+b represents 12, or o4-^=84-4=12. 

5. Subtraction is. the taking as much from one quantity as 
is equal to another. Subtraction is denoted by a single line ; 
as a— 6 or a minus 6, which is the part of a remaining, when 
a part equal to b has been taken from it ; if «s=d« and 63=5 • 
a "6 expresses 9 diminished by 5, which is equal to 4&^ ^x 
a— d=9-6=4. 



2 IlfTRODUCTIOV. 

6. Also, the difference of two quantitien a and b ; when it 
is not known which of them is the greater, is represented Iqr 
the siein^ : thus, a^b is a — 6, or 6 —a ; and aj:b aigntfiti 
the sum or difference of a and b, 

7 Multiplication is the addin^c together so many namhen 
or quantities equal to the multiplicand as there are ufit/i in the 
multiplier, into one «um called the product. Multiplication ii 
eipressed by an ohjique cross, hy a point, or hy simple appo- 
sition ; thus, a X 6, a . 6, or a6, signifies the quantity denoted 
by o, is to be multiplied by the quantity denoted by 6 ; if 
0^5 and &=7 ; then aX6-=5X7=35, or a . 6=5 . 73=36, 
or a6=6X7=35. 

Scholium. The multiplication of numbers cannot be ex- 
pressed by simple appo>!tion. A unit is a magnitude confi- 
dered as a whole complete wilhin itself. And a whole mm- 
ber is composed of units hy continued additions ; thaa, one 
plus one composes two, 2+ 1 ==3, 3+ 1 ^4, &c. 

8. Diyision is the subtraction of one quantity from another 
as oflen as it is contained in it ; or the fiiidi!ig of that quolienti 
which, when multiplied by a given diviiior, produces a given 
dividend. 

Diviftion is denoted hy placing tl>e dividend before the sign 
•7-, and the divisor after it ; thus a^b, implies^ that the quan- 
tity a is to he divided by the quantity b. Also, it is frequent- 
ly denoted hy placing one of the two quantities over the other, 

a 
in the form of a fraction ; thus, -^:^a^b ; if o=l2, 6is4 ; 

6 

a 12 

then o-r-6=— =I2-r-4= — =3. 
4 

9. A simple frfietion is a number whirh by continual addi- 
tion composes a unit, and the numher of 8U'*h fractions coif- 
tained in a unit, is denoted by the denominator, or the num- 
ber below the line ; thus, i+i+i=l. A number com- 
posed of such simple fractions, hy continual addition, may 
properly \'»r termpd a multiple fraction ; the number of sim- 
ple fractions composing it, is denoted by the upper figure er 
numerator. In this Hense, f , |, |, are multiple fractions ; 
andf=l,|=|+i=l+i=H. 

10. When any quantities are enclosed in a parenthesis, or 
or have a line drawn over them, they are considered as one 
quantity with respect to other symbols ; thus a— (6+c), or 

a— -i&4'C ; implies the excess of a above the sum of 6 and e ; 
Leta=9, 6=3, and c=2 ; then, (i-(6-fc)=9— r3+2)=:9 
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- 6=4, orjOj- 6+7=9— 3+2=9— •5=34. Also, (a+6)X 

(c+d), or a+b Xc+d^denotes that the sum of a and b is to be 
moltiplied bj the sum of c and d ; thus, let a=4, b^t, caed, 
apdrf=6; then (o+6)x(c+if)=(4+2) X (3+6)=:6X8=48, 
or o+6Xc+d=4+2x 3+5=6X8=48. And (a-6)-r(c 

+•(/,) or — 7^^; implies the excess of a above 6, is to be divi- 

ded by the sum of c and d ; if o=12, 6=2, c=4, and rf=l ; 

.thcn,(a— 6)^(c+d)=(12--3)-r-(4+l)=10-4-6=2,or^ 

I2J2 10 ^ 



4+1 6 

The line drawn over the quantities is sometimes called a 
vinculum. 

1 1 . Factors are the numbers or quantities, from the multi- 
plication of which, the proposed numbers or quantities are 
produced ; thus, the factors of 35 are 7 and 5, because 7X6 
ss35 ; also, a and 6,- are the factors of 06 ; 3, a^ 6 and e^, 
are the factors of Sa^b^ ; and a+b and a- 6 are the factors 
of the product {a+b) x (a— A) . 

When a number or quantity is produced by the multiplica- 
tion of two or more factors ; it is called a composite number 
or quantity ; thus, 35 is a composite number, being produced 
by the product of 7 and 6 ; also, 5acx is a composite quantity, 
the &ctors of which are 5, a, c, and x, 

12^ When the factors are all equal to each other, the pro- 
duct is called a power of one of the factors, and the factor 
is caUed the root of the product or the power. When there 
are two equal factors, the product is * ailed the second power or 
square of either factor, and the factor is called the second root 
or square root of the power. When there are three equal 
factors, the product is called the third power or cube of either 
ftctor, and the factor is called the third root or cube root of 
the power. And so on for any number of equal factors. 

13. Instead of setting down in the manner of other pro- 
ducts, the equal factors which multiplied together constitute 
a power, it is evidently more convenient to set down only one 
of the equal factors, (or, in other words, the root of the pow- 
er,) and to dei*ignate their nymher by small figures or letters 
placed near the root. These figures or letters are always 
placed at the upper and right side of the root, and are called 
the indices or exponents of the power. 
For example : 

axaxaXa or aaaa is denoted lYkua^ a^ \ 
yXy^yXyx y or yyym, thuB, -if •, 
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where o* and y'' are the. powers ; a and y the roots, and 4 
ar.d 5 the iudice^ or eipnneiits of the powem. A^in : 4as* 
X -lasr X 4ax^ , is» thus abridged, (4aar' )•* ; where (4«x« )' is Che 
power, 4ajr the ront, and 3 the indei or exponeot of the 
power. The same method i» adopted, whatever be th^ font 
ofthe root ; thus, (a« -x«— y») X(a'''-r»-y') X(o»— x*— y«] 
is written briefly thus, (a* — x* ~y» )', where (o" — x* — y'y 
is the power, «» — x« — y« the root of the power, and 3 iti 
index or exponent. 

N. B. Care must always be taken to embrace the roof h 
pareoiheseb, except wtiere it is expressed by a single charac- 
ter. 

14. The coefficitnt of a quantity is the number or letter pre- 
fixed to It ; being that which shows how ol\en. the quantity is 
to be taken ; thu^, in the quantities ^b and 6x', 3 and 6 ara 
the coefficients of b and x*. Also, in the quantities 3ajf and 
5a^x, 3o and 6a' are the coefficients of y and x. 

15. VVheo a quantity has no number prefixed to it. the 
quantity has unity for its coefficient, or it is supposed to be 
takf-u only once ; thus, x is the same as Ix ; and when a 
quantity has no vi^^n before it, the sign + is always under- 
stood ; thus, 3f/'6 is the same as -f 3a'6, and 5a — 36 ia the 
same as + 5a — 36. . 

16. Q'lantities which can be expressed in finite tenna, or 
the roots of which can be accorately expressed, are roCteiial 
quaritiiies ; thus, 3a. fa. and the square root of 4a*, are ra- 
tional quantities ; for if a=^10 ; then, 3a=')X 10=30 ; fas 
I X 10=y =4 ; and tht> square root of 4a*= the square root 
of 4 X 10^= the square root of 4 x lOX 10^= the square root 
of 400=20. 

17. An irrational quantity, or mrd, is that of which the 
value cannot be accurately expressed in numbers, as the 
square root of H, 5, 7, &c ; the cube root of 7, 9, &c. 

18. The roots of quantities are expressed by means of the 
radical sign ^/^ with the proper index annexed, or by fraction- 
al indices placed at the right-hand of the quantity • thus, ^^e, 

or a^, expresses the i>quare root of a; ^(a+a:), or («+«)% 

the cube root of {a+x) ; ♦/(a+x), or (a+xJ*, the fourth 
root of (a+x). When Xhe roots of quantities are expressed 

by fractional indices ; thus, o* , (a+x)», (a + x)* i they are 
generally read a in the power {^). or a with Q) for an index : 
(a-j-^) ii" the power (^), or (a 4-2) with (^) for an index ; and 
(a-f-dcj i» the power (J), or (a-|-x) with (J) for an index. 

1 9. Likt quantities are sacn as consist of thesB^me Utters 01- 
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the same combiDatidn of letters, or that differ only i^ their 
numeral coefficieots ; thus, Sa and 7a; 4ax and 9ax ; + 2ac, 
and Ooc-'dca; &c., are called like qaantitie«>; and unlike 
quantities are such as consist of different letters, or of differ- 
ent combination of letters* thus, 4a, 3b ^ lax^ ^y'» ^- u^ 
unlike quantities. 

20. Algebraic quantities have also different denominations, 
according to the sign +» or — . 

Positive, or affitmative quantities, are those that are a4di* 
tive, or such as have the sign + prefixed to them; as, +a» "I* 
Bab, or 9ax. 

^\. Negative quantities are those that are subtractive, or 
such as have the sign -^ prefited to them; afl, — x, —So*, -^ 
Aab, &c. A negative quantity i« of an opposite nature to '% 
positive one, with respect to addition and subtraction ; the 
oonditioii of its determiuation being such, that it must be sub- 
tracted when a positive quantity would be added, and the re- 
Terse. 

22. Also quantities have different denominations, according 
to the number of terms (connected Afy the signs + or — ) of 
which they consist ; thus, a, 3h, — Aad^ &c.. quantities con- 
sisting of one term, are called simple quantities, or monomi- 
als ; a+Xy a quantity consisting of two terms, a binomial ; 
a^a; is sometimes called H residual quantity. A trinomial is 
a quantity consisting of three terms ; art, a'\-9.:r - 3^^ ; a quad- 
rinomial of four; as, a^h+Sx — 4y ; and a polynomial, or 
multinomial, consists of an indefinite number of terms. 
Quantities consisting of more than one term may be called 
compound quantities. 

^3. Qjuantities the signs of which are all positive, or all 
negative, are said to have likt signs ; thus, -f-Sa, +4x. 4* 
bab, have like signs : also, ^4a, — 36, ^4oc : Wh«-n some 
are positive, and others negative they have unlike signs ; 
thus, the quantities +3a and -- dab have unlike signs ; also, 
the quantities — Sax, +3tt'x ; and the quantities -6, +6. 

24. If the quotients of two pairs of numbers are equal, the 
numbers are proportionaL and the first is to the second, as the 
third to the fourth ; and any quantities, expressed by such 

a c 
numbers, are also proportional ; thus, if -t-=-j-; then, a is to 

6 a 

6 as c to d. The abbreviation of the proportion * a : 6 : : c : 

rfi an^ it is sometimes written a : 6=c : d; if o*=8, 6«=4, 

8 12 
c=sl2, and cl=6 i then, -=—=9, and 8 : 4 ;; 6 : i^, 

4 6 

2* 
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A term, is any part or member of a compoand qunti* 

»tir:h 19 separated frcm the rett bj the signs +and-*; 

t' ^.^. . and are the terms of a+^; and 3a» *2fr, and +6ail, 

J.«> terms of the compoand quantitj 5a^^b+bad. Ib 

• •f/' i.aRner, the terms of a product, fraction, or proportioBp 

sevpral parts or quantities of which they are compoa- 



r--*' 



•H^ . ^ti M, a and b are the terois of ah, or of -n t^od a, 6, c, d^ 

o 

y. *' '.1. :; ^erms of the proportion a : 6 : : c : d. 

^- Afieaxfire, or diviior^ of any quantity, is that which il 

. 'M ■'<*>. *d in it some exact number of times ; thus, 4 iia 

3ta 
a: «^ :r of 12, and 7 is a measure of 36a, because -^«B5a, 

C .' A prime number, is that which has no eiact dinaor, 
eA V ; itoeir, or unity : 2, 3, 5, 7, 11,8cc. and the interrea- 
\ .: • libers ; 4. 6, 8, &c. are composite numbers. (Art 11). 
CniNv enfurabU numbi rs, or quantitic-a, are such as 
r ■■ 'i coiumon measure ; tiios, 6 and 8. 8a5, and 4a6«ara 
c ^..'^-r '•.stjTable quantitif.s ; the common divisors being S and 
t . . 4.1 ar* and oax are commensurable, the common diVt- 

;'"> 'Uii, two or more numbers are said to be primate 

c ■: wT. f^hen they have no common measure or difiaori 

..k .j'«ity t as 3 and 6, 7 and 9, 1 1 and 13. &c. 

i> A ...uliiple of any quantity, is that whir.h is some es* 

k ! ' u>er ot times that qoannty ; thus, 12 is a multiple of 

i . :.■ 15a is a multiple of 3a, oecause -~ — =^5. 

3a 

,1 i riio reciprocal of a quauticy 14 that quantity inrerted or- 
ir i^v .vided by it.- Thus, tht; reciprocal of a, or of -ria-j 

* f^ ' ^ I*. « ^a— :& . a+o 

l)^ r furocai of -r w - . and the re<Mproca1 of — ^-p is -. 

b a " 0+6 a — 6 

hc: reciprocal of the pollers and roots of quantities, 

. :.-»Ltly written with a nogatiire index or exponent; 

U . N reciprocal of a^=:---, may be written a—'; there- 
at 

M ' r (a+a*y=;^ — r-N-^i ^^y be written fa+ar) •' ; but 

c- 'd of notation require? some farther explanation, 

■i givi-n in a sut*8(qut;nt part of the nork.* 
'■ inaion of one or uiorp quantiti^'H, is an « X|>re»i*i0A 

I'A^ \^ :. those qunntiiies enter in auy manner whatever^ 
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dlher combine4» or noli with koown qaantities ; thua^ a+tx, 

ax+3a%* , 5mx* ^3a* t kc. are fancUoas of x; ind Sax* 
Hh^» STx^+^asy)*, &c. are fonctioDS of x and y. 

34. When qnantitiei are connected by the sign of eqaali- 
tr» the expression itself is called an equation ; tbns, a^^rb^^ic 
+d^ means that the quantities a and 6, are equal to the quan- 
tities e and 4 ; and this is called an equation ; it is divided in- 
to two members by the sign of equality, a+6 is the^r«l| and 
«+flI, the second member of the equation, 

35. In alj^ebraical operations the word therefore^ or eonse" 
quendyf often occurs. To express this word, the sign /• is 
generally made use of: thus, a=^b, therefore^ a-^rcssb+c ; is 
expressed /.a+c=-6+c. 

Also 00 is the sign of infinity ; signifying that the quantity 
Standing before it is of an unlimited value, or greater than 
any quantity that can be assigned. 

36. The signs + and -r « give a kind of quality or affection 
to the quantities to which they are annexed. As all thos^ 
terms which have the sign + prefixed to them, are to be 
added (Art. 4j, and those quantities which have the sign •— 
prefixed to them, are to be subtracted^ (Art. 5), from the 
terms which precede them ; the former has a tendency to in- 
ereeue^ and the latter to diminieh^ the quantities with which 
they are combined ; thus, the compound quantity, a^x,, will 
therefore.be positive or neg;ative, according totbe efi*ect which 
it produces upon some third quantity 6 • if a he greater than 
x^ then, (since a is added^ and 6 tubtracted) b'\-ar^x is >6^ 
but if a be less thsn x ; then, b -|-a«-*x is < 6. 

In the first place, let as=10, x=6, an>i 6=8 ; then 6+a— « 
s:8+lO— 6, which is >8 » sinre 10— 6s:4, h positive quan- 
tity ; therefore, a tr is positive. Next, let 0=12, x=14, 
and A=20 ; then 6+a— a;.-=20+12- 14, which is <^0 ; 
since 12 — 14== — 2, a negative quantity ; therefore a — oris 
negative. In like manner, h may be «>hown that the expres- 
sion a — b-^-c — d is positive or negative according a8:a4-c is > 
or <64'<2; and so of all compound quRntitie." whatever. 

37. The use of the<)e several lif^ns^ symbols^ and abbrevia- 
Honif may be exemplified in the following manner : 

EXAMPLES. 

Example 1. In the algphraic pxpression fl+fc+c— i, let 
(|s£8, 6=7, c -4. and rf=6 ; then, 

o+^+c— rf-=8 + 7+4 6=19—6=13. 
Hx, 2. In the expression i»6+ttx -b-y^ \^\. Oi'==-b,^'='V 
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L=u, aiiJ ./ =12 ; then, to fimi iu value, we hafe oi^^^as^ 

=20+40-48 
=00 -4 8= 12. 

Ex. G. What is the value of-— .--j-?^, where aa=4, xart, f 

^-10, and 6-=G ? 

Hi le Xix -t- 2y-3X4 X5+2X 10=60 + SOsSO, aod i 
U5=^,|+G=I0; 

3flx+2y _ 8^ _ « 

Ex. 4. Wfiat id the valuo of a^+tah-^c+d, when aaeS, 
6=5, #:= 1, ami i/=l ? An*. 93. 

r.x. 5. What iH the value of a6+cc— 6d, when a=8, 1= 
7, rr.-t>, (/=;>, aiid ea=l ? An* 27. 

Ex. C. In the expression ^, ^, let a=6, 6=ss3, xs=7, 

4Dd f/=5 ; what is ifs niiniprir.il vahie? Ans. 5. 

Ex. r. In the expresnion , .. , let a=3,6«5,cs*f, 

• .- f! ; What ie it? niimericHi vahn* ? Ans. 7. 

Ex. 8. What i- the valu** ofa* X(a r^) — -<»^<^» where a«s 
•?, 6-~5, and c-=4 ? A»«8. 156. 

Ex. 9. There t« a ct^rtain al{;phrHic expression conFistinS 
of thn»e fei-m* connf cled tojrether ty the Hi(3:nf)/u5; the first 
term of it aiisea from Uivltipiytnf ihwe »imes ihe square of a 
by the qnantitv 6 ; th^ second i« the product of a, b and c ; and 
thn third is tmothirds of *he product of a nod h. liequired 
the expression in aluehraic writirijr, .nnd its nnmerical value, 
".vherr c=l, 6=3, and c=2 ? Ans. i7'5. 

DEFlMTiONS. 

3€. A proposition is some truth advanced, which is (o be 
'icmonstrated, or proved ; "r somi^thins: proposed to be done 
or performed; and is either a proSU^ni or theorem. 

o9. A />ro6/cin, is a prop..!«ition or question stated, in or- 
:]cr to tho inves'ij^ation of some n:.knoun truth ; and which 
requires th-? truth of the discovery to ho demonstrated. 

•iO. A thiiorein^ ix a proposition, wherein something ib ad- 
vancr.d or asserted, the trutli of which i?* proposed to be dc- 
monslralrd or proved. 

4:. .\ "-oroUary^ or consectary, is a truth derived fromsoiDo 
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proposition already demoDstrated, without the aid of any other 
propositioD. 

^2. A lemma, signiOes a proposition previonsly laid down, 
in order to render more easy the demonstration of some 
theorem, or the solution of some problem that i^to follow. 

43. A icholiumy is a note, or remark, occasionally made on 
some preceding proposition, either to show how it might he 
otherwise effected ; or to point out its application and use. 

44. An €xiomy is a self-evident truth, or proposition uni- 
versally assented to, or which requires no formal proof 

45. As axioms are the first principles upon which all ma- 
thematical demonstrations are founded, I will point out those 
that are necessary to be observed in the study of Algebra, as 
there will be frequent occasion to advert to them. 

AXIOMS. 

46 When no difference can be shown or imagined between 
two quantities, they are equal. 

47. Quantities equal to the same quantity, are equal to 
each other. 

48. If to equal quantities equal quantities be added, the 
wholes will be equal. Thus, if a =6, then a+c^^b+e ; if 
«— 6=c, then adding 6, a— 6-}-6=c+6, or a=:c4-^. 

49. If from equal quantities equal quantities l>e subtracted, 
the remainders will be equal. 

If a=6, then, a — 23=6 -2; if 6+c=a+c, then 6=ca. " 
60. If equal quantities be multiplied by equal numbers or 
quantities, the products will be equal. 

Thus, if d=6, 3a=s36 ; if «=-» 3a=6 ; if a»6, ew^scb ; 

and if o=A;, aX«=6X6 or o»=6«. 

51. If equal quantities be divided by equal numbers or 
quantities, the quotients will be equal. 

Thu8.if5«=106.^=i?^,or —26; if ca=c6/f!:=i?. 

5 5 c c 

M* hn. 

or £1=56 .and if a*=»6a, then — =5=. - or 05=6, 

-a a 

Scholium. Articles (49), (50), (51), might have been de- 
duced from Art. (48) ; 'hut they are all easily admitted as 
axioms. 

52. If the same quantity be added to and subtracted from 
another, the value of the latter will not be aU^t%^. *^>DSQa^^ 
if o=c, then o-|-^=c+ft| wd a+b— b«c-Vh — b > ^^ «=a«i* 
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This might be inferred from Art. (48). 
53. If a qiiaotity be both multiplied and .divided by anothtr, 
its value will not be altered. Thuii, if a=s6 ; then SesaSI. 

3a 36 . * 

and dividing: by 3, -r-^-^-* or at* 6. 
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§ ]. Addiiion of Algebraic Qjuantitus. 

54. The addition of algebraic quaDtllies is performed by 
coDDectiDg those that are unlike with their proper signs, and 
collecting those that are like into one sum ; for the more 
ready effecting of which, it may not be improper to premise 
a few propotitiims, from which all the necessary rules may be 
derived. 

55. If two or more quatUiiies are like^ and have like signs, the 
sum of their co^cients prefixed to the same letter, or letters, 
. with the same sign, w.ill express the sum of these quantities. 
Thus, 5a added to 7a is ==\ia; 
And —5a added to . 3a is = — 8a* 

For, if the symbol a be made to represent any quantity or 
thing, which is the object of calculation, 5a will represent 
five times that thing, and 7a seven times the same thing, what« 
ever may be the denomination or numeral value of a ; and 
consequently, if the quantities 5a and 7a are to be incorpo- 
rated, or added together, their sum will be twelve times the 
thing denoted by a, or I2a. 

Moreover, since a negative quantity is denoted by the sign 
of subtraction : thus, if a+i&=a — c, 6=— c, and c=— 6. A 
debt is a negative kind of property, a loss a negative gain, and 
a gain a negative loss. 

Therefore it is plain that the quantities, —5a and —3a, 
will produce, in any mixed operation, a contrary effect to that 
of the positive quantities with which they are connected ; 
and consequently, after incorporatiug them in the same man- 
ner as the latter, the sign — most be prefixed to the result ; 
so that if A be greater than a, it is evident that 5 (A-a)-f3 
(a— o), or (5 A - 5a) + (3a -3a) =8 A -8a; and therefore the 
sum of the quantities —5a and —3a, when taken in thei^ 
isolated state, will by a necessary extension f>{ V^i^ ^xo^^^v 
tionbe s:«-i8a. 
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06. If two quantities mre like, but have wUike signt, the differ- 
ence of their coefficients^ prefixed to the same letter ^ or let' 
terSf with the sign of that which hath the greater coefficient^ 
will express the sum of those quantities. 

Thus +ea added to * 4a is =:+Sa ; 
And —6a added to +4o is = — 2a. 
Since, Art. (.36), the compound quantity a — 6-|-c— J, itc, 
is positive or negative, accordins; as the sum of the poisitive 
teriBs is greater or less than the sum of the negative ones, the 
aggregate or sum of the quantities 4a— 2a+2a— 2a,or6a — 4o, 
will be -|-2a : since the sum of the positive terms is greater 
than the sum of the negative ooe§i And the sum of the quan- 
tities a — 4a-f-3a— 2a, or 4a^6a, will be — 2a : since the sum 
of the negative terms is greater than the sum of the positive 
ones. 

Corollary. Hence it appears, that if the sum of the posi- 
tive terms be equal to the sum of the negative ones, their ag- 
gregate or sum will be nothing. Thus 6a— '5a=0 ; and 5a 
- 3a4-4a - 6a~ 9o - .9a=0. 

57. The preceding proposition is demonstrated in the fol- 
lowing manner by Bunnycastle in his Algebra, Vol. II. 
8vo. 

Where the quantities are supposed to be like, but to have 
unlike signs, the reason of the operation will readily appear, 
from considering that the addition of algebraic quantities, 
taken in a general sense, or without any regard to their par- 
ticular value:*, means only the uniting; of them together, by 
means of thr arithmetical operations denoted by the signs + 
and — ; and a». these are of contrary, or opposite natures, 
the less quantity must he taken from the greater, in order to 
obtain the incorporated ma{^s, and the sign of the greater pre- 
fixed to the result. So that if 6a is to be added to 4(a — a), or 
to 4a — 4a, the result will evidently be 4A-]-6a— 4a, or 4A-t- 
2a ; and if 4a is to be added to 6(a — a), or to 6a — 6a, the 
result will be 6A4'4a tia, or 6a — 2a ; whence by making 
this proposition geneial. as lu the tast^'ihe sum of the isolated 
quantities 6a and — 4a will be +^a, and that of 4a and -^Qa 
will be —2a. 

58. If tW9 or more quantities be unlike^ their sum can only be 
expressed by writing them ajttr each other ^ with their proper 
signs. * 

Thus, the sum of 2a and 2&, can only be expressed, with 

the sign -j- between them, which denotes that the operation of 
addltioa is to he performed when we assign values to a and ^« 



ADDITION. 13 

For, if «3a io« and &3s6 ; then the nm of 2a mad 9b can be 
oeither 4a nor 46, that ifl, neither 4X10^40 nor 4X6=s20 ; 
bat 2X10+2X6=20+16=30. In like manner, the sum of 
3a,— 56, 2c, and — 8<2, can no otherwise be incorporated, or 
added together, than by means of the signs + and ~ ; thus, 3a 
— 66+2c-.8(l. 

These propositions being well uoderstood, the following 
practical rules, for performing the addition of algebraic quan- 
tities, which i^ generally divided into three cases, are readily 
deduced from them. 

CASE I. 

When (he quantities are like^ and have like iigns. 

RULE. 

59. Add all the numeral coefficients together, to their sum 
prefix the common sign when necessary, and subjoin the 
cooimoB quantities, or letters. , -v 

EXAMPLE 1. 

2a:+3a-46 

• 3a;+4a- b 

7ar+ a — 76 

x+9a — 96 
$x+ «— 6 

X+80-36 



J r 



23x+26a— 256 



In this example, in adding up the first column, we say, 1 + 
9+1+7+3+2=23, to w^ch the common letter x is sub- 
joined. It is not necessary to prefix the sign + to the result, 
since the sign of the leading term of any compound algebraic 
expression, when it is positive, is seldom expressed ; for 
(14) when a quantity has no sign before it, the sign + is al- 
wa3fs understood. And it may be observed when it has no 
numeral coefficient, unity or 1 is always understood. 

Also, the sum of the second column is found thus, 6+1+9 
+ 1+4+3=26, to which the sign + is prefixed, and the 
coouDon letter a anofiKed. 

Again, the mm of the third column is found that ; 3+1 + 
9+7+1+4=25, to which the. siga«- it pie&uA> %sA^te 

3 
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common letter h sobjoioed. So that the nim of til the quu- 
titles 18 expressed by S3 times x plus 26 times a mintn tb 
times 6. 

Ex. 2. Ex. 3. 

9xy— 46c+7x» 6a»- 3««+3y— 19 

4a:y— 6c+3«« 4a»- ««+4y— 17 

xy - 76c+4x3 a' — 7aF* +7y— 14 

8xy— 46c+ X* 7a» — »*+ y— I 

Tory— 6c+9x« 8a»-. 9x'+l^«S0 

ary-.36c+ z« 7a9— 11««+ y- 8 



SOory -20fcc+26«« 3?a»— 32x» +26y - 79 

Ex. 4. Add together 2x+Sa,4x4-a, 6x+8a, 7x+2a, and 
r-j-a. Ans. t9x-f-16a. 

Ex. 6. Add together 7x«-56c, 3a:«— 6c, x» -46c, fix* — 
6c, and 40^— -46c. Ans. 20«>^— 166e. 

Ex. 6. Required the sam of 3a^+4x'— «, 2s3+s'«3(r, 
7r3+2x^ - 2x, and 4x3+'^a;*— 3x. Ans. I6x»+9««^9x. 

Ex. 7. What is the sum of 7a»-3a*6+2a6» -36^ o**- 
aa6— 63+4a3,— 66'+6a6*-^a»6+6a»,and -a<6+4a6> — 
46'+o' ? Ans. 18tt9-9aa6+12a6« — 13*». 

Ex. 8. Add together 2xay-x+2, x^y— 4x+3, 4x«y— 3jf 
+ 1, aAd5x^y-7x+7. Ans. ISx'y— 15x4-13. 

Ex. 9. Required the sum of 30— il3x' — 3xy, 23— lOx^ 

-4xy, -14x*-7xy+14, -6xy+10- 16x*, and 1 -2x* - 

xy, Ans. 78 — 55x> — SOxy. 

Ex. 10. Add3(x+y)*— 4(a-.6)», (x+y)«— (a- 6)»,-7 
(a-6)9+6(x+y)«, and 2(x+y;>-(a-6)» together. 

Ans. ll(x+y)*— 13(a-6)3. 

CASE II. 

When the qwtwUiiei are l%k%y hut havt unlike »ign$. 

KULE. 

60. Add all the positive coefficients into one sum, and those 
that are negative into another ; subtract the leiser of these 
sums from the greater ; to this difference^ annex the comaum 
letter or letters, prefixing the sign of the greater, and the re^ 
suit urili be the sum required. 
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EXAMPLE I. 

— 4x^+ «»— 4a; 

— «3— 2a:a+7a: 
9a:3+6a;*— 9x 
3x3— Sopa+Ga; 

— 6x3+3x«-6x 

9x3 * ^sx 
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In adding up the first column, we say, 3+9+7 =:+I9» 
and -(6+l+4)=-10; then, +19- 10 =+9= the ag- 
gregate sum of the coefficients, to which the common quantity 
a; 3 is annexed. 

In the second column, the sum of the positive coefficients 
is 3+6+1=10, and the sum of the negative ones is —(6+2 
+3>=— 10 ; then, 10 — 10=0 ; consequently, (by Cor. Art. 
56), the aggregate sum of the second column is nothing. And 
in the third column, the sum of the positive coefficients i« 
6+7+3=16, and the sum of the negative one is —(6+9+ 
4) =— 19 ; then +16 — 19= -3 ; to which thp commonlet' 
ter is annexed. 

Ex.3. 

4a6+3xy— 2ax+ c 

— ab — xy+ ax— 6o 

5ab — 2xy — 7ax+ 7c 

— 4aj&+ xy+ ax'i' c 

7a6— 3xy+4ox — c 

— ab — xy — ax+4c 



Ex.2. 

6x3— 6a+4x-3 
-2x3+ a— 9x+7 

7x3+7a+7x— 1 
— x3— 3a--2x+3 
+3x3+ a— 4x+4 
— 7x3 — 4a+3x — 5 



6x3ii«4a— x+6 



1 Oab — 3xy — 4ax+7c 



Ex. 4. 
3(a+6)*- 5(x^+y^y+S{a^+c^y+9xy 
- (a+6)*+ (x3+y3)2_5(rt34.ca)3_4ajy 
+B{a+b)i^ 6(x3+y3)3+8(a3+c3)3+ ,y 

— .2(a+i)i- (x3+y3)2_7(a34.c3)3 ^Sxy 

+6(a+6)*-'7(x3+y3)i_ (a3+c3)3«. ^y 
l3(a+6)^-l8(x«+y3)^-.4(a3+c«y+SlxM 
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Id Ex. 6. The ■om of ox* tnd «s*» or os'^-is*, it B5(a-|-e) 

x' ; the sum of+kx* mod -4dr*» or > 6x< — cix*, is ss(6— in 

X* ; and the sum of +cx and ^/c, or +e«-/x, it «+(cy) 

X Aoy malt <'iiiial may be expretted in like minner, that ; 

the multinom* ii mx*+ns' — ^* ""?*' °^y ^ ezpreMed by 

(m+»— /''— 7)'' ; ^ the mixed multinomiilpxy-f^y*— rxy 
+my*-nxy, by (p-r^ii) xy+r^+m)^^ ; kc. 

Ex. 6. Add «x«+y»+9, 7xy*3a6 - V, 4xy-y-9, and 
x*y — xy + 3x^ together. 

Ant. 4x'-^y' + 10xy«da&«-y+x*y. 

Ex. 7. Add together 78a , 246c, 7Qxy, - 18a>, and — Ittc* 

A s. 54a + I26c+70tty. 

Ex. 8. What it the tom of 4Sxy, 7x*,- l2tty«-.4o6,«av', 
and — 4fly ' Ant. 43xy+4x« - l<kiy— 4a&. 

Ex. 9 What it the sum of 7xy, —166c,-. 19xy, 106c, and 
5xj^ ? Ant. S6e. 

Ex. 10. Add together box, —606c, 7ax, - 4xy, -6as, and 
^ ] Stbc. Ant. 6ax— 726c— 4sy. 

Ex. II. Add 8a'x' — 3tx, 7ax-'5xy, 9xy— 6aje, and aEy4- 
^a^x^ together. Aut. lOax'— ax+6ry. 

Ex. 12. Add 2x'-*9y>+6, 9xy--3ax^x>, 4y'—y-»6, and 
x^y — 3xy+3x« together. Aiit 4xi+y'+6xy— 3ax- y+«^. 

Ei. IS. Add. 2x^~4x*+x«, 6x«y-a6+x*, 4«« — «», 

and 2x^ - 3 + 2x' together. 

Ant. 4x"— x*-|-6x* 4" 5x*y— 06— x»— S. 

Ex. 14. Required the tarn of 4x> +7(a+6/. 4y« — 6(a+ 

6)», and o» — 4x*— 3y«— (a+6)«. Ant. aH y'+(a+6)< 

Ex. 1 6. Required the tnm of ox*— 6x'+cx' , bcx* - acx* — 

(^Tf and ox^+c— 6x. 

Ans. Aar* — (6+ac)x'+(c +6c+ci)x"- (c» +6)x+c. 
Ex. 16. Kequired the sum of 6a+36'-4c, 2a— 66+6c+ 
td, a— 46 — 2c+3e, and 7a+46 — 3c — Be. 

Ads. 16a— 26^3c-|-2(I — St. 

§. n. Subtraction of Algebraic Quantities* 

62. Sahtraction in Algebra, is finding the difference be* 
twi^en two algebraic quantities and connecting those quanti- 
tie** lotrethtT with their proper signs : the practical rule for 
prr forming the oygration is deduced from the following jpro- 
position. 

63. To subtract one quantity ff am another ^ is the snwe thing as 
to add it with a contrary sign. Or, that to subtract a pon^ 
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tive quantity f is the same as to add a negative ; and to sub- 
tract a negative^ is tke same as to add a positive. 

TlMia» if 3a is to be subtracted from 89, the r«^9ult will be 
8««* 3a, which is Ba ; and if 6— c is to be SHbtracted from a. 
the result will bea— (6 — c), which is equal to a-^b + e : For 
since, ia this case, it is the difference between 6 and c that is 
to be taken from a, it is plain, from the quantity 6 — c, which 
is to be sobttacted, being less than 6 by c, that if 6 be only 
taken away, too much wilt have been deducted by the quanti- 
ty c ; and therefore c must be added to the result to make it 
correct. 

This will appear more evident from the following conside- 
ration ; Thus, if it were required to subtract 6 from 9, th^ 
difference is properly 9—6, which is 3 ; and if 6 — 2 were 
subtracted from 9, it is plain, that the remainder would be 
greater lt»y 9, than if 6 only were subtracted ; that is, 9— 
(9^2)^=9-^6-1-2=3+2 = 5, or 9—6+2^9— 4=5. 

Also, if in the above demonslratioo, 6— c were supposed ne- 
gative, or b — c= — d ; then, because c is greater than b by (f, 
reciprocally c — b=id, so that to subtract — c? from a, it is ne- 
cessary to wicite a+d, 

64. The preceding proposition demonstrated after the 
manner of Gamier. 

Thus, if b — c is to be subtracted from the quantity a ; we 
will determine the remainder in quantity and sign, according 
to the condition which every remainder must fulfil ; that is, if 
one quantity be subtracted from another, the remainder added 
to the quantity that is subtracted, the sum will be the other 
quantity. Therefore, the result will be a — 6-)-c, because a 
— 6 -}- c-|-i6— c =o» 

This method of reasoning applies with equal facility to 
compound quantities : in order to give an example ; /' 
suppose that from 6a — :^b+4c, 
we are to subtract, 6a — bb+6c ; 
designating the remainder by R, we have the equality, 

R-t-5a— 5^+6c= Ha— 3A-|-4c : 
which will not be altered (Art. 49) by subtracting Sa^ adding 
56, and subtracting 6c, from each member of the equality ; 
therefore, the result will be, 

R=:6a— 36-f- 4c • 6a+ 56— 6c, 
or, bv making the proper reductions, 

R=fl+2A-2c. 

65. Another demonstration of the same proposition in La- 
placeU manper. 



20 SUBTRACTION. 

Thus, we can write, 

a=a+b'^b .... (1), 
a-^c^-a '■'C+b'^b .... (2) ; 
so that if from a we are to aabtract +b or —6^ or whicli w the 
same, if ia a we suppress +6, or — b, the remiimlerv fron 
trausformatioo (I), must be a. 6 in the first cite, and a+^ in 
the secoad. Also, if from a'-^c we take away +b or —-6, the 
remainder, from (2), will be a^C'-^b, or a— c4-6* 

66. Hence, we have the following general rule for the tab- 
traction of algebraic quantities. 

RULE. 

Change the signs of all the quantities to be iubtraet^ into 
the contrary signs, or conceive them to be so changed, nnd 
then add, or conaect them together, as in the several cases of 
addition. 

Example 1. From XSab subtract \4ab. 

Here, changingthe sign of 14ai(, it becomes — 14a£, which 
being connected to IBab with its proper sign, we have ISo^ 
— 14t/^=(18-^ U)ab=^4ab. Ans. 

Ex. 2. From 15x« subtract — lOar^. 

Changing the sign of — 10x«, it becomes + lOx*, which 
being connected to \bx^ with its proper sign, we have I6x'-f~ 
I0x^=z2bx^. Ans. 

Ex. 3. From 24aA+7cc/ subtract 18a-6+7crf. 

Changing the signs of Itab+Tcd, we have — 18a6 — 7crf, 
therefore, 2lab+lcd — XSub — Tcd=^6ab, Ans. 

Or, Uab+lcd 
— nab^7cd 



6ab Ans. 



Ex. 4 Subtract 7a— 56+3ax from I2a + 10i6+13a»—3a6. 

I2a+\0b+l3ax—3ab 
Changing the signs of J 
all the terms of 7a — 5b \ — 7a+6i6— Sax 

+3ax ; it becomes, ) ,— 

/. by addition, 6a+ 16^+ lOax — Sab. 



Ex. 5. From Sab-^lax+lab+Sax. take 4aA— 3ax— 4a?y. 

Sab — 7a» 

'tab+Sax 
Changing the signs of all > . / • « 
the terms of 4a/;-3ax-4xT,, \ - 4«^+ 3«.T+4ry 

.% by addition, 6ab — ax+4xy. An?^ 



SOBTRAdTlOSr. ti 

Ex. 6. 
From S6a-126+7c 
Take 14a- 46+7c—8 



Rem. 22a— di+S Ans. 



In the above exandple, one row is set under the other, that 
is, the qaantitiei to be sobtracted in the lower line ; then, 
beginning with 14a, and conceiving its sign to be changed, it 
becomes — - 14a, tvhtch being added to 36a, we have 36a — 
14a=22a ; also, -—4^, with its sign changed, added to — Mb 
will give 46— 12feaa(4— 12)6=— 86 ; in like manner, Ic — 7c 
=0, and — 8, with its sign cbanged,=+B. The following 
examples are performed m the same manner as the last. 

Ex. 7. Ex. 8. 

From3x— 4a+ b a+ b 

Take 2x+3a— 76 a— 6 



Rem. a:— 7a+86 *+26 



Ex. 9. Ex. 10. 

From 3cfr— 4cai4- y Ix^+Sx* — x 

Take 4ax-f2ar«— V 6«»— 2«« +8« 



Rem. 3a6 — 4aa;+y — 4cx — 2i»+3y» x^+5x* — 9a; 

Ex. 11. Ex. 12. 

From6a:*— 4a:y+5 7«»-8 

Take 4x*—Axy+d Sx^+Soh^^x^ 



Rem. s" * -4 Sar»-%i;» -606—8 



.«... 'f 



Ex. 13. 
From oar'-«'6a:*+ x 
Take pr^-^car^-l-ear 



(«-p)3r»-(6-e):il^+(l-^)« 



Ex. 14. ■ . 
From bx^+qx» — rx+py' 
Take«r»— «««+iiuc-«y* . ■ '»:.i«.'' ; . 

(i^-a>»+(S'+cK--(r+m)«-Kf+*^ 

67. As quantities in a parenthesis, or au&et aLN\ticdL'»i^>^^ 
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considered as one quantit? ifiih respect to other symboli 
TArt. 10,) the sign prefixed to qaintities in i parenthesis af- 
fects themsnZ/ ; when this sign is negaiivt^ the signs of dl 
those quantities must be changed in potting them into the pa- 
renthesis. 

Thus, in f£x. tS), when — ea^ is subtracted from —^x", Che 
result is — ox* + ex*, or — (b — c)x* : because the sign-— 
prefixed to (6 — e) changes the signs of b and e ; or it may be 
written +(c — 6)x*. 

Again, in (Ex. 14), when +mx is subtracted from — tx, 
the result is — rx — nue ; and, as this means that the sum ofrx 
and mx is to be subtracted ^ that negaiive sum is to be ezprw- 
ed by — (^rx+tnx)=^ — (r+m)x. For the same reason* the. 
multinomial quantity — my* +»y — ab}^ n^*+6y*, when put 
into a parenthesis, with a negative sign prefixed, becomes 

—(m-^-n* +064^—6)/. 
Ex. 15. From a — 6, subtract a+6, Ans. — 26. 
Ex. 16. From 7x^ — 5y+3x, subtract 3xy+3y+3x. 

Ans. 4xy — 8y. 
Ex. 17. What is the difference between Tox'+^xy — I2ay 
-{-56c, aud 4ax*+5xy — Say — icd. 

Ans. 3iix*— 4ay-4-^0+4ei. 
Ex. 10. From 8x* — 3ax+5, take 6x*-f-2ox-h6. 

Ans. Sx* — 6ax. 
Ex. 19. From a+64-c, take — a — 6 — c. 

Ans. 2a-}-2&+2c< 
Ex. 20. From the sum of 3^* — 4ax+3y*, 4y*+6a« — x*, 
I/* — ax+5x3, and 3ax — Sx" -y* ; take the sum of 5y*— x* 
+x^, ax — x3+4x*, Sx' — ax— ^*, and 7y« — ax +7. 

Ans. 4x'+4ax — 2y* — 5x^ — 7. 
Ex. 21. From the sum ofx*y» — x*y— 3xy3, 9xy* — 16— 
Sx^y', and 70+2x*y* — Sx*y ; subtract the sum of 5x*y« — ^20 
+rry3, 3x*y^x'y*+ax, and 5xy«— 4x*y* — 9+a«x*. 

Ans. 2xy« — 7x>y-.ax — a*x»-t-84. 
Ex. 22. Froma»x»y« — fii*xs+3cx — 4x*— 9 : takea'op'y* 
— »3x3+c»x+6x«+3. 

Ans. (o*— a3)x*y«— (m«— n«)x3 -K3c— ca)x— f 4+6) 

«*— 12. 
§. III. Multiplication of Algebraic Quantities, 

I 

In the multiplication of algebraic quantities, the fblk>wiiig 
propositions- are necessary to be observed. 

68. When several quantities are multij^ied continucdly together ^ 
the product Tvill be the same^ in whatever order they ars tnul^ 
hplied. - ' ' 
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For it 19 evideot, from the nature of mnltiplicatioD, tbat the 
product contains either of the factors as many times as the 
other contains an unit. Therefore, the product ab contains 
a as many times as b contains an unit, that is, 6 times. 

And the same. quantity a6, contains b as many times as a 
contains an unit, that is, a times. Consequently, a ycb^^ba^s^ 
«( ; so that, for instance, if the numeral value of a be 12, and 
of 6, 8, the product a6, will be 12 xB, or 8X13, which, in 
either case, is 96. 

In like manner it will appear Chat afrcssca^^ss^ea, &c. 

69. If any number of quantities be miiUiplitd continually together, 
and any other number of quantities be also multiplied con- 
tinually together y and then those two products be multiplied 
together ; the whole product thence arising will Be equal to 
that arising from the continual multiplication of all the singlt 
quantities. 

Thus, ah X cd=(i X 6 x c X d^abcd. 
For abissdycb^ and cd=cXd ; if x be put :=cJ, then abX 
cd==iabXx=^aXbXx ; bnixis^cds^cXd, .\abXx^=^abXcX 
d^a XbX cd^^abed, 

70. If two quantities be multiplied together^ the product will be 
expressed by the product of their numeral coefficients Tviih ihi 
Several iettirs subjoined. 

Thus, 7axBb=35ab. 
For7aift=7Xa, and 56=^6x6, /.7«X6fe=7XaX6X5 
^IXSXaXbcrSaXab^Sbab. 

7 1 . The powers of the same quantity are multiplied together by 

adding the indices. 

Thus, to multiply a' by a', it is necessary to write the let- 
ter a only once, and to give it for an exponent the sum 2+ 
3, the exponents of the factors ; that is, a* Xo*=a«+3=fl«i 
because a^^^aXa^ and a^ss^aXaXa ; therefore a^xal^=^aXa 
X aXaxat=.a^. In general, the product of a^ by an, m and n 
being always entire positive numbers, is a^^^. In fact, a*n is 
the abbreviation of aXtfxa. &c., x;ontinued to m factors, and 
a» is axaXa^ &c., contiifiued ton factors ; therefore a^xa'*= 
aXaXaXaxa^ &c., continued to m+n factors ; which (Art 
12)i8a«**. 

Recf^irocally o«*+* can be replaced by o"Xa*. The ojoaa^- 
tity a*» 18 sometimes called an exponential. 
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73. If two quantities having l%k§ tignt art midl^itd tef cdbr, 
the tign of the product will be -^^ ; if their tffM OM umUki^ 
the tign of the product will be — . 

1. A positi?e quantity being mahipliod by i potkirt cat, 
the prodact is positive ; thuty +ax+^^+^« becmuM -(-• 
is to be udded to itself as ot'teo as there are units in 6, ud 
consequently the product will be -jrab. 

2. A negative qnnntity being multiplied by a positive ones 
the product is negative ; thus, — ax4-^— ' *t b ; because — ^ 
is to be added to itself as often as there are units in 6, and 
therefore the product is — ab. Or» since adding a negative 
quantity is equivalent to subtracting a positive one* the more 
of such quantities that are added the greater will the whole 
diminution be, and the sum of the whole, or the prodacti most 
he negative. 

3. A positive quantity being multiplied by a negative one, 
the product is negative ; thus, +aX— 6s:— a6 • becaose 
+a is to be subtracted as oAen as there are units in 6, and 
consequently the product is — ab, 

4. A negative quantity being multiplied by a negative one, 
the product is positive ; thus, — oX— 6=+iw. For, a x-— 6 
c= — a6, that is, when the positive quantity a is multiplied by 
the negative quantity 6. the product indicates that a must be 
subtracted as often as there are units in 6 ; but when a is ne- 
gative, its subtraction is equivalent to the addition of an 
equal positive quantity ; therefore, in this case, an eqaal po- 
sitive quantity must be added as often as there are noits in b, 

73. If all the tertns of a compound quantity be multiplied sepa- 
rately by a simple one^ the sum of all the products takm^ fo- 
gether^ will be equal to the product of the whole compound 
q%uintity by the simple one. 

For, in the first place, if a+6 be multiplied by c, the pro- 
duct will be ca-^-cb : Since a-|-6 is to be repeated as many 
times as there are units in b , the product of a by c, that is, 
ea, is too little by the product of 6 by c, that is, cb ; it is ne- 
cessary then to bugment ca by cb, which will give for the pro- 
duct sought ca-|-c6, where the term +c6 arises from multiply- 
ing +b by c. It would be found by reasoning in like manner, 
that the product of c by a+6 mu«t be ca+c6, where +c6 is 
f X+^. If, in the second place, a — b be multiplied (wh^re a 
is greater than 6) by c, the product will be ca — eb. Since 
a — b is to be repeated as many times as there are units in c ; 
the product of a by c will give too great a result by. the pro* 
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duct cb ; it i& necessary then to diminish the product ca by cb, 
so that the true product is ca — cb 

Let, for example, 7 — 2 be multiplied by 4 ; the product 
will be 28—8, or 20 T 

For, 7x4, or 28, 18 too great by 2X4, or by 8 ; therefore, 
the true product will be the fist diminished by the second,^ or 
28 — ^^8, that i^ 20. In fact, 7 — 2, or 5X4=20. The term 
— cb of the product^ is the product of — b by c. 

It would be found, by reasoning in like manner, that the 
product of c by a — 6, must be ac—bc^ the same as in the pre- 
ceding, and in which the term — be is the product of c by — b. 

If, in the third place, a+b+d be multiplied by c, the pro- 
duct will be ca'\'cb'\rcd. 

For, let a+^ be designated by e ; then, €+c? multiplied by 
c is equal to ce+cd ; but ce ^s equal to cX_(fl+S)=cfl+ct, 
because e is equal to a-^-b ; therefore (a4"^+^)Xc=/:a-f-cfr 
+cd. Also, if {a+b) — d be multiplied by c, the product will 
be ca+cb — cd ; for let (a4-6)=<, then (e— d)Xc~.cc — cd= 
c(a+6) — cd==ca-{'cb — cd. 

Finally, it inay be demonstrated in like manner* that if any 
polynomial, a +5 — d+e — -f, &c., be multiplied by c, the pro- 
duct will be ca+cb — cd+ce — c/*, &c. Also, if a quantity c 
be multiplied by any polynomial a+i — d-^-e, &c., the pro- 
duct will be ac-{-bc — dc-^ec, kc, 

75. If a compound quantity be mvliiplied by a compound 
quantity^ the product will be equal to every term of one fac- 
tor ^ multiplied by every term of the other Jactor^ and the 
products added together. * 

Let, in the first place^ a-\-b be qiultipUed by c*\-d : a+h 
taken e times is ca+cb, as we hav.e already proved ; bujt this 
product is tqo little by the binomial a+b repeated d times, it 
is necessary then to add to it da+db, and we will have ca+cb 
+da+db for the product sought; in which the term +db 
arises from the multiplication of +b by +d. 

Suppose, in the second place, that a+b is multiplied by e — 
dy the product wiH be ca+cb — dcC — db. 

Becnuse the product of a+b by c, that is, ca+cb, is too 
great by that of a+b by rf,. which is da+db : we will have 
therefore the true product equal to ca+cb — da — dby where 
the term --^db is the product of+b by — d ; in multiplying c— 
d by a+by we will find that — bd is the product of d by +b, 

Let^ in the third place, a — b be multiplied by e — d ; the 
producl will be ca— rc6 — da+db. 
For,.tbe productof *^( by c, tliat is, c*-»cbVv%X»^\\V^^V 

4 
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that of a-*6 by il» which is do— ^ ; beeauM the nmitipHer c 
18 too great by <2 ; it is necessary then to sobtract the second 
prodact from the first, aod the difference will be (66) eo— c6 
— (/a+d6. 

Here the term +bd remliifrom — h by — d. 
" Finally, if a+H-« be maltiplied by e+d the prodact will be 

For, in designating a+b by h ; then, {h+e)yc(e+d^\^k€+ 
ec+dh+edi \9h'ich is equal ^Xfc+(/J+«c+«i=(o+^)X(e+ 
d)-^ec+^d==ca+ch+ce+ad'\'bdi'ae. 

The same mode o! reasoning may be eitended tocompooiid 
quantities composed of any number of terms whatever. 

76. Cor. Hence, in general, if any two terms which are 
multiplied have different signs, their product must be preced- 
ed by the sign -*-, and if they have the same »>ign, the prodact 
is affected with the sign + ; agreeably to what has been de- 
monstrated (Art. a,) where simple quantities, or isolated iac* 
tors, such as, *f-a< +^* — ^ — ^^ viere only considered. 

From the division of algebraic qaantiiies into simpU and 
compound, there arise three cases of Multiplication : the 
practical roles for performing the operation are easily deduct- 
ed from the preceding propositions. 

CAi^E I. 

1Vh$n Ae factors arB bo&i iimple fuamtUUi. 

ftULB. 

T7. Haltiply the Coefficients together, to the product sub- 
join the letters belonging to both the factors, and the result, 
with the proper sign prefixed, wHl be the prodact required.. 

Ex. 1. Ex. 2. Ex. 3. Ex.4. 

Multiply Sab 5s — 6y 

By 4c — 3a +3ap 



Product nabc , — I5ac -vJBxy +S4««a* 



■»■■* 



Ejl. 5. Ex. 6. Ex. 7. Ex 8. 

Mul. 2ax — 3a«c ««y« *-6a«6«« 

By — 8a« +6iic* — Izy ^^a*b*p 



•ii 



Pre. ~lt>a«x« — 16a»€» — T^V +€0a«^«€« 



^im^imimtam, ««Mk«i 
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Ex. 9. Required the prodact of 4abc and Sa^c. 

Ans. naH*c^ 
Ex. 10. Required the product of r^7oxi> and — 2acx. 

Ans. +\4a*ca^ 
Ex. 11. Required the product oflx^y^ and — Sy'x^. 

Am. — 21x*y* 
Ex. 12. Required the product of a^ and — o*. Ans. — a' 
Ex. 13. Required the product of axz and bx^z. 

Ans. tt6ap^z3 
Ex. 14. Required the product of — 23^7 and abc 

Ans. — abcxyz 
Ex. 15. Required the product of — 45*ceP aind — ^d^bc'd. 

Ans 8a»63c3rf3 

Ex. 16. Required the product of — 3a^ and 4a. 

Ans. — 12a^ 
Ex. 17. Required the product of a* 6^chya35cs (I. 

Ans. a*&*c»rf 

CASE II. 

Whm one factor is Compound and the other Simple. 

fiULE. 

78. Mahiply each term of the compound factor by the sim- 
ple factor, a^ in the last cai^e ; then these products placed 
one after another with their proper signs, will be the product 
required. , 

Ex. I. 
Multiply 4xy — Sax^9y 
B3' 4ax 

Product \6<ix*y — \2a^x^+Qaxy 

Ex. 2. 

Mul. 4a:3— 3x» 
by — **2a« 



• 1. 



Pro, — -teJf* +eas:*+\6ax 



■**i<Ma«i«a*MM*> 



Et. S. 
Mtil 8o»— 7a^+Sar-l ' 
by 26 
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Ex. 4. 
Mul. Sx^yz^ — xy^z — 2a«y 
by — . x^yz 



Pro. — Sx^y'z^-fx^y^z^+ta^x^y^z 

Ex. 5. Multiply 8a«x« — 36+c by tac, 

Adp. 16a»<:x« — 6aic+2ac«. 
Ex. 6. Multiply —3x»—ia^+b by — 4ax. ' 

Ana. \2ax^ + \6a^x — 20a j. 
Ex. 7. Multiply a^+ax+x^ by ax. 

Ads. a'x+a'x^+ax^. 
Ex. 8. Multiply X* — ary+y' by — ^x'y 

Anx. — ^x^y+x^j^' — x*y'. 
Ex. 9. Multiply 3o^— 2a6+36'by a^^. 

Ads. 3a«6*— 2a56»+3aV. 
Ex. 10. Multiply aV—ax+9 by 5. Ans. ba^x^ — 6ax+45. 
Ex. 11. Multiply 2cdr^3ab — 3 by 4ac. 

An». 8ac*#i — 12o«6c — 12ac. 
Ex. 12. Multiply lxz+Zab—5y» by —xy. 

An8. — 7x^yz — 3a6xy+6xy'. 
Ex. 13. Multiply a+b — c — d by abed 

Ans. a*bcd+ab*cd — abe^d — abed' . 

CASE. ill. 

JVhen both factors are compound quantities, 

RULE. 

79. Multiply every term of the multiplicand by each term 
of the multiplier successively, as in the last case ; then, add 
or connect all the partial products together, and the sum will 
be t^e product required. 

JVote, It is necessary to obserre that like quantities are 
^enerally placed under each other^ in order to facilitate their 
addition. And if several compound quantities are to be mul- 
tiplied continually together ; thus, 

(a+6) X (a -6) X (a«+a6+6«) X (^* -a6+&0- 
MuUlply the tirst factor by the second, and then that product 
by the third, and so on to the last lector; but it is sometimes 
more concise not to observe tbQ order in which the compound 
quantities, or factor9« are pUoSi), as can be readily seen from 
the following examples, . ^, _ * 






Moitiplicand 2a4— SSa^r-66^a< 
Multiplier cts -.£$a*-fSP a 

1 8t partial pro. Ja^ - 36a^— 6*V 
second - 4ha'+6lV+ f bPo* 

third +6»"a*-^96V— I6*V 

Total prod. =2a' - 7*a« 4* 76^c^ + d V— 1 66V 



Ex, 2. 

tfultipljF u+b 

by o^— 6 



l8t partial prod* a*+ab 
second — 06— 6^ 



Total product o* * -6« 

Ek. S. 
TiM^piy a^+ab+b* 
Uy aJT— 6« 

Ist parttat prodact a*+aH+a* 6* 

second — a*6^— a6'-*i« 



Total prod. <i*+a»6 * -o^'-ift* 



Ex. 4. 

Multiply a*+fl36 -a6»-S* 
by a«— ^6 +Aa 



1st partial prod. a*+a^b — a'^^— a'^* 
second — a^6 -^a^b^+a^b^+c^ 

third +a46'-|-a36'— aft'^^ft^ 



Ki l» 



Total product a« * * * » -4« 



rfaAMMH. 



"^ Ex. 5. 
Maltiiify tfi+ab+b» 

4* 
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]8t partial prod. a«-f*A'6+<^<(' 
second — a*5---«*6«— ^» 

third +a«&«+a6«+6* 



Totolprod. a* * +o«&« * +b< 






l»t partial product a*+a*b*+a* b* 
second '^'d^b* — a»b* — b^ 



Total product a* * * — &• 

Ex. 7. 

-Multiply a^+ab+b^ 
by a ^b 



1st partial prod. ^ a^^a*b+ab* 
second ..0*6— a^' —63 



Total product _. a» * * -fta 

Ex. 8* 

Multiply " a «— o& +^« 
bj a +b 



first «»— a»A+o6« 

second +«*^— <*^*+ft' 



Product o» * * -f 6j 



Ex. 9, * Ex. 10. 

^ul. a«— 6« a^^ab+b^ 

by o«+^3 ^ — ^ 



ist. a«— a96» o3— a«6+a6a 

2nd. .fa»6»— 6« _aa6+a6a— V 



Pro^. a« * — 6« a^— 2a«<J+.2ai*— 63 



M^^rp .— ^.^B^ 
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Ex. II, ^ 

Multiply a« fai+fca 



first. a3+a«6+cr6a 
second +fl^^+a6*4'^^ 

I mi) I ■ H 

Product a'+2aaft+2a62 4-63 



Ez 12« 

Mult. a3+2a«6+2a6«+&^ 
bya3 — 2a«6+2a6«-63 



Ist. a«+2o«6+2a*6«+a»i3 

2nd. — 2a*6-4a*6«— 4o363— 2o*A« 

3d. +2a*6»+4a3j3+4i*36*+2aft« 

4th. — a3&3 — 2a«M— 2afe«— 68 

I ■' ■ • . 

■ ' I ]. ■ I ■ . ■ ■ . ■ . 

prodt a* * * * . * * — 6* 

* ■ . J •■• i ■ ' ' ' ■ ' ■ 

When the quantities to be multiplied together haye literal 
coefficients, proceed as before, putting the sum or dififereoce 
of the coefficients of the resulting terms into a parenthesis, 
or under a vinculum, as in addition. 

Ex. 13. 
Miilt. x* — (xx+p 
by x* +6^+3 



Ist. X* — ax^+px^ 

2nd. +bx^ - abx^ +bpx 

3d. +3x2 — 3ax+Sp 



prod. x*—(a—b)x^+(p—ah+3)x^ +{bp—3a)x+3p. 

Ex. 14. 
Mult, ax* — bx +<; 
by x*— ,-cx +1 



Ist. ax* — ftx^-j-cx* 

2nd. — acx^+bcx^-K-c'x 

3rd. +ax3 i — bx+e 



prod.ax«-r-(6+ac)x3+(c+6'b+a)x»— (<:*+6)a:+c 

Ex. 15. Required the continual product <kC Oi-V^^)^''*^^'' 
and a3+4xa. 
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Multiply a^tx 
by a— fa? 



a^+iax 



Mpltiply a*-— 4a;« 



Total product a* ♦ — 16af« 

It may be necessary to observe, (bat it is usud, in some 
cases, to write down tbe <)aaDtities that are to be multiplied 
together, in a parenthesis, or under a vinculum, without per- 
forming the wnole operlidon ; thus, fa-f-2jr)X(a — Sac). x (<>('-{- 
4x^ ) . T his method of representing the multiplication of com- 
pound quantities by barely indicating the operation that it to 
be performed on tnem, is preferable to that of executing the 
entire process ; particularly when the product of two or more 
factors is to be divided by some other quantity ; because, in 
this case, any term that is common to both the divisor and 
dividend may be more readily suppressed ; as will be evident^ 
from various instances, in the following part of the work. 
Ex. 16. Required the product of a-f^-|-c by a — &+e. 

Ans . a* -f^af — 5^ +c' . 
Ex. 17. Required the product of x-f-y-f-r by x — y — z. 

Ans, «• — y« — iyz — z^, 
Ex. 18. Required the product of l—<r-|-a;^ — x^ by 1-fx. 

Ans. 1 — X*. 
Ex. 19. Multiply a^+San+^kib'+b* by a'+Zah+b^. 

Ans. cfi+bd'b+10€^b^+lOan^+6ab*+bK 
Ex. 20. Multiply 4a:»y+3a?y — 1 by 9x^ — x. 

Ans. 8x*y+2a:»y— 2x* — $X*y+x. 

Ex. 21. Multiply x^+x^y+xy^+y^ by rc-y. Ans. a;*-y*. 

Ex. 22. Multiply 3x^^2a^x^+Sa^ by 2a?«— 3a«a;«+6a'. 

Ans. 6««— l3a3ar5+6oV*+2Ia»ar»- 19a»aj« + 16al 

Ex. 23. Multiply 2oa -3ax+4.r« by 6o» — 6iix— 2«». 

Ans. 10a*— 27o»a:+34a««« — 18a«» — 8jc*. 

Ex. 24. Required the continual product of a-f :r, o — x, a^ 

+2ax+x' , and o« --^ax+x^ . Ans. o*— 3tf *ar« +3a»x« — x*. 

Ex. 25. Require^} the product of a?'^-Hix'+5x-'C, andx* 

— tx+3. 
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An8. a;«~(a+2>*+(6+2a+3)a;3 -(c+26+3a)a:a+(2c+3ft) 

X — 3c. 
Ex. 26. Reqaired the product of tnxa — nx — r and na — r. ' 

Ex, 27, Required the product of px^ — rx-f-^ and re* — rx 
— q^ . > V Am. pa?* — («^/'^)ic'-f(9'+*'* — pq)x^<^q^. 

Ex. 28. Multiply tix^ — 2ay+5 hy x^+^xy — 3. 
Ans. 3a;*+4x3y-^4a:a X {\'^y^)+\^xy—\b, 

Ex. 29. Multiply o3+3aa6+3rt6a+fc3 i,y a^— 3fla64- 
3a^2_63. . . Ans. a«— 30*6^+302 6 «—6«. 

Px. 30. Multiply Sa^ — AaH-^-bah^ — 36^ by 4oa — 6a6+ 

Ans. 20a»— 41a*6+50a»62 — 46aafc8 + 26a6« — 66*. 

§ iV. Division of Algebraic Quantities, 

80. In the Division of algebraic quantities,, the same cir* ' 
cumstances are to be taken into consideration as in their mulr. 
tiplication, and consequently the following proposiuons must be 
observed. 

SI, If the sign of th* divisor and dividend be like^ the sign of 
the quotient will be -{- i if unlike^ the sign of the quotient will 
be — . ^ 

The reason of this proposition follows immediately from 

multiplication : . . 

Thus, if +aX+6a=+a6; therefore -4^=+^ : 

-Ha 

• —ab • 

+aX--^= — ab.; .% — - — = — hi 

+a 

/ ' " ao 
" ■ — <rX+6='— a6; /. ^+b : 



+ab 
— aX — 6=+fl^ ; .% = — ^ 



. ' 



82. If the given quantities have coefficients^ the coefficient of the 
quotient will be equal to the coefficient of the dividend divided 
by thai of the divisor, . ' 

._ ' ■ . 4ctfr ■ - 

Thus^ 4aJ-i-26, or pT'^^^- 

For, by^tlie nature of* division, the product of the quotient, 
multiplied by the divisbr, is equal tor the' dividend ; but the 
coefficient of a product is equal to the product of the coeffi- 
ciests qf ^tbe^ Aptorjl (Aft^ ^Qjf. ..; Therefore, 4a6^26s^ 
4 ■ . 6fl !^ . -«v, • X 

2 6 
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83. That the liittrs of the quotient mre thote of tiu dividend 
not cominon to the divisor, when all the letterp of the divisor are 
common'to the dividend : for exam|ile« tbe product a6c, divided 
by a6, gives c for the quotient, beciuise^the product of o^ by 
e-is cUfc. 

84. But when the divisor comprtkends other letters, not torn- 
mon to the dividend, then the division can only be indicated^ and 
the quotient written in the form of a fraction^ of which the^ nu- 
merator is the product of all the letters of the dividend, not com- 
mon to the divisor f and the denominator all those of the divisor 
not common to the dividend : thus, abc divided by airt6, gives 

for the quotient - — , in observing that we suppress the com* 

moq factor ab, in the divisor and dividend without altering the 

quotient, and the division is reduced to that of — , which 

m 

admits of no farther reduction without assigning numeral va- 

tnes toe and m^ 

B5. If all the terms'of a compound quantity be divided by a 
simple one, the sum of tlie quotients TSfill be equtU to the quo*- 
tient of the -whole compound quantity. 

--,, ah . ac . ad ab-{'ac'\'ad _ , , _ 

Thus, + — = =^+c+d. 

a a a a 

For, (6i-c+rf) Xa=a6+ac+od. 

86. If any power of a quantity be divided by any other power 
of the same quantity^ the exponent of the quotient will be that 
of the dividend, diminished by the exponent o/* the divisor. 

Let us ocmpy ourselves, in the first place, with the divi- 
sion of two exponential!* of the vame letter ; for instance, 

— m and tt being any ppsitive whole Bumbef», so that wc 

cae bave»' 

m^Ui AsBfi, fn^H. 

It may be necessary to observe that, accevding t6 iHitt b^s 
been demon8trated (" 1), with regard to exponentials of the 
same letter, the letter of the quotient must als(f be a, and if 
the unknown exponent of a be d^»ignated by,x^ tbao a* will 
be the quotient, and from the nature at* ditisioii, 

from which thiM^e a«e««8aril^ resal^^ tte IWo#big equality 
between the exponents, 
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And as, sobtfacting n from each of these equal qaantities, the 
two remaiDden are eqaal (Art. 49), we shall haye, 

i»-i-«3ssr .... (1). 
Therefore, in the firHiea^e, w(^re m is >n, the exponent 
of the qootieot is m — n ; thus. 

o*-5-a»=ra*- =a«, and o»-5-a=a*->=a«. 
Also, it may be demonstrated in like manner, that (a-i'xy^ 

(a+a:)«=(c4.:ry-2^(a+*)> ; and j^ij = (2x+y)^-* = 

la the second case, where ntssn, we shall haye, 
a ' «=a*» X «*=«« X o*=<»"*** ; 
From which there results betw^i^n the exponents the equality, 

and subtracting m from each ttf these equals (Art. 49), 

m — iii=x, or jp=0 ....(*); 
therefore, the expunent of the quotient will be equal to 0, or 
a^:=a'', a result which it is necessary to explain. For this 
purpose, let us resume the division of a by a , which gives 

Qfn 

unity for the quotient, or — =r 1 • and as two quotients, aris- 
ing from the same division, are necessarily equal ; therefore, 

o'»=:l. 
Hence, as o may be any quantity whatever, we may conclude 
that ; any quantify raued to tht 'power zerOy mutt ht equal to 
unity ^ or i^iund that reciprocally unity can be translated into 
ao. This conchision takes place whatever may be the value 
of a ; which may aUo be demonstrated in the following 
manner. 

Thus, let a°s=y - then, by squaring each member, «*'Xo*'ss 
yXy, oro»=ya ; 

therefore, (47), y«=y, , 

and (61), ^=2, 

y y 

oty—t ; 
but a"* =^y ; consequently a'=:l. 
In the third case, where m is less than n ; let n^^m-hf^t ^ 
being t!ie excess of n above m ; we shafl always have, 

ow =r a***'' X o*5s a *''♦', 
and equalising the exponents, because the proceding equality 
cannot have place, but under this consideration, 

fii=fn+rf+x. 
snbtrmcfting m+dl from both sides, the final result wUl Vie 
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a:=-^ (S); 

then the quotient is ar^- 

In order to explain this, let us resunie the division ofa"^ by 
a**, or by a^+*'=sa''*Xo*' ; by supprcating the factor a*", which 
is common to the <iividend and divisor, nccording to what has 
been demonstrated with regard to the division of letters (Art. 

84), we have for the quotient—^ : therefore, 



a* 



a-^=JL (4); 



This transformation is very useful in various analytical 
operations ; in order to see more clearly the meaning of it, 
we may recollect thatxi'^'' is the pame as aXaXa, &c., con- 
tinued to d factors ; therefore,, according to the acceptation 
and opposition of the signs, o— <* must represent a Xaxci»&c., 
continued to d factors in the divisor. 

Hence, according to the results (1), (2), and (3), the pro- 
position is general, when m and n are any whole numbers 

whatever ; thus, a5-ra'=^~*=a— ^, or — ; because the di* 

a* 

visor multiplied by the quotient is equal to the dividend, a^X 

1 a* 

a-^=za^^=a^= the dividend, and — X a^ = — =o*-2s=a^ 

a* a« 

s= the dividend, therefore a~^= — . lo like manner it may 

1 1 

be shown that, --=a— 3, — =a— *. &c. But, according to 

a' a* . 

the result (4), in general, —3 = a-^, where d may be any 

whole number whatever ; hence the method of notation point- 
ed out, (Art. 32), is evident. 

87. If a compound quantity is to be divided by a compound 
quantity, it frequently occur*, that the division cannot be per- 
formed, in which cane^ the division can be only indicated, in 
representing the quotient by a fraction, in the manner that 
has been already described (Art. 8). 

88. But if any of the terms of the dividend can be produced by 
mvUiplying the divisor by any simple quantity, that simple 
quantity will be the quotient of all those terms. Then the re- 
maining terms of. the dividend may be divided in the same 
manner, if they can be produced by multiplying the divisor 
by any other simple quantity ; and by cgntinmng the same 



method, until the whole dividend is exhausted ; the sum of all 
those simple quantities will be the quotient of the whole com- 
pound quantity. 

The reason of this is, tiiat as the whole dividend is made up 
of all its parts, the divisor is contained in the whole as often 
as it is contained in all its parts. Thus, («6+^6+V+'l'')"=" 
(a+c) 18 equal to b+d : 

For6X(a+c)c=a6+c5 ; and dX(a+c)=arf+cd; hut the 
sum of ah+cb and ad+cd is equal to ab+cb'\rad-\'edy which 
is' equal to the dividend ; therefore b+d is the quotient re- 
quired. 

Also, (aa +3a6+26»)^(a+ft) is equal to a+2fc. . 
For, it is evident in the first place, that the quotient will 
include the term a, since otherwise we should not obtain a^. 
Now, from the multiplication of the divisor a+b bj a, arises 
a^+ab \ which quantity being subtracted from the dividend, 
leaves a remainder 2o6+2&* ; and this remainder must also 
be divided by a+^y where it is evident that the quotient of 
this division must contain the term 26 : again, 26, multiplied 
by a+6, produces 2a6-f-26a ; consequently a«-|-26 is the quo- 
tient required ; which, multiplied by the divisor ct4-6, ought 
to^roduce the dividend a^+3c^+ib\ See the operation at 
length : 

a+6)aa 4-Sa6+262 (a+26 
a^+ ab 



2a6+26a 
2a6+26a 



89» Scholium. If the divisor be not. exactly contained in 
the dividend ; that is, if by continuing the operation as above, 
there be a remainder which cannot be produced by the mul- 
tiplication of the divisor by any simple quantity whaterer ; 
then place this remainder over the divisor, in the form of a 
fraction^ and annex it to the part of the quotient already de- 
termined ; the result will be the complete quotient. 

But in those cases where the operation will not terminate 
without a remainder ; it is commonly most convenient to ex- 
press the quotient, as in (Art. 87). 

90. Division being the convene of mulfiplication^ it also 
admits ^f three cases. 
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CASE I. 
When Ihe Hviior and iividemd ttr§ h&tk iimple qwmiiti$t^ 

RULE. 

91. Divide, at first, the coefficieot of the dividend bj that 
of the divisor ; neit, to the qootieiit SDoez those letters or 
Actors of the dividend that ere not found in the divisor ; &• 
nallj, prefix the proper sign to the result, and it will be the 
quotient required. ' 

^oie. Those letters in the dividend, that are common to it 
with the divisor,) are expunged, when thej have the same ex- 
ponent ; but when the exponents are not the same, the expo- 
nent of the divisor is subtracted from the exponent of the 
dividend, and the remainder is the exponent of that letter in 
the quotient 

Example 1. Divide 18a«* by 3a«. 

I8ax' IB a X* • - ^ 

Sax 3 a 9 

Or, i|^ = ^ Xa»-»Xar2-»=6Xo»X«=6«. See (Art 
Sax S ^ 

86). 

Ex. 2. Divide — iSa^h^e' hj i6abc. 

In the first place, 48«t-16=3s the coefficient of the quo- 
tient, next, o«6«€«-f-a6cs=a'-*X6*-"Xc*-*= ahc ; now, an- 
nexing abc to 3, we have 3a6e, and, prefixing the sign — ; be- 
cause the signs of the dividend and divisor are unlike ; the re- 
sult is — Sab, which is the quotient required. 

Or, the operation may be performed thus, 
— 48a^V 48 <r oa €» 

, ^ . «— T^ ^:r^ir^ — =— 3xaX6Xc=:— 3ak. 
16a6c 16 a 6 c 

Ex. 3. Divide— 2J«yz»by— 7xyr». 

Ex. 4. Divide 28a*tV by — 7oVc». 

28«»fcV.i— 7a«6«c»= — ^X^XrrX^=— 4 Xa**-*X6» " 

7 o« 0* c* 

Xc»-«=B— 4Xa« Xt»Xct=— 4o«fc3c«. 

In order that the division could be effected according to the 

above rule ; it is necessary, in the first place, that the divisor 

'^''utains no letter that is not to be found in the dividend ; in 

second j^ace, that the exponent of the letters, in the divi- 
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8or, do not sarpass at all that which thej hare io the diyidend ; f 
finally, that the coefficient of the diyisor, divides exactly that 
of the diridend. 

When these conditions do not take place, then, after can- 
celling the letters, or factors, that ^re common to the dividend 
and divigor ; the quotient is expressed in the manner of a 
fraction, as in (Art. 84). 

Ex. 6. Divide 48a36«carf by 64a»63c4e. 

The quotient can be only indicated ander a fractional form 
thus, / 

Bat the coefficients 48 and 64 are both divisible by 16, sup- 
pressing this common factor, the coefficient of the numerator 
will become 3, and that of the deootninator 4. The letter a 
having the same exponent 3 in both terms of the fraction, it 
follows, that a^ i^ a common factor to the dividend and divi- 
sor, and that we can al»o suppress it. The exponent of the 
letter b is greater in the divisor than in the dividend ; it is ne- 
cessary to divide b^ by P, and the quotient will be 6*, oi^ 

b^ 

_.=6^~^=:63 which factor will remain in the numerator. 

With respect to the letter c, the greater power of it is in 

the denominator ; dividing c* by c* , we have c* , or —=€*"•* 

c 

=6^, therefore th<^ factor c^ will remain in the denominator. 

Finally, the letters d and e remain in their respective 
places ; because, in the present state, they cannot indicate any 
factor that is common to either of them. 

By these different operations, the quotient, in its most sim- 

. 3b^d 
pleforto,iS;j-j-., 

^ote. The division of such quantities belongs, properly 

speaking, to the reduction of algebraic fractions. 

Ex. 6. Divide 36x y^ by 9xy. Ans. 4xy. 

Ex. 7. Divide iOa'^y* by —Hflfty. Ans. — bay. 

Ex. 8. Divide — 4 :c^x^y by Ic^x*. Ans. — 6cry. " 

Ex. 9. Divide —4aa:«y^ by — nxg^, Ans. +*^« 

4a' b^ ex 

Ex. 10. Divide I6a*6'ca:by ^4a^bdy. Ans. ; — >. 

dy 

Ex. 11. Divide —ISa^fe^c* by I2a«6»a?. Ani*--* 



2a^bx 

Ex. 12. Divide I7xy^w^ hy xyzw, Ans. 17W. 

Ex. 13. Divide ^Ua^'b^c^ by --6a6c* Ksa,^<>>\>^€^ 
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Ex. 14. DiTJde - Bx'^z* by xVz*. Am.— —-4^ • 
Ei. Ip. Diyidc39o» by 13a«. Ana. 3fl«. 

CASE II. 

When the divisor is a simple quatUiiy^ and the diiniend a com- 
pound one, 

RULC. 

92. Divide each term of tbe dividend separately by the 
simple divisor, as in the preceding case ; and the sam of the 
resulting quantities will be the quotient required. 

ExAMFLC 1. Divide 18a'+3a'6+ea6< by 3a. 
18a' •3a'6 , « 6a5* 

t),erefore, ^^+^'+^:=ea3+a6+26^ 

El. 2. Divide20a«x«— l«oaa;«+8a3a:«— 2aV by 2ax2. 

20a«a;» 
Here, -5 — j-s=10oa?, — 12aaa«-5-2aa;*=5 — 6a^. a^'xs-s- 

2a«*s=5+4aa, and — 2a*a:« -Sr2arr»=— <»» ; 



20a«a:'— 12a«a:«+8a'x« — 2a*a?« ,, ^ , . c. 
hence >. E^"^ »l(>aa;— 6a+4a^ 

Ex. 3. Divide «0fl^—16a:r*+30flafy*—6ax by 6ax. 

Here 200*3: •T-6aaps=4«, — i5aa;'-s-6aa;iaB-— 3x, 30aa^* 

-r6ax=6y*, and — 6aa;-y-6aa;=— 1 ; 

. . 20a^x — I5aa:«+30aa;w« — 5ax ^ ^ , -. ^ ; 

therefore, r-^- =4a-3x+6«»— 1. 

box 

Ex. 4. Divide 6a*r— «6a*a;a+60a«x»— 60ci»«* +2fii*x»— 
firtx' by 6ax. 

Here - — =sa% — - — --^ = — 5a*x, , « + lOa ^ 

5ox 6ax 6ax. 

, -60a8x« ,^ , , +26a«x» , , ^ " — 5axf! 

,xa. ___=_,o«.xS-^-=+W. and -5^ - 

— x^; therefore, o^ — 5tt*x + lOa'x^ — 10aV+5ox* — a^ is the 
quotient required. 
Er. 6. Divide 3aV-f.3a^x* by ^3aV. 

Ans* x^'^^o^. 
Ex. 6. Divide 21aV— T'o^i*— Mo?: by 7ax. . ' 

Ani: 3aV^-aaf— 2. 
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Ek. 7. Divide 12a6c— 48aary+64a«ft«c«-.I6a«6» by — 

1 Sab. Ana . ab H — ^ iabt^. 

4 o 

Ex. 8. Divide TZs^z^-^Maxyz+^ibcxyz by \2xyz. 

Ana. 6xyz — a+tbc. 

Ex. 9. Divide 4ary— a:y+3aa;y by xy. 

Ads. a:y+3a. 

xy 

Ex. 10. Divide 5a-.76+6c— 3ac^+9c^ »>y 3c. 

&a 76 
An8. r ^- +2— ac+3c*. 

oC oC 

Ex. 11. Divide — 60x'y+50xy — 40a;y+30ary— 20xy 
+ ] Oa:y — Sxy'^ by — fiary . 
An8. f—Zxy^+AxY^ex^y^+Sx^f—iOx^+lix^ 

CASE III. 
FFAen the divid$nd and divisor are both compound quantities. 

RULE. 

93. Arrange both the dividend and divifior according to the 
ex[ioDent8 of the same letter, beginning with the highesty asd 
place the divisor at the right hand of the dividend ; then di- 
vide the first term of the dividend by the first term of the di- 
visor, as in Case I., and place the result under the divisor. 

Multiply the whole divisor by this partial quotient, and 
subtract the product from the dividend, and the remainder 
will be a new dividend. 

Again, divide that term of the new dividend, which has the 
highest exponent, by the first term of the divisor, and the re- 
sult will be the second term of the quotient. Proceed in the 
same manner as before, repeating the operation till the divi- 
dend is exhausted, and nothing remains, as in common arith- 
metic. This rule is evident from {/Art, 88). 

Example 1. Divide I Sa^A^-^ 60*6^4-80^6^ - 40^6* -.22o«6-f- 
5a'' by ^a^b^-^U^b+baK 

It can be readily perceived that the letter a is the one to 
be chosen, in order to arrange the term<) of the dividend and 
divisor according to its powers, beginning with the dividend/ 
5a'' is the term which contains the highest power of a; plac- 
ing 5a'' for the first term, -.22a®6, for the second, and so on * 
the terms of the dividend, arranged according to the powers 
of a, are written thus ; 

5* 
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6a',Mrt,*l».(l»,,.«#t',4.'»'+*W. 
Aod the temia ofdietliTiior^amogfld tccordingto the powen 
of d, are wriltan tbas ; 
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Tfae Btip of the fiiit tenn 6a^ of the diTid«Ml bejog tbe 
same as that of 6b*, tfa« Gnt term of the diTisor, tbe sign of 
tbe&nttenn of the quotient it +, which ii omitted (Art. 14). 
Dividiog 6a' bj Sa*, the qaotient is o^, nbicb it written onder 
tbe divj^or. Multipl^iog BucceHirel; tbe three terms of the 
di);isor by tbe fint term a* of tbe quotient, and writiog tbe 
pioduct OD^er tbe correipooding Isrnu (^ the dindend ; iub- 
tractiog ba'-ia'b+ia'l^ from tbe dividend, tin remaio- 
der ii 

Dividiog — 20(i^i the fint term of thit new diridend b; Sa*^ 
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the reflok will be -*^ct^6, this qaotient harikig the sign — , be- 
cause the dividend and diyisor have different signs : Mnltt- 
pljing all the terms of the divisor, by — 4a^6 ; we have -«80 
a^b+Ba^b^'" I6a*b^ ; sabtractiog this result from the partial divi* 
dend» t)ie reipainder will be I0a*b^ - 4a^b'^+BA^b\ dividing the 
fil'^t t^rni eif this new partial dividend/ I0a*h^, by the first 
teriQ ^^ 9f !tl)e divisor, roqltiplying all the divisor by the re- 
sult -ir^f^ .^nd sabtractiog, i\\f^ product from the last partial di- 
yid^fi|i^«^pthing reoiains ; therefore the last term of the quo- 
tient sought is -{-26^, and the entire quotient is a^— 4o^6-{-26'. 

94. It is very proper to observe that in division, the multi- 
plications of different terms of the quotient by the divisor, 
produce frequently terms vvbich are notfoupd in the dividend, 
and which it is necessary to divide afterward by the first term 
of the divisor. These terms are such as are destroyed when 
the dividend is formed by the multiplication of the quotient 
and divisor. 

See a remarkable example of these -reductions : 

Ex. 2. Divide a'-t^ by 0-6. 



Division. 



Dividend, 
a'-^a^b 

a'b'-ab^. 



Divisor, 
a^b 

Quotient. 
a^+ab+b^ 



ab^^¥ 



Multiplication. 
Mul. a —6 
by a^ -^ab+b^ 



a^ — a^b 
+0^6 - ab^ 



a 



* —6= 



The first term a^ of the dividend divided by the first 
term a of the divisor, gives a^ for the first term of the 
quotient ; multiplying the divisor a — b by a^, the first term 
of the quotient, the result is a^ — a^ ; subtracting a^ — a'b 
from the dividend, the term a^ destn^ys the first term of the 
dividend ; but there remains the term — a^6, which is not 
found at first in the dividend ; therefore the remainder is 
a^6— 6^ Because the term a^b contains the letter a, we can 
divide it by the first term of the divisor, and we obtain +^^9 
which is the second term of the quotient. Multiplying the 
divisor by +^^9 the product is a^b — a6^, which being subtract- 
ed from aV)^-~b^ ; the first term a^b ^ destroys the term d^b 
which arose from the preceding operation ; but there remains 
the term«*a6^ which being not yet in the dividend ; the 
remainder is therefore ab^ — P, Dividing a6^ b^ a ^ X^^ t^^vSSx 
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is h^, which ii the third teito «f the quotient ; maltipljing the 
divisor by 6*, we htve oH— ^' ; and sabtraetiag Ihii resalt 
from the last remainder, the terns of both destroy one ano- 
ther ; so that noUunf^ remains. ^ 

In order to comprehend well the mechanism of tiie diroion, 
it is only necessary to tiike a glance at the moltiplicatlon of 
the quotient a^+ab+l^by the dirisora— 6» andit will be rea* 
dily seen that all the terms reproduced in the partial divisions 
are those which destroy one another in the result of the mnl- 
tiplication. 



Ex. S. Divide y»— 1 by y—U 

Dividend, Divitin'* 






y-1 






I 



Ex. 4. Divide a^-^a^ by 

Dividend, Divisor. 



flO — a^x 



a^x — x^ 
a*x — aV 



Quotient, 









o*T* — aa:* 



ax* — flc* 



Ex. 5. Divide ^4-a^ by x-f-e* 
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Dividend, 
— wp* — aV 






JDivUor, 

arj — a 









-^7? — o*a 






95. When vre apply the rule, (Art. 93), to the division of 
algebraic quantities of which one is not a factor of the other, 
we know it i$ impossible to effect the division ; because thai 
we arrive, in the course of the operation, at a remainder, of 
which the first term qannot be divided bj that of the divisor. 
In this case, the. remainder is made the numerator of a frac- 
tion whose denominator is the divisor ; and the fraction thus 
atising, with its proper sign, i? annexed to the otber part of' 
the quotient, in order to render its value complete. 

Ex. 6. Divide o^+a^fe+g^^ by a?+6^. 



1st rem. 



Dividend, 

al^b-^ab'+ib^ 
a'b+b^ 



Divisor, 
Quotient. 



2d rem. —ab'^+b^ 

The first term — a^ of the remainder, cannot be divided by 
a^, the first term of the divisor ; thus the division terminates 

at this point. The fraction — -rrn~'9 having the remainder 

for its numerator, and the divisor for its denominator, is an- 
nexed to the partial quotient a4-& ; and the complete quo- 

tient is tt+^+TTLT' 

a "t'O • 

96. It is necessary to remark, that the operation of divi- 
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sioD noLj be considered m termtDated, wfaeo the highest pow- 
er of the letter, in the first or leading term of the remainder, 
by which the process is regulated, is less than the first term 
of the divisor; as the sacceeding part of the quotient, after 
jUits, woald necessarily become fractional ; and which may be 
carried on, ad infiniium^ like a decimal fraction. 

This sabject belongs to algebraic fractions, and as it is of 
considerable importance in analysis, we will treat of it with a 
near attention in the next Chapter. 

97. In the preceding examples., the prodact of the first 
term of the quotient by the divisor, is placed ander the divi- 
dend ; then the redaction is made by subtraction ; and every 
sacceeding prodact is managed in like manner. In the follow- 
ing examples, the signs of all the terms of the product are 
changed in placing it under the dividend ; and then the re- 
daction is performed by the rules of addition ; which is the 
method adopted by some of the most refined AruUutts, 

Ex. 7. Divide a*+2a?'^+6^-<;* bja^+b^+c". . 



Dividend, 
4_ a»^^ V . 



1st rem. 



2d. rem. 






Divisor, 
Quotient. 






« « * 

Ex. 8. Divide Go;*— 96 by 3a;— 6. 
Dividend* Divisor, 

6a;«— 96 3x — 6 

— Sx*+\tx 



+ 12x^—96 



Quotient, 
tx'+4x'+Bx+ie 



4.24jr»— 96 
— 24ar^+48a; 



48aj-'H96 
48a;— 96 
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Ex. 9, DirideSa*— 4a'6'4-4a3-f2c^— &*4-lb72a3— 6a+|. 
Dioiitnd, Divisor, 



8a*— 4oV+4a'4-2a'— A*+ 1 



_2a34-4^— 1 

• « « 



2a3— 4>4-l 



4a'+l 



98. The division of algebraic qaaetrties can be sometimes fa- 
cilitated bj decomposing, at sight, a quantity into its factors ; 
thas, in the above example, the divisor forms the last three 
terms of the dividend, it is only necessary to seek if it be a 
factor of the first three ; bat those have visibly for a comihon 
factor 4a', for 8o«—4a'6»+4a'=4a' X (?o'— 6»+l). 

By this observation, the dividend will become 
4o3(2o'— 6»+ 1 )+2a'— ft«+ 1 , 
or (2a3_^+ 1 ) X (4a'+ 1 ) : 
therefore the division is immediately effected, by suppressing 
the factor 2a' — 6'-|-' 1 eqaal to the divisor, and the quotient 
willbe4a'+l. * 

Experience, in algebraic calculations, will suggest a great 
many remarks of this kind, by which the operations can be 
frequently abridged. 

99. It sometimes happens that, in arranging the dividend 
and the divisor according to the same letter, there occur se- 
veral terms in which this letter has the same exponent : In 
this case, it is necessary to range in the same column those 
terms, observing to order them according to another letter, 
common to the two quantities. 

Ex. 10. Divide — a*4«+6»c*— aV— a«4-2«V+6'+26V-f 
a»6* by a^— 6«— c*. 

Ordering the dividend according to the letter a, we will 
place in thefsaine column the terms — a*b' and 4-9a^<^» ^n ^^o* 
ther the terms +a'6* and — aV ; finally in the last column 
the three terms +b\ +26V, +6V, ordering ihem according 
to the exponents of the letter 6 ; then the quantities, so ar- 
ranged, will stand thus : 



^$ DiYlSliDN. 









^-«t rem. —2a*b'+a^b*+b^ 

+ a*c»— oV+2feV 
+ feV 



«d rem. + ciV— «V+^ 



3cl rem. _a»^*+6« 



— 6V 
4th rem. -^aV^+b^ 






Ex. 11. Divide ax*-(6 + ac>»+(c+ic+a)«-(c«+6) 
.r+c by ox^ — 6x+c. 

Dividend, Diviior, 

ax*— (6+ac)x3+(c+6c+a)«*— (c«+6)x+c 
^— ax* 4"^^;^ — c** 



+acx' — 6cx* +A 



ax^— 6x+c 



X* — CX+ 1 



ax*— 6x+c 
— ax* +5x— c 
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100. The fbllowiog practical examples may be wroaght ac- 
cording tp either of the methods pointed out, (Art. 93, 97) ; 
but io complicated cases, the latter should be preferred : See 
Example 10. 

Ex. 12. Divide x«-.x*+ a:^-a;»+2x-.l by x^+x-- 1. 

Ans. ac*— x^+x^— x+l. 

Ex. 13. Divide *ts-.5a*a:+l0o8ar»~10aaa;'+6aa;*-a:5 by 

Ads. a^^2ax+x^ . 
Ex. 14. Divide 2ar3— l9xa+26x— 16 by ac-8. 

Ans. 2x^ — 3x+2. 
Ex. 16. Divide 48y3—76aya«64aay+106a^ by 2y-3(». 

Ans. 24^2— 2ay-36a«. 
Ex. 16. Dividea^— 6^ by a — 6. Ans. a +6. 

Ex. 17. Divide a« — x*hya^^x^. 

Ans. a^+^«. 
Ex. 18. Divide o»-6« by o3+2o264.2o6«+5^ 

Ans. a3-2o«6+2a6a— 6^ 
Ex. 19. Dividea*+a«62+6*byaa-ai6+i&>. 

Ans. a^+ab+5^. 
Ex. 20. Divide 26a;''-x*—2a;=*--8x« by 6x3— 4x«. 

Ans.' 5a:3+4ara +3x4-2. 
Ex. 21. Divide o»+4a6+4^^+c« by a+26. 

Ans. a+Zb-i — j-—. 
a+2b 

Ex. 22. Divide Ba*^2a^b - 13a«6« -3aft» by 4a^+6fl6+^. 

Ans. 2a' — Sab. 
Ex. 23. Divide 20o'-41a*6+60a'ft«-.45a«i&3+26a6*-. 66^ 
by 4a»-6fl6+2/6«. 

Ans. 6a»— 4o«6^+5o6«— 36^ 

Ex. 24. Divide a*+ So^ac + 24oV + 320x^+1 6jr* by a+ 

2x. Ans. a»+6a>x+12ax«+8x». 

Ex. 25. Divide X* - (a— ^>3 +(p—a6+3)x«+(6p—3a)x 

^ +3p by r«' — ax+p. Ans. x«+^+3. 

- Ex. 26. Divide ax^-^^a' + b)x^ ^b* by ox— 6. 

Ans. X*— ^x— 6. 
Ex. 27. Divide y«+oy+-&y~a'—2i6y-«y—2a^«-«« 
A* by y*+2&«y«+a*— 6ay«+a«6«. 

Ad8. fB«»a'— 6^. 
Ex. 28. Divide 9x«— 46x»+95x*+!60x by x*—4x-.$. 

Ans. 9x« ~ ias>+6«^i-30x. 
Ex. 29. Diyide 6a^+9a3 - Ida by 3a<— 3a. 

Am* Sa'+ta-f 6. 
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Ex. 30. Di?ide 2a*- 16a'6+3 10^^-38063+ 246* by So^- 
3ab+4b^. Ans. o« — 5a6+663. 

§ V. Some General Theorems, Observations ^ &c. 

101. Newton calls Algebra Universal Arithmetic, This 
denominatioD, says Lagrange, in his Tr§itS de la Resolution 
des Equations numSriques, is exact in some respects ; but it 
does oot make safficieotly known the real difference between 
Arithmetic and Algebra. 

^gebra differs from Arithmetic chiefly in this ; that in the 
latter, every &;ure has a determinate and individual value 
peculiar to itself ; whereas the algebraic characters being 
generul, or independent of any particular or partial sigoiBca- 
tion, represent all sorts of numbers, or quantities, according 
to the nature of the question to which they are applied. 

Hence, when any of the operations of addition, subtraction, 
&c., are to be made upon numbers, or other magnitudes, 
which are represented by the letters, a, 6, c, &c., it is ob- 
vious that the results so obtained will be general ; and that 
* any particular case, of a similar.kind, may be readily derived 
from them, by barely substituting for every letter its real nu- 
meral value, and then computing the amount accordingly. 

Another advantage, also, which arises from this general 
mode of notation, is, that while the figures employed in Arith- 
metic disappear in the course of the operation, the characters 
' used ia Algebra always retain their original form, so as to 
show the dependence they have upon each other in every 
part of the process ; which circumstance, together with that 
of representing the operations of addition, subtraction, &c., by 
means of certain signs, renders both the language and al- 
gorithm of this science extremely simple and commodious. 

Besides the advantages which the algebraic method of nota- 
tion possesses over that of numbers, it may \^ observed, that 
even in this early part of the science- we are furnished with 
the means of obtaining several general theorems that could 
not be well established by the principles of Arithmetic. 

* 

102. The greater of any two numbers is equal to half their sum 
added to half their difference^ and the less is equal to half 
their sum minus half their difference. 

Let a and b be any two numbers, of which c is the greater ; 
let their sum be represented by s ; and their difference by i ; 
Then, 
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/.by addition, 2a=«+d (Art. 48) ; 

and ^"^i+g ^^^^' 

By HubtractioD, 26=«-^d (Art. 49) ; 

and /. ^=|-2 (^"^-^0; 



.48);i 
t. 61);J 



Cor. 1. Hence if the sum and difference of any two nnoibers 
be given, we can readily find each of the numbers ; thus/if « 
be eqaal to the sum of two numbers, and d equal to the dif- 

ference ; then the general expression for the first, is , 

and for the second . 

Whatever may be the numeral values that we assign to z 
and (f, or whatever values these letters must represent in a 
particular question, we have but to substitute them in the 
above expressions, in order to ascertain the numbers requir- 
ed : For example. 

Given the sum of two numbers equal to 36, and the diffe- 
rence equal to 8 : 

Then, by substituting 36 for s, and 8 for <2, in --^ and 

s-d ^ 5+rf 36+8 44 ^^ ^s-d 36-8 
, we have =; — -—_=—- = 22, and = = 



2 ' 2 2 2 

28 

— =14. So that, 22 and 14 are the numbers required. 

Cor. 2. Also, if it were required to divide the number s 
into two such parts, that the first will exceed the second by d. 
It appears evident, that the general expression for the first 

part is , and for the se( 6nd » ; s and d representing any 

2 * 

numbers whatever. 

s+d 
103. The general expression maybe found after the 

manner of Gamier, Thus, let x represent the first part ; 
then according to the enunciation oi the question, x — d will 
be the second ; and, as any quantity is equal to the sum of all 
its parts, we have therefore, 

x+x— ciss:», or 2x— rf=*. 
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Tbis eqaality will not be altered, by adding the number d 

to each member, and then it becomes, 

Zx-^d^-dsst+d, or 2x=8+d ; 

8+d 
dividing each member by S, we have the eqaality, xac_-— ; 

in which we read that the oomber sought is equal to half the 
sum of the two numbers s and d ; thus the relation between 
the unknown and known numbers remaining the same, the 
question is resolved in general for all numbers s and d. 

104. We have not here the numerical value of the un- 
known quantity ; bat the system of operations that is to be 
performed upon the given quantities ; in order to deduce 
from them, according to the conditions of the problem, the 
value of the quantity sought ; and the expression that indi- 
cates these operations, is called a formula,^ 

It is thus, for example, that if we denote by a the tens of a 
number, and the units by 6, we have this constant composition 
of a square, or this yormWa, 

o«+2a6+6« ; 
this algebraic expression is a brief enunciation of the rules 
to be pursued in order to pass from a number to its square.* 

105. From whence we infer that, (/* a number be divided into 
any two parU^ the square of the number is equal to the square of 
the two parts, together rvith twice the product of those parts 

Which may be demonstrated thus ; let the number n be di- 
vided into any two parts a and 6 ; 

1 hen n=o+ft, 
and n=a4-6 ; 



.% by Multiplication, »2=:o«+«fl6+6« (Art. 60). 

106. If the sum and difference of any twa numbers or quanti- 
ties be multiplied together, their product gives the difference 
of their squares, observing to take with the sign — -> that of the 
two squares whose root is subtracted. 

Let M and n represent any t,wo quantities, or polynomials 
whatever, t)f which m is the greater; then (m+n)X(m — n) 
is equal to h^ — n' ; for the operation stands thui^; 

107. When we put M=a^ and n=26' ; then, 
(a^+fe^)X(a'-A')^a«— 6« ; (See Ex.. 9. page 30). 

Where a" is the square of a^, and b^ that o(b\ and this last 
square is subtracted from the first. 

Reciprocally, the difference of two squares m^- — n', can b^ 
put under the form (m+n) X(m — n) 
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Thit result is aforumla that should be remembered. 

108. The difference of any two equal powers of different quan- 
titiei is always divisible by the difference of their roots^ TSihe- 
ther the exponent of the power be even or odd. For since 

=s x*+axr^+a^ x' +o'ac-f'<»* > 



a;— a 



x«-a' 



«— a 
&c. Sec. 

We may coocldde that in geaeral, jr««-«Hi*^ is divisible by 
X — a, m being an entire positive namber ; that is, 

= x**-* +ax'»"-*+ . . . +(»"*-2x+a"»-^ . .(1). 

109. The difference of any two equal powers of different quan- 
tities, is also divisible by the sum of their roots, when the ex* 
ponent of the power is an even number. For since 

x^-a^ . 

— —-. =s x+a ; 
x+a 

x+a • 

&c. &c 

Hence we may conclude that, in general, 



x+a 

110. And the sum of any two equal powers of different quantt' 
tieSf is also divisible by the sum of their roots, when the ex ' 
ponent of the power is an odd nunSter. For since 

J =5 X* aX+X^ y 

x+a 

, =x'* — ax'^+a^x^ — a^x+a* ; 
x+a 

Hence, we may conclude that, in general, 

1 5= x2»^~ax2'^-»+.. -a«'"-»x+a2««. .(3). 

x+a 

111. In the fnrmulaB (I), (2). (M), as well as in all others 

af a similar kind, it is tu be ob.^rTvt^}, that if m be any whole 

number whatever, 2m ^vilt ilvv:{v><i he nu even number, and 

Sm+\, an odd uumher ; su th;it. ^m i« a s;eQeral formula for 

even aumbers, and 2in+ 1 for xti uumbers. 
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lis. AhOy if a m nch fC.tJIikit 4wv% fy\inD^m% HMieQ »l, 
and X being, alwayt coasUerad greater than a ; thej will tUnd 
an folio wa: 



•J('^*"^'"rr» • • #"|f aPr-al • • . \a)» 



x+l 

115, And if any two nneqaal powen of tlie aame root be 
taken, it is plain, feoaa what it.bevo ijpown,, thit. 



\ or Wjii»-«-«i) (7% 

is diyisible by aB-^-l, whether m— » be eren or odd i and that 

«««-Up», or «i<af"»-'«w-l (8)* 

is divisible by x-f- 1 , where m — n is an even number ; as also 
that 

x*+x«, or x^jT-^+I), ^. . . . .. (d), 

is divisible by x+ 1» when m— fi is an odd ndmber. 

.114. It is very proper to remark, that the nnmber of all 
the factors, both equal and unequal, which enter in the for- 
mation of any product whatever, is called the degree of that 
product : The product a'b% (or example, which compre- 
hends six simple factors, is of the surtft aegru ; this, a^b^ is 
of the tenth degree ; and so on. 

Also, that if all the terms of a polynomial, or compound 
quantity « be of the same degree* it is said to be htiogeneout. 
And, it is evident from the rulias estabibhed in Multiplicatioo, 
that if two polifnomUUt be homog^meoue ; their fr^duet will 



AOUB, in £jX, j« page z«, uia juuiupiicmna u qi ine rauriu 

degree, the multiplier of the third, and the product of the 
degree 44-3, or of the seventh djegreef^ 

In Ex. 12, page 31, the multiplicand is of tbie third degree, 
the multiplier of the third, and tbe product of the degree 
34*3. or of the^sixth degree. 

Hence, we can readily discover, by iospection only, the 
errors of a jprodoct, which might te committed by forgetting 
some one of the factor9 IP t^e partial mnltipKcatiops, 
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CHAPTER II. 

ON 

ALGEBRAIC FRACTIONS. 



115. We have seen in the division of two simple quanti- 
ties (Art. 84,) that when certain letters, factors in the divisor, 
are not common to the'divtdend, and reciprocally, the division 
can only be incficated, and Chen the quotient is represented by 
a fraction whose numerator is Jhe product of all the letters 
of the dividend, not common to the divisor, and denominator, 
all those letters of the divisor, not common to the dividend. 

Let, for example, c^mtk be divided by cdwn ; then, 

cibmn ab 

cdmn cd' 

nh 

It may be observed, that the fraction -3 may. be a whole 

ed 

number for certain numeral values of the letters a, 6, c, and 
d ; thus, if we had a=4, 6=6, c=2, <f— 3 ; but that, ge- 
nerally speaking:, it will be a numerical fraction which can be 
reduced to a more simple expression. 

§ I. Theory of Algebraic Fractions, 

116. It is evident (Art. 103.) that if we perform the same ope- 
ration on each of the two members 0/ an equality, that is, 
upon two equivalent qitandttes or numbers^ the results shall 
always be equal. 

It is by passing thus from the fractional notation to the al* 
gorithm of equality, that the proregs to be pursued in the 
researches of properties and rules, becomes simple and uni- 
form. 

117. Let therefore the equality be 

• a = 6XD. . . (1). 

when we divide both sides by ( which has no factor common 
with a, we shall have 

Y ^V •••»»• (*J» 


. a 
Thus V will represent the value of the fraction -r.or the quo- 

tisnt of the diyiaion of <» by {• 



5c aloeerAic fractions. 

__._ = „+„. (16); 

from whence we might readily deri?e (he rale for the addition 
and subtraction oi fractions not reduced to the same denomi- 
nator. 

124. It would be without doubt more simple to hare re- 
course to property (4) in order to reduce to the same deno- 
minator the fractions 

a a' 

but our object is to show; that the principle of equality is suf- 
ficient to establish all the doctrine of fractions. 

125. We have given the rule for multiplying a fraction by 
a whole number, which will also answer for the multiplication 
of a whole number by a fractfon. 

Now, let us suppose that two fractions are to be multiplied 
by one another. 

Let the two equalities be 

multiplying one by the other, the two products will be equal ; 
thus 

aa'sz hh' . vv\ 
and dividing each side by hb\ in order to hare the product 
sought iJv', we will obtain 

Therefore the product of two fractions ^ is a fraction having 
for its numerator the product of the numerators^ and for its de- 
nominator that of the denominators. 

126. It now remains to show how a whole number is to be 
divided by a fraction ; and ahu, how one fraction is to be di- 
vided by another. 

Let, in the first case, the two equalities be 

m=cm ; a=6 . v i 
if we divide one by the other, the two quotients will be 
equal, that is 

m m 

a hv^ 
and multiplying both sides by 6, in order to have the expres- 



sion — , we jBhall find 

V 



=*=-.^ (18). 

a V ^ ' 
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Therefore to dilfide a whole number by afraction^ Tae must 
wdtiply the whole number by .he reciprocal of the fraction, or 
which is (he same, by the fraction inverted, 

hetj in the secood case, the two equalities be * 

a=b . v, tt'=6' . V ; 

if the first eqaalitj be divided by the second, we shall have 

a b . V 

— - ^^^ __ * 

a b . V 
inultiplyiog each side by 6' and dividing by b, for the purpose 

of obtaining the expression -, we will arrive at 

V 

ab'_v_a b' 

Therefore, to divide one fraction by another, we mu3t multi- 
ply the fractional, dividend by the reciprocal of the fractional di- 
visor, orwhicn is the same, by the fractional divisor inverted. 

127. These properties and rules fthould still take place in 
case that a and b would represent any polynomials whatever! 

According to the transformation a— ''—-v, demonstrated 

° ■ . a" - 

(Art. 86), we can change a quantity from a fractional form to 
that of an integral onci and reciprocally. So that, we have 

-=6X-=Axa-i=6a-»,-|=6X--7=6Xa-''=6a-^ and a-^ 
a a a* a** 

6-2^-2= yy =5 — _-.--. In like manner any anan- 
as 6^ d^ a^b^d^ '' ^ 

tity may be transferred from the numerator to the denomi- 
nator, and reciprocally, by changing the sign of its index : 

128. If the signs of both the numerator and denominator of « 
fraction be changed, its value will not be altered. 

— a +a , a a a — b^ b — a 

— b +6 b b^ c — d d — c 
Which appears evident from the Dirfision of algebraic quan- 
tities having like or unlike signs. Also, tf a fraction have the 
negative sign before it, the value of the fraction will not be al- 
tered by making the numerator only negative, or by ehat^ng 
the signs of all its terms. 



60 ALQEBRMC FRACTIONS. 



Thus, -r="^ — r"» ^^ Ij '=+-j~3 ^^-j-j- 

6 6 c — a c+d c+d 

And, in like manner, the value of a fraction having a nega- 
tive sign before tt, will not b^ altered bj making the denomi- 
tor only negative : Thus, 

a — 6 , o— ^ o — ^ 

c^^d d— c {/— c 

129. JS'ote, It maj be observed, that if the numerator be 
equal to the denominator, the fraction is equal to unity ; thus, 

a a 
if a=6, then -=-=l : Also, if a is >i&, the fraction is great- 
er than unity ; and in each of these two cases it is called an 
improper fraction: But if a is <5, then the fraction is less 
than unity, and in this case, it is called a proper fraction. 

§ II. Method of finding the Greatest Common Divisor of two or 

more Quantities, 

130 The greatest common divisor of two or more quanti- 
ties, is the greatest quantity which divides each of them ex- 
actly. Thus, the greatest common divisor of the quantities 
lea^b^, na^c and 4obc^, is 4ab. 

131. If one quantity measure two others, it will also mea- 
sure their sum or difference. Let c measure a by the units in 
fn, and b by the units in n, then as^inc, and b=nc ; therefore, 
a-J^b=mc+nc=^(m'{'n)c, and a — b=mc — fic==(m— n)c ; or 
o±:i6=(m±nJc ; consequently c measures a+5 (their sum) 
by the units in m+n^ and a— ^ (their difference) by the units 
in WI-— n, 

132. Let a and b be any two numbers or quantities, where- 
of a is the greater ; and let|9= quotient of a divided by bt 
and c= remainder ; 9=* quotient of b divided by c, and d= 
remainder ; r=^qnotient of c divided by d, and the remainder 
=0 ; thus, ^ ' ■ 
b)a{p 

pb 



c)b{g 
qc 



d)c{r 
rd 





Then, since in each case the divisor multi- 
plied by the quotient plus the remainder is 
equal to the dividend ; we have 
c^^rd, hence qc=qrd (Art. 60) ; 
^ b^qc+d=:qrd+d^{qr+l)d; and pbs=:pqrd 
+pd=(p9r+p)d (Art. 61.) ; 
,\as:ipb+essipqrd + /)d+rd«=(pyr+P+r)(f . 
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Hence* eince p, 9, and r, are whole numben or integral 
qmuUitieii d is coDtained io 6 as many times as there are units 
in ^r+1, and in a as many times as there are units in pqr+p 
+r ; consequently the last divisor d is a common measure of 
a and b ; and this is evidently the case, whatever be the length 
of the operation, provided that it be carried on till the re* 
mainder is nothing. 

This last divisor d is also the greatest common measure of a 
and b. For let x be a common measure of a and b ; such that 
aasfitx, and 6=fia:, then pb=pnx ; and c^a — pb^=^mx — p9ix 
ss:(iii — /m)x, alsoifs^^ — q6 = nx -^{qinx — qpnx) = nx^qmx 
'\»pqnx=-{n-^qin'\-pqn)x\ (because qc^^qtnX'^qpnx) there- 
fore X measures d by the units io n-^qm+pqn^ and as it also 
measures a, and 6. the numbers, or quantities a, 6, and d have 
a common measure. Now the greatest common measure ofd 
is itself: consequently d is the greatest common measure of a 
and b. 

133. To find the greatest common measure of three num- 
bers, or quantities, a, b^ c ; let d be the greatet>t common ^ 
measure of a and 6, and a: the greatest common measure of d 
and c ; then x is the greateA common measure of a, 6, and c. 
For, as a, 6, and d have a common measure ; if d and c have 
also a common measure, that same number or quantity will 
measure a, 6, and c ; and if x be the greatest common measure 
of d and c, it will also be the greatest common measure of a, 

6, and c. 

And, in like manner, if there be any number of quantities ; 
a, by c, d, &c. n and that x is the greatest common measure 
of a and b ; y the greatest common measure of x and c ; z 
the greatest commoo measure oiy and d ; &c. &c. ; then will 
y be the greatest common measure of a, 6, and c ; z the great* 
est common measure of a^b^ c, and d ; &c. &c. 

134. The preceding method of demonstration is similar te 
that given by Bkidob %n his Treatise on the Elements ofAlge* 
bra . The following is according to the manner of Garnikr* 
Thus, to find the greatest common divisor of any number of 
quantities A, B, C, &o., it is sufficient to know the method of 
finding the greatest common divisor of two numbers or quan- 
tities. For this purpose, we will at first seek the greatest 
common divisor D of the quantities A and B, then the greatest 
common divisor D' of D and C, and so on, and finally the last 
greatest common divisor will be that which was re<^uired. 

Let, in order to demonstrate it| the dneja x^^«jd^>lvXa%%^ K^ 
B, C ; we will bare 
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^" • • i B=nD, f • _ )B=nrD', 
c n— «n' > whence < * 

^^ • • )C=9D'.) (C= qD' ; 

m and n are necessarilj prime to one another, otherwise D 

would not be the greatest common diTisor of A and B ; r and 

f are also prime to one another, in order that D' may be the 

greatest common divisor of D and C. Now rD', the greatest 

common divisor of A and B, cannot be the greatest common 

divisor of A, B, and C, unless that r be equal to ^, or a factor 

of 9 ; but r and q being prime to one another ; D' remains 

the greatest common divisor of A, B, and C. 

1 35. As the problem of finding the greatest common divisor 

of any two quantities A and B, is the same as to reduce a 

A . . 

fraction ^5- to its most simple expression ; because that in di- 

viding A and B by their greatest common divisor, we have the 
two least quotients possible ; admitting this enunciation, and 
supposing A > B. 

The greatest common divisor of A and B, cannot eitceed 
B ; it could be B itself, which we can readily know, if we 
perform the division of A by B, which gives 

g=9+g (0, 

q being the integral quotient, and R the remainder, if A is not 

A 

exactly divisible by B. The fraction ^ being changed into q 

R R R 

4- ^, cannot be reduced unless that = or its reciprocal ^r is re- 
ducible, becausre q is an integral quantity which is always ir- 
reducible ; or B being >R, the quantity which ought to re- 

duce ^, cannot exceed R, it might be R itself, which we will 
K 

know in performing the division of B by R, which gives 

B R' 

g= 9 + ^ («)» 

q being the integral part of the quotient, and R' the remain- 
der < R ; we say still that the reduction of ^depends on that 

R' 
of r^, or its reciprocal, because that q' is an irreducible quan- 
tity ; so that by continuing in this manner we shall have the 
folJowiogdecowpoBiiioikS : 
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— s=^"4-— .... (3), 
R' R'" 

We see very clearly that the quantity which ought to re- 

duce -^ is that which must reduce -5- or -5- , which must re- 
Jo £> K 

duce rj- or «—;, which must reduce 57- or ^7, . 

If, for example, R"'=0, this quantity cannot be greater 
than R" ; R" is therefore the greatest quantity which can re- 

duce the fraction^; consequently it is the greatest common 

D 

divisor of A and B. 

^ 136. Let R"=0 and R'=l : unity will be, according to 

what has been above demonstrated, the greatest common di- - 

A 

visor of A and B ; the fraction ^- will therefore itself be the 

greatest expression, that is, it will be irreducible. Reciprocal' 
ly, the last divisor being unity, we may conclude that the frac- 
tion proposed is irreducible^ or in its lowest terms. 

137. It may also be shown, that the greatest common mea- 
sure of two quantities will, in no respect,, be altered, by mul- 
tiplying or dividing either of them by any quantity which is 
not a divisor of the other, or that contains no factor which is 
common to both of them ; thus, let the quantities ah and ac 
be taken, of which the common measure is a ; then, if ab be 
multiplied by c2, they will become abd, and ac ; where it is 
evident that a is the common measure, as before. And, con- 
versely, if the first of the two quantities abd^ ac^ be divided 
by d, they will become ab, ac, where a is still the common 
measure. 

138. But it will not be the same if one or two of the quan- 
tities be multiplied or divided by a quantity which is a divisor 
of the other, or has a common factor with it ; for if the first 
of the two quantities ab, ac, be multiplied by c, they will be- 
come abc, ac, of which the common divisor is ac, instead of 
a ; and, conversely, if the first of the two quantities abc and 
ac, be divided by c, they will become ab and ac ; of which 
the common divisor is a, instead of ac. 

139. Hence, if the nambers or quantities be niuc^ ^ "^^^c^ \ 
the common factor e, to simplify the op^t^L^AK^\i^ \iivj\^^ v\v 
pressed, observiDg^ in the meautime) ^SV.etVvacsvw^^^'Q^^^^ 
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greatest commoD diyi»or a, of the two qootieots N and N\ to 
maltipiy it by this factor c, and the product will be the greatest 
commou diTisor sought. Also, if a factor d is introduced into 
the two quantities, it is necessary to divide the greatest com- 
mon divisor by this factor. 

140. As the foregoing demonstration may be extended to 
aiw algebraic quantities whatever, we are therefore conduct- 
ed lo this practical rule. 

To find the greateit common divisor cf two or more compound 

algebraic quantttie$, 

RULE. 



141. Arrange the two quantities according to the order of 
their powers, and divide that which is of the highest dimen- 
sions by the other, having first expunged any factor that may 
be contained in all the terms of the divisor without being 
common to those of the dividend ; then divide this divisor by 
the remainder, simplified, if necessary, as before ; and so on, 
for each remainder and its preceding divisor, till Dothing re- 
mains : then the divisor last used will be the greatest com- 
mon divisor required. And the greatest common divisor, of 
more than two oompound quantities, is found in like man- 
ner ; by finding in the first place the greatest common divi- 
sor of two of them, as above, and then of that common divi- 
sor and the third, and so on. The last divisor, thus found, 
will be the greatest common divisor f'f all the quantities. 

Example 1. The greatest common divisor of the compound 
quantities 3a'— 3a« 6 4-«^^ — b^ and 4a"A — Sab^+b^^ ifi requir- 
ed. 

Dividend. Divisor. 



3a3-3a«6+ o6«— 6' 
4 



1 2o3— 1 Za^b+ 4a6« - 46' 
12o'— 15a26H-3a^» 



(^ia^b—bab*+b^)^bi 
4a» — 6oi6 +b^ 



Partial, quot. 3a 



{3a*b+ah*—4b^) -5.6= 

3a" + a6-46" i 

4 



12o»-f 4ab^\eb' 
J2a^— 16a6-f- 36^ 



lOab-^ldb' 



Divisor. 
4a9 — 5ab+b^ 

Parliat ^uot, 5. 



W-- ^^- 
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Dividend, Divisor. 



Aa?—iab 



(19fl6-1962)-f-l96= 
a — 6 



Quot, 4a — h 



Here the quantities are already arranged according to the 
powers of the letter a ; the first is taken for a dividend, and 
the second for a divisor : In the first place, the factor h is 
found ia every term of the divisor, and not in every term of 
the dividend ; therefore, the divisor is divided by the factor<6> 
and the result is 40^ — 5a6+6^; but the first term of this, re- 
sult will not divide exactly that of the dividend, on account of 
the factor 4, which is not in the dividend ; the dividend is 
therefore multiplied by 4 in order to render the division of 
their first terms complete : Now, the dividend \%a? — 12a^& 
+4a6*— 4^3 is divided by the divisor 4a^ — '6aA4■fr^ and the 
partial quotient is :3a. Multiplying; the divisor by this quo- 
tient, and subtracting the product from the dividend, the re- 
mainder is 3a*6+<*^^-"46\ a quantity which, according to 
(Art. 136), must still have with 4a^— 5a6+&^ the same great- 
est common divisor as the £r^. 

Suppressing the factor b, common to all the terms of the 
remainder, or, which is the same, dividing the remainder by 5, 
and multiplying the result by 4, to render possible the division 
of its first term by that of the divisor, we have then for the 
dividend the quantity 

12o^+4a6-16i^ 
and for the divisor the quantity 

4a^-5a6-|-6^; 
the partial qnotioot is 3. 

Multiplying the divisor by the quotient, and subtracting the 
product from the dividend, the remainder is 

ina6— J96^ 
and the question is now reduced to finding th^ greatest common 
divisor of 19a& — 196^ and 4a^— Sai+i- 
" But the letter a, according to which the division has been 
performed, being of the second degree in the divisor^ and only 
of the first in the remainder ; it is necessary therefore to take 
the last divisor for a new dividend, ajcid the. ren^^iinder for a. 
new divisor. 

Haying, at the commencemeat of tViU Y^evi ^m^cM!k^.^^v\»^\ 
%he divisor 19a^-^,l9b^ by^ the factor V.%..^ «,qiww>\v W.^^^i^ 

7^. 
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terms, and which ii Dot at all common to those of the di?i- 
dend ; therefore, the dividend it 4as— •6«&-f^, the diyifor 
a— -6, and the quotient 4a— 6 ; ^ ^ 

The operation is completed, hecanse nothing remains ; and 
conseqnently^ (Art 136), a— 6 is the greatest common divisor 
sought. 

If we divide the two proposed quantities hy a — ft, the quo- 
tients will be 

Sa^-H< and4a&-6* : 

Whence, the two given quantities are thus deconqpoeed as 
follows : 

(3a«+fc*)X(a-fc), (4a6-6«)X(a-6). 

Ex. 2. Required the greatest common divisor of 3a*— l?a— 
1 and4a'— 2a*-3a+l. 
Dividtnd. 

4a9^2a*— 3a+l 
3 



12a>-6a>-9a+3 
]2a'— 8a*— 4a 



Sa*— 6a+3 
3 



3as-.2a — 1 



6a* — 16a+9 
6a* * 4a — 2 



Partial qn^^ 4« 

Diviior. 
3at.-2ap-l 



Partial quoL t 



Dividend. 



3a»— 2a— 1 
3a*— 3a 

a- 1 
a-i 



a- 1 



Comphtt quot, 3a-f*l 



■ta^ 



In the above operation, the remainder -^tla+H is divide 
ed by —11, (its greatest simple divisor with a negative sign), 
so as to make the leading term positive : Or, which is the 
same, if any of the divisors, in the course of the operation, 
become negative, ^ey may have their signs changed, or be 
taken affirmatively, without altering the truth of the result ; 
thus, in the above operation, chaoging'^e signs of— llaHh 
JI, it becomea I lip^^i t, and ^vidkig \ \a«- \1 b^ \^ %;ft«sltftit 
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Therefore a— 1 is the greatest common divisor sought, 
and the two given qaantities may be readilj decompcMed, 
thos ; 

^ (3a+l)X(a— 1), (4a«+2a-.l)X(a— 1) , 

Ex. 9. Required the greatest common dirisor of a'— 6*, 
a9+2an+iab* +b^ and a*+o^6«+6*. . 

In the first place, the greatest common divisor of a'— ^'• 
and o3+2o«/&+2a6«+63, is a«+o^+6", which is foand 
thus ; 

Dividend. Divisor, 



a^+ia»b+2ahK+b^ 
a' — 6* 



a»— fc3 



Dividend, 



POHial quoU 1 






— a»6 — a6a— 6^ 



a«+o6+fc* 



Complete quoU a-^b 



Hence, the greatest common divisor of a'— i6' and a^^ia^ 
b+Zab^+b^f is a^+ab+b^ ; and the greatest common divi« 
sor oia^+ab+b^ and a'^+a^b^+b*^ is found to be a^+ab+ 
b^ , thus ; 

Dividend, Divisor, 



o4+aa 534.54 



35+54 

35 — aafta— afra 



a^+ab+b^ 



Quotient, 
ai^ab+b^ 



a^b'+ab^+b* 
a^b^+ab^+b^ 

« ^ « 

Consequently 03+0^+6^ is the greatest common divisor., 
which was required ; and dividing each of the given quantir 
tities by this divisor, we will thus^ decompose them as fol- 
tewa: 

(a--6^ (a«-f«5+60, (0+^) («»+a&+6«),(a«-^6+*a) (a? 
+ab+b»). - ' 

U«, U has been remarked (Art. V?6^,V>a»X.\l>A\wSv.^v^; 
$or be^ uqkjr, 9nd tie remainder noO^nf^ \ i3Skf«i^V25;wi^w^>^ 
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already ia its lowest terms ; this observation is applicable to 
mimbers, aod as in algebraic qoantities, the greatest simple 
divisor may be readily found by inspectioD. 

Now, it only remains to di^tcorer, if compound algebraic 
quantities can admit of a compound divisor. 

If, by proceeding according to th& Rule TArt. 141), no 
compound divisor can be found, that is, if the last remainder 
be only a simple quantity ; we may conclude the case pro- 
posed does not admit of any, but is already in its lowest terms. 

Ex. 4. Required the greatest common divisor of o2+ax+ 
x^ and a3+2a>x+3<w:2+4x'. It is plain by inspection that 
they do not admit of any simple divisor ; then the operation 
according to the rule will stand thus ; 

Dividend. Divisor* 



a3+2aaa:+.Saa:2+4a:3 

—^ 11-- ^ M ^1 ■■ , I 

<»aa;+2axa+4a;3 



a*+<*^+3:' 



Partial quot. a'\'X. 



(axa+3x3)-5-a;3s= 
Dividend, 
a^+ ax + x' a +3a: 
a^+3ax 



— 2ax+ x'^ 
— 2aa:— 6x2 



Partial quot, a — 2a' 



* +lx' 

Here, the last remainder is found to be the simple quanti-r 
iy 7x2 . ive may therefore, conclude that the given quantities 
do not admit of any divisor whatever. 

143. When the qnanlity which is taken for the divisor con- 
tains many terms where the letter, according to which we 
have arranged, has the samr exponent ; then every succes- 
sive remainder becomes more complicated than the preceding 
one ; in this case, Analysis make use of various artifices which 
can only be learned by experience. 

Ex. 5. Required the greatest commoiv divisor of ^t't+ac- 
- d^ and ah-^ac-^-d^ , 

Dividend, Dioisor, 



a^b — a^c+ad'^ 



ah — ac-^-d^ 



rem. a^c+ac^^ad^ -d' \ Partial quot. a 
dividing at first ^a'b by a6, we findfov \\\ci (\v\o\:\^Ti\., w. 
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maltif^yiog the divisor by this qaotient, and eabtracting the 
product from the dividend, the recnainder contains a new 
term, a^c^ arising from the product of — clc by a. 

By proceeding after thit* manner there will be no progress 
made in the operation ; for, taking a^c-^-ac^ — ad^ — d^ for a 
dividend, and multiplying it by 6, to render possible the divi- 
sor by a^, we will have ^ 

Dividend. Diviior. 



a^bc+abc* — abd^ — bd^ 
a'bc — a^c^-^acd^ 



ab — ac-^'d^ 

Partial quot, 
ac 



rem. a'c^+abc' ^acd^ — abd^ — bd^ 

and the term — ac will still reproduce a term a^c^ ^ in whi<£h 

the exponent of a is 2. 

To avoid this inconveniency, we must observe that the di- 
visor ab — ac+da =fl^5.^c) +-^3 , reuniting the terms ab — ac 
into one, and putting, to abridge the calculations, 6— c=m | 
we will have for the divisor ar/i4-<^^ ; it is necessary to mul- 
tiply all the dividend a^b-^-ac^ — d^ by the factor wi, for the 
purpose of finding a new dividend whose first term would be 
divisible by the quantity am forming the first term of the di- 
visor ; the operation will become. 

Dividend. Diviior, 

a^bm+abd' 



1st rem, +ac*fii— ci6d* — d^m 
+ac^m+c^d^ 



Partial quiJd, 
ah+c^ 



2d rem. — a6«I» — c'd« — d^m 
By the first operation, the terms involving a> are taken 
away from the dividend, and there remain no terms involving 
a except in the first power. In order to make them disap- 
pear, we will at first divide the term ac'm by am^ and it give^f 
for the quotient c^ ; multiplying the divisor by the quotient, 
and subtracting the product from the dividend, we will have 
the second remainder ; taking this second remainder foe a new 
dividend, and cancelling in it the factor d' , which is not a 
factor of the divisor, it will become 

— ab — ca — dta ; 
multiplying by m, we shall have 

Dividend, " Divisor, 

— abm — c^m — dm* I am-i*d^ 
— abm — bd* 



rem. -f-^i/'— ^'m— dm' 



Partial quot* — ^ 
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The remainder, bd^—^^m — cfm^, of this last division does 
not contain the letter a ; it follows, then, that if there exist 
between the proposed quantities a common divisor, it must be 
independent of the letter a. 

Haying arrived at this point, we cannot continue the divi- 
sion with respect to the letter a ; but observing that if there 
be a common divisor, independent of a, of the two quantities 
bd^ — c^m-^dm^ and am+d", it may divide separately the two 
parts am and d' of the divisor ; for, in general, if a quantity 
be arranged according to the powers of the letter a, every 
term of this quantity, independent of a, must divide separate- 
ly the quantities by which the di£ferent powers of this letter 
are multiplied. 

Id order to be convinced of what has just been said, it is 
sufficient to observe, that in this case each of the proposed 
quantities should be the product of a quantity dependent on 
a, and of a common divisor which does not at all depend on 
it. Now, if we have, for example, the expression 

Aa^ + EJaS+Ca^+Da+E, 
in which the letters A, 6. C, D, £, designate any quantities 
whatever, independent of a. and if w« multiply it by a quan- 
tity M, also independent of a, the product, 
MAa*+MBa3+MCa«+MDa+ME, 
arranged according to a, will still contain the same powers of 
a as before ; but the coefficient of each of these powers will 
be a multiple of M. 

This being admitted, if we substitute for m the quantity 
{b — c), which this letter represents, we shall have the quan- 
tities 

6(P_c« {b—c)—c{b—cy , 
a{b — c)+d^ ; 
now it is plain that b—c and d-^ have no common factor what- 
ever : therefore the two proposed quantities have not a com- 
mon divisor. 

144. The greatest common divisor of two quantities may 
sometimes be obtained without having recourse to the general 
Rule : Some of the methods that are used by Analysts for this 
purpose, will be exemplified by the following Examples. 

Ex. 6. Required the greatest common divisor of a*&2«[-^3 
b^+b*c^ — a*c^ — a^bc^ — 6*c* and a*6-f afta+fc^— a^c — abc — 

After having arranged these quantities according to the 
powers of the letter a, we shall have ^ , 

(62 — ca)a*4-(63 — bc3)a^+b*c» — b» c\ 
(b — c)a»'^{b^ — 60)0+^^ --b^c \ 
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it may at iSrst be observed, that if they admit of a common di- 
visor,, which should be iDdependent of the letter a, itmnst di- 
vide separately each of the qaaotities by which the dififerent 
powers of a are maltiplied, (Art. 143), as well as the qaanti- 
ties 6*c* — b^t* and 6^ — h^c, which comprehend not at all this 
letter. 

. The question is therefore reduced to finding the common 
divisors of the quantities 6^ — t^ and b — c, and, to verify af- 
terward, if, among these divisors, there be found some that 
would also dividers — bc^ andfea— fe^c, 6*c' — 6«c« and 6» — 
^e. 

Dividing 6«--\c2 by 6 — c, we find an exact quotient b-^c : 
6— c is therefore a common divisor of the quantities b^^^c^ 
and b — c, and it appears that they cannot have any other di- 
visor, because the quantity 6 — c is divisible but by itself and 
unity. We must therefore try if it would divide the other 
quantities referred to above, or, which is equally as well, if 
it would divide the two proposed quantities ; but it will be 
found to succeed, the quotients coming out exactly, 

and a^^ba-^b^. 

In order to bring these last expressions to the greatest pos- 
sible degree of simplicity, it is expedient to try if the first be 
not divisible by ^-f''^ ; this division being efifected, it succeeds, 
and we have now only to seek the greatest common divisor of 
these very simple quantities ; 

«*-f-6a3+6ac2, and aa-f-ia+ft^. 
Operating on these, according to the Rule, (Art. 141), we 
will arrive, afler the second division, at a remainder contain- 
ing the letter a in the first power only ; and as this remainder 
is not the common divisor, hence we may conclude that the 
letter a does not make a part of the common divisor sought, . 
which is consequently composed but of the factor b — c. 

Ex. 7. Required the greatest common divisor of (d*— c") 
Xo«-H*— dac« and 4da^ — (2c^+4cd)a+2c3. 
Arranging these quantities according to d, we have 
(oa ^c« )cP -f-c* -a2ca , or (a2—ca)da - (aa—c«)c2 , 
and (4a«— 4ac)Xd— (a— c)X2c? ; 

it is evident, by inspection only, that a^ — c' is a divisor of the 
first, and a—c of the second. But a» — c* is divisible by a — 
c ; therefore a — c is a divisor of the two proposed quantities : 
Dividing both the one and the other by a-^c, the quotieat& 
will be ' 

(a+c) X (rf«— €« ), aad 4ttd— ^c* s 



?f ALOEBRAIC FRj|CnONS. 

whicby by intpectioD, are foQDd to have no common diTisor, 
consequently a-— e is the greatest common diTisor of the pro- 
posed quantities. 

Ex. 8. Required the greatest common diraor of y^— -v* and 

^ — y^x — yxa+ap». Ads. ^* — a*. 

Ex. 9. Required the greatest common dirisor of a* — b^ and 
a«— 6*. Ans. a* — 6«. 

Ex. 10. Required the greatest common dirisor of a^+a^b-^ 
ai^—b^ and o*+oa6a +fc*. Ans. a« +a6+6» . 

Ex. 11. Required the greatest common divisor of o* —Sox 
+x^ and o3 — a^ap— ax*+«». Ans. a" — tax+x^. 

Ex. 12. Find the greatest common divisor of 6x» — 82/x* + 
2y«x and ISfT' — ldyx+Sy*. Ans. x-*y. 

Ex. 13. Find the greatest common divisor of 366* a' — 186' 
a5-.27>aa*+96aa3 and 276aa«— 1863a*- 96«o». 

Ans. 96«o*— 96«a». 

Ex. 14. Find (he greatest common divisor of (e— d)a' + 
(26c-26f/)a+(6ac-6:'d) and (6c-.6(i+c>— cd)o+(6ad+6c' 
..fta^ — bed). . Ans. e — d. 

Ex. 16. I*ind the greatest common divisor of ^n/^^+^^p'?' 
— 211^9' — 2ng* and 2fwp2ya« 4„ip4.i,ip3g^3iiip^3, 

Ans. 9 — p. 

Ex. 16. Find the greatest common divisor of x'+9x' + 

27a: — 98 and x« + 1 2x — 28. Ans. x — 2. 

§ III. METHOD OF FINDING THE LEAST COMMON MULTIPLE OF 

TWO OR MORE QUANTITIES. 

1 46. The least common multiple of two or more quantities 
is the least quantity in which each of them is contained with- 
out a remainder. Thus, 20a6c is the least common multiple 
of 6a, 4ac, and 26. 

146. The least common multiple of any number of quan- 
tities, literail or numeral, monomial or polynomial, may be 
easily found thus : 

Resolve each q%uint%iy into tis simpUit faeion^ putting the 
product of equal factors when there are any in the form of 
powers f then multiply all together the higheet powers of every 
root concerned^ and th eproduct mil be the least common multi- 
ple required, 

Ex. 1. Required the least common multiple o£ a^b^x, 
ac6x* , a6c^d. 

Here the quantities are already exhibited in the form, re^ 
quired. Therefore the least cottunon multiple U as 6^ c^ dx* . 
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Ex. 2. Required the least commoD multiple of 2a8 a;, 4aa:>, 
and^x'. 

Here the literal quantities are already io the form requir- 
ed. The coefficients resolved into their simplest factors be- 
come 2, 2', 2X3. The least common multiple is therefore 
2ax3Xo»x»=^12aaa:». 

Ex. 3. Required the least common multiple of \2a^y 
(a+6), 6a^y» + l2a*by^+eab»y^, and 4a^y^. 

These quantities resolved into their simplest factors become 

2«X3Xaay(a+6) 
2 X3Xay»{a+by 
22 Xa«y« 

Hence the least common multiple required is 2> X3Xa*v> 
(^a+by=12aY{a+by. 

Ex 3. Required the least common multiple of 8a, 4a^, and 
12a6. . Ans. 24aa&. 

Ex. 4. Required the least common multiple of a^ — b^ , a-h 
6, andaa-ffea. Ans. a* — 6*. 

Ex. 5. Required the least common multiple of 27a, 15^, 
9a6, and 3a*. Ans. I35a^b, 

Ex. 6. Required the least common multiple of a^'{'3a9b+ 
3a63-f 6^ a^+2ab+b',a^—b^: Ans. a*+2fl^6— 2a63_6*. 

Ex. 7. Required the least common multiple of a+b^ a — &, 
aa -(-aM-^^ and a^ —ab+b^ . Ans. a'—**. 

§ IV. REDUCTION OF ALGEBHAIC FRACTIONS. 

CASE I. 

To reduce a mixed quantity to an improper fraction. 

RULE. 

147. Multiply the integral part by the denominator of the 
fraction, and to the product annex the numerator with its pro- 
per sign : under this sdm place the former denominator, and 
the result is the improper fraction required. 

Ex. 1. Reduce Sx + 3- to an improper fraction. 

oa 

The integral part Sx, multiplied by the denominator 6i| of 

the fraction plus the numerator (26), is equal to 3xxda4^2l» 

s=15ox+26 : 

Heoce, ~ — is the fraction required. 

oa 

3x 
£x. f. Redace 5a '^ — to an imf tof«i fci.c&»ik« 

If K 

e 
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Here 5ay<y^=^bdy ; to this add the numerator with its pro- 
per sign, viz. — 3x ^ and we shall have bay — Sx, 

Hence, — i8 the fraction required. 

y 

Ex. 3. Reduce oc* to an improper fraction. 

X 

Here, x^ Xx^x^ ; adding the numerator a^'^y'with itspro' 
per sign : It is to be recollected that the sign — affixed to the 

fraction ^ means that the whole of that fraction is to be 

subtracted^ and consequently that the sign of each term of the 
numerator must be changed^ when it is combined with x^, 

hence the improper fraction required is ^. Or, as 

^ ^ ZiL = 5( J (Art. 67), the proposed 



X 



a* — «3 
mixed quantity a^ ^— , may be put under the form a:^+ 



, which is reduced as Ex. 1. Thus, x^Xx+y^ — a^= 

X 

1? — a^ aP 4- iP — a^ 
L\.tf—a^ ; hence, ar» + ^ = — . 



x^ 



X X 



3^2 a+7 

Ex. 4. Reduce 5a* H — to an improper fraction. 

xax 

Here, 6a^X2aa;=10a^x ; adding the numerator 3ar* — a+7 

to this, and we have 10a^ar+3ar' — a+7. 

10o^4 3«^ — <»+'7 . 
Hence, is the fraction required. 

3ab+c . - 

Ex. 6. Reduce 4x^ to an improper fraction. 

Here, 4x^X2ac=8aca:^, in adding the numerator with its 

proper sign ; the sign — prefixed to the fraction — signi- 

fies that it is to be taken negatively, or that the whole of that 

fraction is to be subtracted ; and consequently that the sign 

of each term of the numerator must be changed when it is 

HacxP — 3a6 — c 

combined with Qacx^ ; hence, is the fraction 

^ac 

. . ^ 3ab+c , — 3a6 — c — 3a6— c.^ ^ 

required. Or, as- -^;^= + ___=____ (Art. 

JOSJ ; beoce the reaaoD of changing the signs of the numera- 
t^r is evident 
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Ex. 6. Reduce x to an improper fraction. 

X 

Ans. . 

X 

Ex. 7. Reduce ah — to an improper fraction. 

Q% 

. hahx'-a^ — c 

Ans. V . 

ox 

Ex. 8. Reduce ax^ to an improper fraction. 

An». . 

a 

n~ ax 
Ex. 9. Reduce a— a;-| to an improper fraction. 

a3 — x^ 
AiV3 , 

x 

4x"-»9 
, Ex. 10. Reduce 3x^ — to an improper fraction. 

2\ax^ — 4a; 4-9 
Ans. — — L-.. 

la 

^ 2a; • 6 
Ex. 1 1 . Reduce 5x — to an improper fraction. r 

. 13x+5 
Ex. 12. Reduce l+2a; — to an improper fraction. 

uX 

, a;+lOa;«+4 

Ans. !— . 

5x 

CASE II. 
To reduce an improper fraction to a whole or mixed quantity. 

RULE. 

148. Observe which term? of the numerator are divisible 
by the denominator without a remainder, the quotient will 
give the integral part ; and put the remaining terms of the 
numerator, if any, over the denominator for the fracUow^V 
part ; then the two joined together mlhlVie ^Tc^^^^iv^ ^^^ 
tween them, will give the mixed quautVly xecffivte.^. 
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Ex. 1. Reduce ^ to a mixed quaotitj. 

Here, — -s — =«+2a is the integral part, and—^ is the 
or jr 

fractioDal part ; 

therefore a;+2<i+^ is the mixed quantity required. 

Ex. 2. ^^^'^^^ZiXIoS *® • ^^®** quantity. 
Dividend. Divisor. 



— acy— apy--«y 



Qttoltenl. 

«*— xy4-^ 



»y+ay+y' 

a:y+«y+y» 



Here the operation is performed according to the rule 
(Art. 93), and the quotient «*—«y+^ is the whole quantity 
required. 

ax — 21^ 

Ex. 3. Reduce to a mixed quantity. 

X 

ax 26^ 

Here, — =a is the integral, and - — the fractional part ; 

X X 

therefore a is the mixed quantity required . 

X ^ 

Ex. 4. Reduce z to a mixed quantity. 

x+o ^ '' 

b 
x+a)x^ — a*+6(x — o+—— the mixed quantity required. 

x^+ax 



— ax — a> 

CMC— — tt* 



* 4-6 ^ ^ 

Here the remainder b is placed orer the denominator x+a, 
and annexed to the quotient as in (Art. 89). 
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Here ~^ =a6+2 is the integral part, 

oab 

.od -^*t'' =-^^=+'-^-(Art. 128). i. the 
3ab Sab ^ Sab ^ ' 

fractional part ; 

%X'—^^c 2c 2.T 

.%a6+2 o^""* ^"^ a^+2H . ' is the mixed quantity 

required. 

21iix*— 4x+9 
Ex. 6. Reduce = to a mixed quantity. 

4Jl^-— '9 

Ans. 3a:» — . 

7a' 

T^ ^ , SflcV — Sax — 66 . , 

Lx. 7. Reduce — to a mixed quantity. 

3ax+66 
An8.2y* -^—. 

Ex. 8. Reduce --^-r—jto a whole -quantity. * 

Ans. T^^-Hj?, 

r o o J 27o«+36»— 4a:— 9a\ . , 

Ex. 9. Reduce — to a mixed quantity. 

9aa 

3^ — 4x 

Ans. 3a — \A ^ , ■ . 

9a« 

_ ' ^ X* — 3a;V-4-4aa5 , 

Ex. 10. Reduce ^zr to a mixed quantity. 

ar*— 3y« ^ ^ 

Ans. x'+ 



Ex. 11. Reduce — - — l-t— ; to a mixed quantity. 

S&r* — b 
Ans. x' — €? + -TT — r« 

Ex. I?. Reduce — — ^^-r^— ^ ^^ ^ mixed quantity. 

3x 

Ans. «— 4a — 3+^* 



8* 
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CASt in. 

T^reAtaafrucHantoUi hwni fermf^ or wnti m^ 

€9ll^pr€fttOfl. 

149. Obierre what aoantitjr will divide all the terni bodi 
of the nxm^nU^rudAenomuaibo/rfoi^mKia rtmaindir: Di- 
vide them by this qiiaiitity« and thu fraction is reduced to its 
kw e >t tenns. Or» nod their greatesteommon divisor, accord* 
ing to the method laid down in (Art. 141^ ; by which divide 
both the numerator and deaoninalmCy avd il will give the frac- 
tion required. 

EZAMFLK 1. 

Reduce ^^**^^^^^ ^® "*• "ionmi temis. 

The coe6Scient of ^ff^W ienn of Om numerator and deno- 
mhiator of die fraction ii divMble by 7, and tlie ktter x also 
enters into every term ; therefore 7x will divide both the 
a um e rat or and ^nwakiator without a remainder. 

1 4x^-1- ^ox'-f-Sdx 2 1 2^ 

Now ~r =s«8iH'«w-f4» end -=--— 3x ; hence 

the fraction in its lowest terms is^ ;r . 

3x 

Ex. 2. Reduce ''^^o ^I " ^ **• lowest terms. 

Here the quantity which divides both the numerator and 
dvnomroator without a remainder is evidently 6abc ; then 

: — --r » 6ab^€^fUk: ; and , , — = 6x : 

^iwc onoc 

Hence ^2-- — '- is the fraction in its lowest terms. 

0< &9 

Ex. 3. Reduce -- — rr to its lowest terms. 

Here, a*-M=(a"+**)X(^'— *0« (Art. 107.); and, 
consequently, a^ — o* will divide both the numerator and de- 
nt •.-^a 
itoaunsUor without a remunder ; Ihal ia,~- — ^r «• \ « i^ftw 
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numerator, and ^^ — - — - —, ^ = a« +6« = new denomi* 

a* — 6* 



nator $ iiefice. 



a^'+b 



3 



is the fraction in its lowest terms. 



Ex. 4. Reduce ,-;; to its lowest 

x9 — a«« — 8a«a;+6a3 

terms. 

H«re, by proceeding according to the method of (Art. 14 1), 

we find the greatest common measure of the numerator and 

teoownator to be x^+2ax-^2a^ ; thus. 



aft* -$iRt» — Sa^x^ + lSa^x- 8a* 
x*— ux^ — Ba'x^+ ^ycL^x 



— 2a^^+\2a^x - Sa* 



— 2«x3+ 2aax2+16a''x— 12a* 
remainder .... — 2aV— 4a^x+ 4a* ; 



a; 3 — aa;« — 8a« ar+6o8 



Partial quot. X'-^2a 



then, 



— 2a* x* — 4a*a:+4a* 
2a* 



= a;«+2aa;— 2aa=: the next di- 



Tispr ; 

x*+2ax — 2a2)a;3- ax* — 8a»a;+6a3(x— 3a 

x^+2ax' — 2a^x 



—Sax* ^6a^x+6a^ 
— Sax* — ea*x+^a^ 



And, dividing both terms by the greatest common measure., 
thus found, we have the fraction in its lowest terms ; but the 
numerator, divided by the greatest common measure, gives x 
—3a, as above, equal to the new numerator ; and the deno- 
minator, divided by the same, gives x* -6a«;+4a« ; thus, 



x* — 3aa;3 — Ba*x* + \Ba^x — 8a* 
a;*+2ax8— 2a2a;^ 

— 6aa:'— Sa^x^-^-lSa^x 
^5ax^—\0a*x* + \0a^x 



ra+2aa:-2a* 
Q;uotietU. 



4a*x*+ Ba^x—Sa* 
4aV+ 8a=^x-8a* 



ileace, ibe /faction in it» loweil letm% \% 
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g— So 
ap* — 5ax+4a* 
150. Id addition to tfaemetbodi pointed out in (Art. 144 
for finding the greatest common divisor of tiro algebraic quan- 
tities, it may not be improper to take notice here of anothei 
method, given by Sihpsoit, in his Algebra, which may be used 
to great advantage, and is very expeditious in reducing frac- 
tions, which become laborious by ordinary methods^ to the 
lowest expression possible. ' Thus, fractions that have in 
them more than two different letters, and one of the letters 
rises only to a single dimension, either in the numerator or in 
the denominator, it will be best to divide the numerator or de- 
nominator (whichever it is) into two parts, so that the said 
letter may be found in every term of the one part, and be to- 
tally excluded out of the other : this being done, let the 
greatest common divisor of these two parts be found, which 
will evidently be a divisor to the whole, and by which the 
division of the other quantity is to be tried ; as in the follow- 
ing example. 

Ex. 5. Reduce— -^^^-^.^-^-^^j to .to low- 

est terms. 

Here the denominator being the least compounded, and h 
rising therein to a single dimension only ; I divide the same 
into the parts ac* -t-2aar, and — 6x — iaJ) ; which, by inspec- 
tion, appear to be equal to (x+2a)x, and (or-f-ta) X — 6. 
Therefore x+Za is a divisor to both ^the parts, and likewise 
to the whde, expressed by {x+2a) X{x —6) ; so that one of 
these two factors, if the fraction given can be reduced to lower 
terms, must also measure the numerator : but the former is 
found to succeed, the quotient coming out x^ — ox+frx— cr&, 

exactly : whence the fraction is reduced to —7 , 

which is not reducible farther by x — 6, since the division 

does not terminate without a remainder, as upon trial will be 

found. . 

50*6 -1-1 00*^4- 6a'»6' 
Ex. 6. Reduce-rz",---Trj-,~—-rr7-r-rT-.- to its lowest terms. 

Here, the greatest simple divisor of the numerator and de • 

nominator is evidently, o«6 ; Now, 1- — ^ = 

arb 

A^s^.r, 21. It, L2 J o»6-f-2o*6»+2a3ft3-f-a^^* , . «^r . 
Sa'^'i' Wa^b+5ab^ ; an d ,} » ~ L— ^^saa^^-Sic?* -t- 



a'b 



ALGEBRAIC FRACTIONS. 81 



2ab^+b\ HeDce the result is ^ , ^ ^, . > . ,^ , ,3 ; and 



the.greatest commoo measure of this result is a-f-^) which is 
found thus ; 

a^+U^b+2ab^+b'^)5a^+\0a^b+5ab^{b 

5a^+l0a2h+\0ab^+bb^ 



remainiier .... — 6a6^ — 66^ 

— 5a62 — 36? 
And TT =a+o, which hy another operation is 

found to divide the numerator without a remainder ; and con- 
sequently dividing both the numerator and denominator of the 

- ^. 5a^+l0a^b+bab» ^ ,, ^ .,. r .• 

fraction , . ;^ «, . ^ ,, . ,0 hv a+o, we have the fraction 
a'+2o«6+2a6'+6^ '' 

in its lowest terms ; that is, r-. =6a'+6ao ; 

. , a'+Za^b+^ab^+b^ , , . . ^, 

and — -— J_=a2+a6+6a : 

a+b 

Hence •>■ .,,,„ is the fraction in its lowest terms. 
a^+ab+b' 

«, -^ 14x^1/* — 21 a:^!/' . , 

Ex. 7. Reduce ^--n ^ *o its lowest terms. 

7xry 

Ads. ^J=^. 

X 

6 1 x^—— 1 7x' 4- 34a; 
Ek. B. Reduce r—-^ to its lowest terms. 

3a:» — a;+2 



Ans. 



X' 



a-'b 
Ex. 9. Reduce -r — rr to its lowest terms. 



Ans. 



aa+aft+6^' 



Ex. 10. Reduce — to its lowest terms. 

x^~\^ax^^a^x — a* 

Ans. ■ ■ V -3 — • ' 

Ex. 11. Reduce ^ . ,0 «i> 1 ./m gi.3 *^ *** *^^®®' 

60^— 1 8a« 6+ 1 lao* — 66*^ 

liii— ^ 
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j4 

£i. If. Redact ^^T — rr to its lowest terms. 



Ads. 



_ tA ita lo! 



Ex. J 3. Redaee -- — ^"^ ^ . . to its birest terms. 



An,. 1^. 
y — a; 

Ex. 14. Redaee , , ' , . , — to its lowest terms. 

Ex. 16. Reduce , 5 to its lowest terms. 

. a^—iax+a^ 

Ans. : . 

a+x 

1? .0 ly ^ o»+f6a«+36«a> , . ' , 
Ex. 16. Redaee r— — -7—, — -77 — to *ts lowest terms. 

2a* — 36a^ — Gfra^ 

a™. -•+**+^ 



^^- ''' ^^^^^ %ax3,g7^^,ea.-,^ie,^ to Its lowest 

2a:'+6o«^ 

teitns. Aq8. s — . 

o€tx^9ac 

a*— 2a* •4-i' 

Et. 18. Redaee-r — r- — — - to its lowest terms. 

or — €rx — aa:*+a; • 

Ans. 



a+x 

Ex. 19. Redaee -TT-TT-r-mr to its lowest tennis. 

ar+2ao+6" 

a — a6 
Ads. — n— • 
a+o 

CASE IV. . 

To reduce fractions to other equtvaletU ones^ that shall have a 

common denominator, 

RULE I. 

151. Multiply each of the namerators separately, into all 
iAe denomioatorB^ except its (mn^ for the new ii\imetatot«^ and 
a// ike denominators together for the common d^ncwii\n»Xwt. 
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It is necessary to remark, that, if there are whole or mixed 
qaantities, they most be reduced to improper fractions, and 
then proceed according to the rule. 

Ex. 1 . Reduce —- , — and - to a common denominator. 

4 c a 

3a 

66 X 4 X a=iO«6 \ new numerators ; 



t X c X a=^'3a\ \ 
> X 4 X a=iO«6\ 
X X c +4=4ca; ) 



4 X c Xa=4ac common denominator ; 

Hence the fractions required are , — — , and . 

^ 4ac 4ac 4ac 

Ex. 2. Reduce — -7 — , and — to a common denominator. 

00 ~ X 

(2x+l) X x—2x^+x } 

2a» X 36=60=6 ( "^^ numerators ; 



36 Xx=^3bx common denominator ; 

Hence the tractions required are — -z — , and --z — . 

^ 36a; ' 36a; 

3 6a; 3x^ 

Ex. 3. Reduce -, — -, and aH — -^ to a common denomina- 

4 3 6 



tor. 

. 3a;a 5a+3x^ 

Here aH — =— = — . 

5 5 

3 X 3 X 5=43 J 

6a; X 4 X 5=l00x- > new numerator ; 

(5a+3a;2) 



X 3 X 5=43 ) 

X 4 X 5=l00x- \ 

X 4 X 3=60a+36x2 ) 



4 X 3 X 5=60 common denominator ; 

. , . . , 46 lOOx , 60a+36ar' 
Hence the fractions required are --, -gQ-> and . 

RULE II. 

152. Find the least common multiple of all the denomina- 
tors of the given fractions, (Art. 147), and it will he the com- 
mon denominator required. 

Divide the common denominator by the denominator of 
each fraction, separately, and multiply the quotient by the 
respective numerators, and the products will be ll:i^TCW£«t^«^^ 
of the fractions required. 
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3c^6 Bab- 

Ex. 4, Redoce — -- and— — — to the leut common de- 
af" 4iuc' 

nominator. ^ 

Here 4ax' is the least common multiple of x' and 4ax' ; 

then^^X3a«6as4aX3o«6=12o»i» 

^ \ new numerators. 

and Xda6=6a6 

4aa:* 

Hence-- — r»nd-- — r-are the firactioni required. 

Or, as 4a»' (the least common multiple) is (he denomina* 

tor of one of the fractions, it is only necessary to reduce the 

3a* b 
fraction to an equitalent on^, whose denominator shall 

, ^ 4flx« , ^ Sa*b4a 3a*bX4a 

be 4ax« ; hence, -^ =4a, and -^-X-^-^^^^ 

is the fraction required.' 

4ax* ^ 

These rules appear evident from (Art. 118). For, let 
p 2'h ^ ^^^ proposed fractions,; then ^^ ^, ^, arc 
fractions of the same value with the former, having the com- 
mon denominator bdf. Since .-^=r iTTJ^-i* ^^^ T^^-r- 

^ bdf b bdf d bdf f 

^ 3o"6 y Sx^ 

Ex. 6. RMuce - — —, --, and -- — -- to the least common 

4cx^ Stx 8ac« 

denominator. 

Here, the least common multiple of 4ca:', Sop, and ^at^ ; 

(Art. 147), is ^a^$? ; then, . 

^-— T- X3a2is=2acXSa»^=6a5fcc 
4cx" 

8ac^r* 

— - — Xy=4a<ra; Xy=4a<r«y 

?^^ X 6«*=a:« X 5x«=:5a:*. 
Sac" 

6a^fcc 4ac*ary , 6ap* - , ^ ^- 

quired. 

3% tL 1 X 1 

Ex. 6. Reduce — t — , — ^r—* ^^^ -^^ ^^ ^ common denomi- 

a-f-x 3 K9 

nater. 



new numerators ; 
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Ads.-t — ^.-T-^ z — r-r-«- and 



, and r 



2a?+3 55C+2 
Ex. 7. Reduce , and r- to a common denomi- 



nator. 



, eabx+9ab ^ Bx'+^x 

Ans. -— ; .and — --^ — . 

3abx dabx 

X sr-f" 1 a7~~~ I 

Ex. 8. Reduce -, — : — , and Vi — ^^ * common denomi- 

3 4 l+x 

nator. 

^^+4x_ 3ar»+6H-3 ^ 12g— 12 

AD8-y2H-i2' 12X+12 ' ''°'* Tli+Ti* 

T. « i> , « 2<r» ^ . 3a— a;^ _ 

Ex. 9. Reduce t> -r» and acH to a common deno- 

a X 

minator. 

. adx 2bt^x 3abd 

Ans. 7-7-, -73 — » and -ry-- 
bax oax box 

x^ x^ — 6 4a — 15 

Ex. 10. Reduce —-, a ^ — , and 7i — — -- — to a corn- 
s' ox 2 

mon denominator. 

Qx^ SOaxy — 10a;2y+50j^ ^ 60axy — 1 5a;y 

' 30xy' SOxy • 30»y ' 

Ex. 11. Reduce-^ — -2,: -— , and — ; — to other equiva- 

a" — XT 4a — 4a; • a+x 

lent fractions having the lea^t common denominator. 

4a Sab+3bx . 20aa? — 20s^ 

Ex. 12. Reduce ^-p^,J-^, and ^-, to tfie 
least common denominator. 

a^— ax*+a*a;— x«^* a^^^^*+a*x— «• ' 

and -jJ?lg£^_. 
a* — ax^-jra^x — x* 

§ V. ADDITION AND »UBTRACTION OF ALGEBRAIC FRACTIONS. 

To add fractional quantities togeUier* 

RULE. 

^ 153. Reduce the fractions, if nece&ft«r^ A*^ ^c^\sxsA^^«i^%* 
minator, hj the rales in the last caae^Wieii iA<iiSl>ib!^'D^^^i^^'^'' 

9 
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ton together, and under their Bum pat the common denomina- 
tor ; bring the resulting fractioQ to its lowest terms, and it 
will be the sum required. 

Ex. 1 . Add —, -;7 > »n^ 9 together. 

SicX 3X9= 136» j •*• 189 ^ 189 ^ 
a:X7 X3= 21«}» 93a: 
_— _— I + TXg- 18 the sum required. 

3X7X9= 189 J 

a 2a 5i 

Ex. 2. Addr, -^y ^^^ T together. 
6 oo 4a 

I2a»6+8a^+16fc'_ 

•*• 12S? 

« X 36 X 4a=l2a^6l o/^al.j.iAj;3 

2a X 6 X 4a= 8a«6 agua p-fifto^ /divijinff by b) 

20o« + 166« . ,, . , 

6 X 36 X 4a=12a6' J I2a6 *' *^^ "^"^ '^^^*'^^^- 

Or, the least common multiple of the denominators may be 
found, and then proceed, as in (Art. 152). 

it is generally understood that mixed quantities are reduced 
to improper fractions, before we perform any of the opera- 
tions of Addition and Subtraction. But it is best to bring the 
fractional parts only to a common denominator, and to affix 
their sum or difference to the sum or difference of the inte- 
gral parts, interposing the proper sign. 

Ex. 3. It is required to find the sum of a— '-r-, and 6+ 



2ax 

c 

„ 3«a a6— Sar» ^ , , 2ax 6c+2aa; 

Here, a — = ; — , and 6 H = — = 

6 6 c c 

Then, (a6-3xa)Xc=a6c— 3cx« } __«»^«, 
/L _i o wi— 1.« I a L I numerators. 
(6c+2ax)X6=6'c+2o6x J 

6Xc=6caBr denominator. 

a6c — 3cx'+ b^r,'{'Zabx _ a6c+ft^c 

•'• bi 6c~ "^ 

2a6x — Scx^ , , 2a6x — 3cr^ 
_ =a+b+ jj— 

i| the sum Te<\xut^d. 
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Or, briogiog the fractional parts only to'a commoa deno- 
mioator, 

'/"bus, 3x2 X c=3c«a } . 

And hXc=bc commoa denominator. 

Whence a r — r6+ -t — ^a+o+ 17"""^ ^"® ^'^n^- 

X— 2 
Ex. 4. It is required to find the sum of 5x -t — and 4x 

_8x--3 

Here, ( x-2)X6x=5xa— lOx } ^^e-^tors 
(2x-3)x3 =6x —9 ] numerators. 

And 3yi6x=i\bx common denominator. 

Whence 6x H — ; H 4x -;: — = 9x H —- 

i5x l6x lox 

9 — 6x 6x^— i6x+9 

-4 =9x-i 7 the sum required. 

^ 16x 16x ^ 

Here, r-, — is evidently = --- — (Art. 128) ; but we 

16x '' 16x ^ ' 

might change the fractions into other equivalent forms before 

we begin to add or subtract ; thus, the fractional part of the 

2x 3 
proposed quantity 4x — may be transformed by chang- 

ox 

ing the signs of the numerator, (Art. 128), and the quantity 

3 2x 

itself can be written thus, 4x'\ — : It is well to keep 

ox 

this transformation in mind, as it is often necessary to make 

use of it in performing several algebraical operations. 

3a» 2a b 
Ex. 6. Add —7 , ^ and - together. 
26 6 7 " 

^ 106aa+28afc+106a 

Ans. -r-, . 

706 

X X 2x* 

Ex.6. Add and — i-— together. Ans. -r — ^. 

x^n x+3 ^ xa-r9 

(Z'|-6 ci— — 6 

Ex. 7. Add rand — ^,-r together. 

a — 6 a+b 

^ 2a2+262 
Ans. — —TTT' 
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Ex. 8. Add ^S^ and — ?II^ together. 

a — X a+x 

- 4ax 

Ad8. 



o* — x« 
Ex. 9. Add 2«H — — and 3x'\ — - together. 

A r I lOx— 17 

Ad8. Bx+ . 

12 

73/ X 

Ex. 10. Add 4a:, — and 2+ - together. 

Ans. 4a:+2+ . 

46 

* 2x 6x 

Ex. 1 1 . Add 5x — and 4x together. 

\ 7 d 

17x 
^"•- '+ -63- 

Ex. 12. It is required to find the sum of 2a, , and 

a— X 

Ans. 2a+2+ 



a - ' a^ — ax' 

To subtract one fractional quantity from another, 

RULE. 

154. Reduce the fractions to a common denominator, if ne- 
cessary, and then subtract the numerators from each other, 
and under the difference write the common denominator, and 
it will give the difference of the fractions required. 

Or, enclose the fractional quantity to be subtracted in a 
parenthesis ; then, prefixing the negative sign, and perform- 
ing the operation, observing the same remarks and rules as in 
addition, the result will be the difference required. 

The reason of this is evident ; because, adding a negative 

quantity is equivalent to subtracting a positive one T Art. 63) ; 

thus, prefixing the negative sign to the fractional quantity 

a — b .^ . /a — b\ a — b h — a ^ . 

, it becomes — I I s= ac ; to the 

c \ c / e € 

X* ^a / x^ +«\ 
fractional quantity , it becomes — I 1 = 

't-" f ft ax ^* b 
+ (AH. 19.^) ; to the fracl\ona\ <v\i«k,iitlty — , it 

if 
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becomes — / ^ — 1 «= ^^^ ; to the mixed quantity 

3a+b . , / 3a+6\ _ . , 3a+b 
&x ,it becomes — I 5s I =— 6x+ ; 

y \ y / y 

2 — X 
and to the mixed qaaotity — 3a-i » it becomes — 

(2 — ^ic\ 2 — X X— 2 
— 3aH I =sSa =3aH . 

— , 3x * 6af 

Ex. 1. Subtract -r, from -— . 

6 7 

Here Sa: X 7=210: } „„^^,^x^^ f 25a;— 21a; 4x . 

» ^ - ac J Dumerators, • ss — ig 

fix X 5=26a' J i 3^ 36 

""■"" I the difference requir- 

5 X 7=35 com. denom. L ed. 

2ii~— 4x X If 

Ex. 2. Subtract from — r^- 

6c 36 

Here («a-4x)X36=6«6-186x > „„^„.t,„. 
(X— y)X5r= bcx — ocy ^ 

5«X36=156c common denominator. 

- bex — 5ey 6ab — 126x 5cx — 5cy , 126x — Sab 
Whence, --gj^ ^^ ^^^+ j^-= 

5ox— 5CV4-12&X — 6ab , . ..^ . , 
=-TT w the difference required. 

2a«>-4x 
Or, by prefixing the negative sign to the quantity -— , 

20'-— 4x 4x — 2a 

it becomes— — = — = ; then it only remains to add 

6c 5c 

— and — sr^ together, as in addition, and the result 

6c 36 ^^ 

jvill be the same as above. 

Or " ' X (X^*X 

Ex. 3. From 2a6+— ; — subtract 2a6— — ; — . 

a+x a+x 

Here prefixing the negative sign to the quantity ftah^^ 

A— x~ / 0— *^\ a— -^ 

— r— . we have — I 2a6 ,— I = — 2a6H — r— ; hence the 

o+x* V a+x/ .a+x 

difference of the 'proposed fractions is equivalent to (he sum 

•f 2a6+^^» and — 2a6+^^— ^; but iVi^ wwci ^l ^%Sx»s:.- 
n-r* a«»x 

9* 
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tional parts ^^aod^^, it ^\^ t Therefor the dif- 
• a+« — X cr — 'Or 

ference repaired is fUtb — Zab-i — as — g ^. » 

lOop — 9 , 3a; — 6 

Ex. 4. From — 7= — subtract ■ . • ■ , 

16 7 

Here (lOrt-9) X 7=70a:— 63 > - „„^„.^^ 
\3«-6) X 16-=46x - 76 $ n«»erators. 

1 6 X 7= 1 06 common deDomioator. 

-. . 70x— 63 45x— 76 

Tberefore, -^-= 

'106 106 

70«^-63— .46ar+76 25a;+12 ...... . ^ 

— : ^^^ f7 .. > = — --.- — 18 the fraction reqaired. 

106 106 ■ 

„ „ a+h . ' a — h ^ 4ai 

Ex. 6. From j- subtract —rr« Ans.-r — rrv 

0—6 a+b o* — 0*. 

11 2x 

Ex. 6. From subtract —rr-. Ans. — ^ — ^x* 

Of— « . a-f'X or — ^ 

P ., 1. 4x+2 . 2a:— 3 . 4x^+3 

Ex. 7. From — r^ ~ subtract —— — . Ans.— r — . 

3 3x 3a; 

X J ft 

Ex» 8. From .3x+-r subtract a; — 



h —':-' - c 



Ans. 2x+ ff +^^-«* 



6c 



Ex., 9. Subtract — - — from— -7 — . 

8 36 



24a;"+8a2— 66x— 216 
^ Ans. 



246 



2flr— 3 ^ X — 2 
Ex. 10. Subtract 4x — from 6a;H —-. 



liar— 19^ 
Ans. a;+ - 



16 



ftmLmff^ ft ft 

Ex. 11. Subtract — - — froroa+ 



a{a — a;) aia-^-x)' 

Ax 
Ans. a — 



d^r-x"" 

*, ,^ . ^ . ,.^ ^ « , 3a+12a; 

Ex. 12. Required th^ difference pf 3a; and — - — . 

Sa;,-3a 
Ans. — '-Z — . 
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Ex. 13. :Pfom*fi+;— =- sobtractSa;— — ^. 

7 o 

16x+2S 



Ans. 



42 



§ VI. MULTIPLICATION AND DIVISION^OF ALGEBRAIC FRAC- 
TIONS. 

To multiply fractional quantities together, 

RUL^ 

155. Multiply their numerators together for a new nume- 
rator> and their 4<?nominatorH too;i>ther f >r a new denomina- 
tor ; reduce the reaultinj^ fractim to lU lowest terms, and it 
will be the product of the frictions required. 

It has been already obi^erved, (Art. 1 19), that when a frac« 
tioD is to be multiplied by a whole quantity, the numerator 
18 multiplied by that quantity, and the denominator is retain- 
ed : 

Thus, -Xc=-7 , and --X5=— j- ; or, which is the same, 
boo 

making an improper fraction of the integral quantity, and 

then proceeding according to the rule, we have t- ^ 7 "^ T"> 

6 16 

2a:' 5 \0x 

and -T-X -= -T-" • 
6 16 

Hene^ if a fraction be multiplied by its denominator, the 

product is the numerator ; thus, -- X 6 = -^ = 6. In like 

manner, the result beini; the same, whether the numerator 
be multiplied by a whol^ qn >utity, or the denominator divid- 
ed by it, the latter method is to l>e preferred, when the de- 
nominator is some multiple of the multiplier; Thus, let 

7— be the fraction, and c the n.ultiulier : then -r-Xc 5= -r— = 
6c be be 

md .ad^ ad ad ^ . 

-7- : and 7— Xc = = -=- , as beh)re. 

b ' be bc^c b 

Also, when the numeVator of one of the fractions to be mul- 
tiplied, and the denominator ot tho other, can be divided by 
some quantity which is rommou to e Ach o^ >^^<».t£Vs nX\^ ^^- 
tieats may be used instead of the fractvnua W-xh^An^^ \ ^^H»&> 
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OL'^b X X 

— jr-X -^rr™ -^T f cancelling a-|-6 in the nomerator of 
the one, and denominator of the other. 
Ex. I. Multiply ~ by y. 

12a« 



36 

Ex. 9. Multiply ~j^ by ^. 

Here» (3r»+2)X8a:=24flP*+16a;= numerator, 
and 4X7=s28= deDomioator ; 

Therefore, ^ = (dividing the numerator and de- 

Qx* •4-4x 
nominator by 4) the product required. 

Ex. 3. Multiply — -— by 

^ "^ 3o "^ a — X 

Here, (a^-x') X 7x =(a+a:) X (a—x) X 7x3= nume- 
rator (Art. 106), and 3a X (a — x)=^ denominator ; see Ex. 
16, (Art. 79). 

(a-Ux^ X (a-^x") X 7x* 

Hence, the product is - -^—^r — )-: -r = (dividing 

3tt X (a — x) 

7x^(o-l"x) 
the numerator and denominator by a — t) — ^ 

7ax« +7«3 
3a * 

Ex. 4. Multiply aH — by a , 

6 3 

., , X 5a+x , X 3fl— X 

Here, o+ -- = — -— , and a— x = — r— : 
6 5 3 3 

TheUi (6a+x) X (3a — r) = 15a* — 2ax — x^= new numera- 

1 6o* — ^2ax — x^ 
tor, and 6X3=153b denominator : Therefore, 



3a 



15 



2ax-hx' 

:o' is the product required. 

16 



166. But, when mixed quanti'i^s are to be multiplied to- 
'gether, it is sometimes more convenient to proceed, as in the 
multiplication of integral quantities^ without reducing them 
to improper fractions* 
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Ex. 51 Multiply x^—i x+f by ^ar+S. 

+2x^ — x+^ 



ia:« + yr«— Jx+I 



Ex. 6. Multiply -J— by ~ 



14 -^ 3x^— 3x 



Aq8. 



Sax — 5a 



6x«— 6 

Ex. 7. Multiply »)v . Ads.— . 

^J 5x—\0 2x 2 

Ex. 8. Multiply ~^ by _^-^ Ans. ^.. 

Ex. 9. It is required to find the cootinual product of 

3a 2x^ , a+b ^^ 2aa;+26x 

— , —;L-i and . Ans. — • 

5 3 ax 5 

Ex. 10. It is required to find the continued product of 

a*— X* o+y . « — y . , 

-, -—7 —-, and -. Ans. a+x. 

a2 — y3'o«+x* a — X 

£x. 11. It is required to find the continued product of 

a« — X* o^— 6« J « . <»' — "^ 

r-T- 9 — r-""* 2ind . Ans. — • 

a-f-o a+ac ax — x* x 

Ex. 12. Multiply x'—|x+ 1 by x«—4x. 

Ans. X* — Jx^+yx*— ^x. 

To divide one fractional quantity by anotker. 

RULE. 

157. Multiply the dividend by the reciprocal of the divi- 
sor, or which is the same, invert the divisor, and proceed, in 
every respect, as in multiplication of algebraic fractions ; anj 
the product thus found will be the quotient required. 

When a fraction is to be divided by an idtegral quantity ; 
the process is the reverse of that \fi multiplication ; or, which 
IS the same, multiply the denominator by the integral, ^Art. 
120), or divide the numerator by it. The latter mode is to 
be preferred, when the numerator is a multiple of the di- 
visor. 
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Ex. 1. Divide — by-. 

D c 6x c 5cx 

. The divisor - inverted^ becomes r hence — X7 ■»— t- *» ^^^ 

c a ao 

fractioo required. 

3c&— -Sx 5a— —5a; 
Ex. 2.JDivide --=P by ^=-^. 
' 0+6 ^ a+b 

The divisor I — rr— I tnrerredf, becomes 1-; 

\ a+b / 6a— 6a; 

. 3a -3a; a+b 3a— Sa; 3(a — x) 3. ,, 

hence-— pp X7 r-^E EI=I7 \=r" ^^® ^^®' 

a+6 6a — 5x 6a — 6x 6(a — x) 6 

tient required. 

a*— ^ 
Ex. 3. Divide by a+b. 

1 o"— ft^ 1 
The reciprocal of ^he divisor is — tt i hence X — r-, 

(a+&)(a— 6) a— 6. ^. ^. ^ . - 

=-^ T-^r-rr'^^ »s the quotient required. 

X X(a+b) . X ^ ^ 

Or — i---=a— 6 : hence is the fraction required. 

a+b X 



Ex. 4. Divide — ~ by a+ — — . 

a+c ^ a 

„ la-aa a-+x« -a« x« ^. ^, ^ ^. 

Here, a+ — = — : then, the fraction 

a a a 

x^-a"*,. ._^. x^ ^ x»— a* a nx'—a^ . 

— P-- divided by — becomes — . — x— t= — n — 5"=^ the 
a+c "^ a o+c x^ ax*+car 

quotient required. 

168. But it is, however, frpquenlly more simple in prac- 
tice to divide mixed quantitie^t by one another, without re- 
ducing them to improper tractionn, as in division of integral 
quantities, especially when the division would terminate. 
Ex. 6. Divide x*— Jr^+V^c" l^ hy x^— Jx. 
x^— ^x)x* - f x3+ V x'—^x{3^—ix+ 1 
X* - ^x^ 

— fx^+V*^— ia? 
—i3p+ |x« 

x^ — hx 



x^ — ^x 
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Ex. 6. Divide ^ by ^. Ans. - 

3 6 9 

Ex. 7. Divide — - — by -— — . Ans. 2x 

5 OX 

Ex. 8. Divide — - — by ---. Ans. 

5 6 X 

Ex. 9. Divide j^2j^-+^- by -^^ Ans. . + - 

Ex. 10. Divide -.j^ by ~ Ans. ^"^ 



o^+a;' ^ x+a ' oe'—ax+a'' 



Ex. 11. Divide-"^ by "'"'^ 



Ans: a^+2a^x+2aa^+x\ 

Ex. 1«. Divider* —~x^+x^+yc'^2 by ?a:-2. 

3 1 
Ans. -a;'— -x^+I. 

§ VII. RESOLUTION OF ALGEBRAIC FRACTIONS OR QUOTIENTS 

INTO INFINITE SERIES. 

159. An infinite series is a continued rank, or progression 
of quantities, connected together by the signs -f* or — ; and - 
usoally proceeds according to some regalar, or determined 
law. 

Thus, |+|+i+4+^H.^j.+, &c. 
Or,4~l+i^i+TV— A+.&c. 
In the first of which, the several terms are the reciprocals 
of the odd numbers 1 , 3. 5, 7, &c. ; and in the latter the re* 
ciprocals of the even numbers, 2, 4, 6, 8, &c., with alternate 
signs. 

160. We have already observed (Art. 96), that if the first 
or leading term of the remainder, in the division of algebraic 
quantities, be not divisible by the divisor, the operation might 
be considered as terminated ; or, which is the same, that 
the integral part of the quotient has been obtained. And, it 
has also been remarked, (Art. b9), that the division of the re- 
mainder by the divisor can be only indicated, or expressed, 
by a fraction : thus, for example, if we have to divide a° by 

«+I, we write for the quotient — 7-- : This^ ho^^'s^\^ ^^«^ . 

»0t prevent us from attempting xVie dm«vwi ur.c^^S\\>%V^ "w^i 
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rales that hire been given, nor from continuiDg it as far as 
we please, and we shM thus not fail to fiod the ttae qaotient, 
though under different forms. 

161. To prore this, let us actuallj divide a** or 1, by 1 —a, 
thus ; 

1 ; I 

l-a 



I quat. 1+ ^ ^ 



remainder a 

Therefore = 1 + z ; but sssa + ; 

I — a 1— o 1— a 1— a 1 — a 

1 — a 1 — A 1— o 1— a !• 



This shows that the fraction may be exhibited under 

I— a ^ 

all the following forms : 

=!+•; ; =l+a+ 



1— a. 1— a ' • 1— a ' 



a* „ . a* 



= l+a+o''+ ; =l+a+o2 +o'+ 



l— a' • • i . |_^» 



a' 



I— a 

Now, by considering the firt^t of these formulae, which is 1 

Q 1— — ct o 

+ , and observing that 1^ , we have 1 + 



1 — a 1 — a 1 — a 
1 — ^1 ^ l — a+a I 



1 — a 1 — a I — a I — a 

If we follow the same process with regard to the second 

expression, that in tof^ay, if we re<luc«ri the integral part 1+ 

a to the same denominator, 1 - a, we shall have the fraction 

1-a^ a* 1— a'+a" 

, to which if we add we shall have — ; = 

1 — o 1 — a 1 — a 

1 



1— o 

In the third formula of the quotient, the integers l+a+a^ 

1 a^ 

reduced to the denominator l~a make , and if we add 

1— o 

a^ 1 

to it the fraction the sum will be 



1— a I 

Therefore each of these formuls is in fact the value of 

/Ae jtroposed /raction . 

1 — a 
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161K. This b^lDg the case, we may continue the series as 
far as we please, without being under the necessity of per- 
formiDg any more calci^lations ; by observing, in the first place, 
that each' of these formulas is composed of an integral part 
which is the sum of the successive powers of a, beginning 
with o®=l inclusively ; 

Secondly, of a fraction which has always for the denomi- 
nator 1 — a, and for the numerator the letter a, with an ex- 
ponent greater, by unity, than that of the same letter in the 
last term of the integral part. 

This constant formation of the successive formulae, is what 
Analysts call a law. And the manner of deducing general 
laws by the consideration of certain particular cases, is usu- 
ally called induction; which, though not a strict method of 
proof, says Laplace, has been the source of almost all the 
discoveries that have hitherto been made, both in analysis and 
physics, of which all the phenomena are the mathematical re- 
salts of a small number of invariable laws. It is thus that 
Newton, by following the law of the numeral coefficients, in 
the square, the cube, the fourth power, &c. of a binomial, 
arrived soon at the general law, that is to say, at the general 
formula, that bears his name, and which will be demonstrat- 
ed in one of the following Chapters : 'Y\mGeometer has care- 
fully addecL that in following this mode of investigation, we 
must not generalize too hastily ; as it often happens, that a 
law, which appears to take place in the first part of a process, 
is not found to hold good throughout. Thus, in the simple 

instance of reducing — -, - — to a decimal, its equivalent va- 

^3093760 ^ 

lue is 17174949, &c., of which the real, repeating period is 
49, and not 17, as might, at first, be imagined. 

163^. From what has been observed with regard to thesuc- 
cessire quotients, (Art. 161), we can, in general, put 

1 o»-l-l 

r-~=l+a+a»+a'+a* • o~+ T"'—* 

1 O . I— CI 

n being a whole positive number, wnich augmented by unity^ 
gives the place of the term. In fact, making fi=3, a*» be- 
comet a^y which is the fourth term of the quotient ; for n^4» 
a** becomes a^ which is the fifth term. But as nothing hin- 
ders us from removing indefinitely the fractional term which 
terminates the series, that is, of adding always a terni to the 
integral part ; so that we might still ^o otk viWVi^xA «ii^ \ Vst 
which reason it msty be said that Ibe ^to^o%^^ fe^0C\wi'>Da^^ 
been resolved into ao infinite series \ Yf\&xXi\^^\'\'^^^^'^ 

10 
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+a«+a»+o*4^^+«^+a^+aW+a"+a»«+, kc. to infioitj : 
and there are ramcieot gromidi to maintaiD that the value of 

this infinite series is the same as that of the fraction: 
Orthtt,7i-dBl+a+^+a'+tf*+; kc. 



164. What has been just obsenred may at first appdar 

strange ; hut the consideration of some particular cases win 

make it easilj understood. 

Let us suppose, in the first place, ass] • the general quo- 

4 tient above will become a particular quotient corresponding 

to the fraction t~t. The series taken indefinitely, shall be 

1=1+1+1+1+1+1+, &c. 

In order to see clearly the meaning of this result, let us 
suppose that we have to dit ide unity or 1 successively by the 

numbers 1, —-, ----»t::;;:^» TT.^^;;^^* *^c. we will have the 
10 100 1000 10000 

Quotient, 1, 10, 100, 1000, 10000, kc. continually and inde- 
finitely increasing ; because the divisors are continually and 
indefinitely decreasing ; but these divisors tend towards zero, 
which they cannot attain, although they approach to it con- 
tinually, or that the difference becomes less and less ; and at 
the same time the value of the fraction increases continually, 
and tends to that which corresponds to the divisor zero or ; 

and it is as much impossible that the fraction in its successive 

1 
augmentations, attains -, as It is that the denominator in its 

1 

successive diminutions arrives at zero. Thus •-- i$ the last 

term or limit of the increatit^ values of ihe fraction : at this 

period, it has received all its augmentations : rr is not 

therefore a number, it is the superior limit of numbers ; 

such is the notion that we must have of this result -, which 

the analysts call for abbreviation, ififinity^ and which is denot- 
ed by the character oo, (Art. 36). It is frequently given as 
an answer to an impossible question, (which will be noticed 
In a subsequent part of the Work,) and in fact^ it is very 
proper to aoooance this circumstance, since \haX v«^ cASkxi^t 
^asj^ the Dumber denoted by this sign. 
Itwaj still be remarked, that if ^e vw\d\aaife WV^^ x^^v^ 
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six terms of the fleries, we must close the deyelopement by 
the corresponding remainder divided bj this divisor, which 
gires, 

this equality, absurd in appearance, proves that six terms at 
least do not hinder the series from being indefinitely continu- 
ed. And in fact, if afler having taken away six terms from 
this series, it would cease to be infinite, or become terminat- 
ed, in restoring to it these six terms, it should be composed of 
a definite or assignable number of terms, which it is not. 
Therefore the surplus of the series must have the same sum 

as the total. We can yet say that •--, inasmuch as it is not a 

magnitude, can receive no augmentation, so that l + l-|-l-f-, 

1 1 

&c. H must remain equal to --. 

Hence, we might conclude that a finite quantity added to, 
or subtracted from infinity, makes no alteration. 

Thus, 00 ±:a= co. 

However, it may be necessary in this place to observe, that^ 
although an infinity cannot be increased, or decreased, by the 
addition, or sujbtraction, of finite quantities ; still, it may be 
increased or decreased, by multiplication or division $ in the 

same manner as any other quantity ; Thus, if — be equal to 

2 3 

infinity, - will be the double of it, rr thrice, and so on. See 

Eulgr's Algebra, Vol. 1. 

Note.— --, --, —--, ~ — , &c. are considered to be frac- 

tions, in which the denominators are 1, — , , , &c. 

Now, as 1 divided by any assignable quantity, however 
great it may be, can never arrive completely at 0, consequent- 
ly the fractions in their successive augmentations can never 
arrive at infinity, except that unity or 1, be divided by a 

quantity infinitely great ; that is to say, it must be divided by 

1 
infinity ; hence we may conclude that — is in reality eQ^^^.V.^ 

aotbwg, or^ssQ, 
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165. It mi^ jMt be inproper to t%)ce nplice in thii place of 
other property of nought and infimiiy, 

h That Dought added to or sabtracted from aoj qaanii^, 
makes it neithfer greater oor lesa ; that it, 

a+Os=a, aoda — Osa. 

II. Alio, if Qoaght be moKiplied or dirided by aa^r quanti- 
ty, both the prodact and qaotient will be noif^bt ;,b^M;aii8e 
any namber of times 0, or apy part of 0, is : tb^t is, 

OXa, or aXO^O, and-sC 

a 

III. From the Uit property, it likewise follows, that 
nought divided by nought, is a finite qqaqtity, of some kind or 
other. For since .0 X a=sO, or .0=sO Xa, it is evident from the 
ordinary roles of division, that 



,0 

IV. Farther, if nought be multiplied by infinity, tfie pro- 

1 a 
duct will be some finite quantity. For sincorror— =seo ; 

therefore, X « =a. 

166. It may be also remarked, that nought mpkipUed by 
produces ; that is, 

0X0=0. 
^ For. since Xa=0» whatever quantity a may be, then, sop- 
posing a=0, 0X0=^0. 

From this we might infer, according to the roles of divi< 

8J0D, that the value of ^=0, or that nought divided by qought 

is nought, ia this particular case. 

Also, that 0, raised to any power, isO ; that is, 0*"=:0 ; it 

0** - a** 

follows that j^=5 I but if in tt«*~'*s=5-jj- (Art. 86), we sup* 

pose a^iXi which may be allowed, since a designates any 

number, we have 0*=^t:« 

If we really effect the division of by 0, we could put 
for the quotient any number whatever, since any number, ' 
multiplied by zero, gives for the product zero, which is herje 
the dividend. 

This expression, 0®, appears therefore to admit of an infi-' 

u/tjr of numerical values ; and ^el aucVk a^ ie%\ilt aa ~ can^ in 
oianjr cases, admit of a finite and detemvued 'vaXue, \\. Vk^\3A^ 
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for example, that the fractioo— ;p , in the hjpotheais of a=0, 



becomes 



a* 
KXO 





But, if at first we write this fraction under the form 

Kflwi— n^ and that we put o=0, we find that it becomes 

KXO«— *, which is for m>n ; in case of m<n^ op m=n 

K K 
— rf, we shall have (Art. 86), 7n=-7ri which is equal to infi- 

ty, as has been already observed ; finally, for m^=^n, we can di- 
yide above and helow by a*^, and tbe fraction is reduced to K^ 
which is a finite quantity. 

167. If we suppose, in the fraction (Art. 163), a=2, 
we find 

r-^=l+2+4+8+16+32+64+, &c., 

which at first sis;ht will appear absurd. But it must be re- 
marked, that if wc wish to slop at any term of the above se- 
ries, we cannot do so without joining the traction which re- 
mains. Suppose, for example, we were to stop at 64 ; after 
having written 1 + 2+4+8+ 16+32+b4j we must join the 

r .' 128 !-28 ^^ , ,1 L .. 1- 

fraction -- — ---, or , or — 128 j we shall therefore have 

for the complete quotient 127—128, that is in fact — 1. 

Here, however far the fractional term may be extended, its 
numerical value, which is nes^ative, will always surpass, by a 
unit, that of the integral part, so thatthi« is totally destroyed ; 
and as in the hypothesis of a> 1, w^^. shall always subtract 
more than what we will add, we shall never meet with the 

result-. 


168. These are the considerations which are necessary 
when we assume for a nucnbers greater than unity ; but if 
we now suppose a less than 1, the whole becomes more in- 

1 

telligiblc ; for example, let a=^, and we shall have = 

- — j= j^2, which will also be equal to the following se- 

riesfl+i-l-i+i+J^+^V+^V+TiT* «tc., to infinity (Art. 
163). Now, if we take only two terms of the series, we 
shall have 1+4^, and it wants ^ of being e(\w^\ \.Q % \ \^ '^^ 
take three termfi, it wants }, for the anm U \^ \ \i ^e^Vs^R*' 
four terms, we have IJ, and the Ae&dw\c.'S V& w^^ \ '- 

10* 
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Therefore, we see yery clearly that the more terms of the 
quotient we take, the less the difference becomes ; and that, 
conseqaently, if we continue to take saccessive portions of 
this series, the differences between those consecotire sums 

and the fraction r — t=2, decrease,- and end by becoming less 

than any given number, however small it may be. The num-: 
ber 2 is therefore still a limits according to the acceptation of 
this word. 

Now, it may be observed, that if the preceding series be 
continued to infinity, there will be no difference at all between 

its sum and the value of the fraction - — -, or 2. 

169. A limit t according to the notion of the ancients^ is tome 
fixed quantity^ to which another of variable magnitude can ne- 
ver become equals thovgh^ in the course of its variation^ it may 
approach nearer to it than any difference that can be assigned : 
always supposing that the change^ which the variable quantity im- 
dergoes^ is one of continued increase, or continued diminution. 
Such, for example, is the area of a circle, with regard to the 
areas of the circumscribed and inscribed polygons ; for, by 
increasing the number of sides of these figures, their differ- 
ence may be made less than any assigned area, however small ; 
and since the circle is necessarily less than the first, and great- 
er than the second, it must differ from either of them by a 
quantity less than that by which they differ from each other. 
The circle will thus answer all the conditions of a limit, which 
is included in the above defini^on. 

170. The preceding considc^tions are very proper to de- 
fine the nature of the word limit ; but as Algebra, which is 
the subject we are treating of here, need^ no foreign aid to 
demonstrate its principles, it is necessary, therefore, to explain 
the nature of thi; word limit, by the consideration of algebraic 
expressions. For this purpose, let, in the first place, the 

ax 
very simple fraction be •■ ■ , in which we suppose that x may 

be positive, and augmented indefinitely ; in dividing both terms 

a 
of this fraction by ac, the result, -YTra^ evidently shows that 



X 



the function remains always less than a, but that it approaches 
continually to a, since that the part ^, of its denominator, di- 

miaisbes more and more, and can b^.xed\iced to such a de- 
gree of sxmllnesa as we wouM viiah. 
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171. ^The difference between a and the proposed fraction be- 
ing iD'general expressed by a — -— =_— , becomes so much 

smaller, according as a; is larger, and can be rendered less 
tb^Q any gi^en magnitude, however small it may be ; so that 
the proposed fraction can approach to a as near as we would 

wish : a is therefore the limit of the fraction — z — , relative- 

x+a 

If to the indefinite augmentation which x can receive. It is 
ID the characters which we have just expressed, that the true 
acceptation, which we must give to the word limit, consists, 
in order to comprehend every thing which can relate to it. 

172. If we had remarked in the preceding example, that by 

carryingon, asfaraswe would wish, the augmentation of x, we 

a* 
could never regard, as nothing, the fraction — i — ; therefore 

x-f-a 

ctx 
we would reasonably conclude, that the fraction - -, though 

it would approach indefinitely to the limit a, could never at- 
tain a, and, consequently, cannot surpass it ; but it would be 
wrong to insert this circumstance as a condition in the gene- 
ral definition of the word limit ; we would thereby exclude 
the ratios of vanishing quantities, ratios whose existence is 
incontestable, and from which we derive much in analysis. 

173. In fiict, when we compare the functions ax and ax-f* 
0!:^, we find that their ratio, reduced to its most simple 

expression, is — - — , and that it approaches nearer and near- 

a-f-x 

er to unity, according as x diminishes. It becomes exactly 1, 

when X'=0 ; but the quantities ax and ax-^x^, which are then 

rigorously nothing, can they have a determinate ratio ? This 

is what appears difficult to conceive ; and we cannot give a 

clear idea of it but by presenting the quantity 1 as a limit to 

which the ratio of the functions ax and ax-|-x^ can approach 

a 

as near as we would wish, since the difference, 1 ; — =*• 

a+x 

X 



-y can be rendered less than any assignable magnitude^ 



a+x 

however small this magnitude may be. 

On the other hand, the ratio. —. — , of the quantities at 

a+x 

and ax+x^ can not only attain umt^' wViexi vit \si^'e.x'==='^^^Qp^^ 
furpass it when we suppose x nejal\^e> %«iC^\X.\i^^^'^^'*^^^^' 
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', a quantity which is greater than 1, when x<a. This 



a— X 

circumstance appears not at all contrary to the idea of limit ; 
for we can regard *he valae 1, which answers to x=0, as a 
term towards which the ratio of the tanctions ax and ax-f-oc^ 
tends, by the diminutions of the valnef* of ar, whether positire 
or negative. For further niu'4tration8 of the word limit, and 
what is meant by infinity, and infinitfly small quantities or in- 
finitessimals, the inteUigent reader is referred to LAChoix's 
Introduction to the Traiti du Ccdcul Diferentiel et dv Calcul 
Integral, 4to. where these subjects are clearly elucidated. 

174. Now, let as4, in the fraction , and we shall 

^^^^T:n=*='^+*+*+A+i^+7*3+4^c- I^^e take two 

terms, we find 1+^. and the diflerence =i ; three terms 
give l+i» the error =Y*j ; for four terms the error is no 
more than j\. Since, therefore, the error always becomes 
three times less, it tends tow^irc^ zero, which it cannot attain, 
and the sum tends toward |, which is the litnit, 

176. Again, let us take a=|, and we shall have 5-=3 

= l+|+|+5V+Ff+^V?+'&c. ; here, in the first place, 
the sQmof two terms, which is 1+|, is less than 3 by l+i ; 
taking three terms, which make 2^, the error is f ; for four 
terms, whose sum is li^. the «rror is ^, 

-176. Finally, for a=J, wefind— — -=l+i=l+J+^iy+^y 

* 4 

+7«6+> ^^' ; *^® ^^^ two term?" are equal to IJ, which 
gives j'y for the error ; and taking one term more, we shall 
have only an error of y^. 

177. From the preceding considerations we may readily 
conclude, that any f;'action having a compound denominator 
may be converted into an infinite series by the following 
rule ; and if the denominator be a simple quantity it may be 
divided into two or more parts. 

< RULE. 

Divide the numerator by the denominator, as in the 
division of integral quantities, and the operation continued as 
far as may be thought necessary, will give the series required. 

^x: I. It 18 required to reduce Vnlo aiv\vv^Tv\V^^^\\^%. 

a — X 
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ax 
ax- 



,2 



3^^^ 



1st rem. 



a 
a 



a — X 



Quotient, 

jc^ x^ x^ 



a 



a- 



a" 



2d rem. 



a' 
x' 



X' 

a^ 



(^ 



., &c. 



Tfi^terqus in Ihe quotient are found thtis ; dividing the 

first r^^ainder «^, by,;^^ the firat term of the divisor a — x^ 

s^ ■ *' 
we shait have — for the $econd term of the quotient, because 

a 

the division oan.be oqly indicated ; maltipiying the divisor by 
— , atid subtracting the product from ar*, the remainder is 

— ; Again, dividing thkH>e.miatsder 1^ ft^ithcsVA^ndt wiH be-r-^, 

which is the third term in the qaotieoC ; and, ia like manner, 
we might continue the operation afl iar ^s we please : But 
the law of continuation is evident, because 4he-powers of x 
increase by unity in each successive term ot tbe quotient, 
and the poweM of,« increase by umty in the .denominator of 
each of the terms after the first. 

And the sum of the terms infinitely continued is said to be 



equal to the original fraction 



ax 



a 



Thus we say that the 



numerical fraction |, when reduced to a decimal, is equal to 
.6666, kc,f continued to infinity. 



a 



Ex. 2. It is required to convert -r — vckVo ^w \\>Sa^\fc ^^^ 



neg, 
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a 
a— « 



a 



a — X 



Qiiolten^. 



I 



a^ 



a 
tn this example, if a; l^e less than a, the series is convergent, 
or the value of the terms contiQaally diminishes ; bat, when 
X is greater thao a, it is said to diverge : Thus, let a=3 and 

x=2, then I + I+5-+ J +, &c. =l+|+^+,V+, &c. ; 

where the fractions or terms of the series grow less and less, 
and the farther they are extended the more they converge or 
approximate to 0, which is supposed to be the last t,erm or limit. 

But if a =2, and »=3, then 1 + '+^+—+, &c. =1+ 

^4-}4*V~H» ^c., in which the terms become larger and lar- 
ger. This is called a diverging series, 

Ex. 3. It is required to conyert r into an infinite series. 

^ 1+a 

1 

1+a 



1+a 
Quotient, 



■a — o« 



a^ 



1 ^a+a^-'Cf^+a^'^a^+a^ — , &c. 



a^'+a^ 



— o- 



a* 



a*+a^ 



\ Sic, 
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\ 

Whence it follows, that the fraction --?— is equal to the 

1+a ^ 



leries, 1 — a+a' — a'+«*— a*+a"— a''+, &c. 

178. If we make a=: 1, we have this remarkable compari- 
son : -4-=l— 1+1— 1 + 1— 1 + 1— , &c. to infinity ; which 

1-T-tt 

appears rather contradictory ; for, if we stop at — 1 , the se- 
ries gives ; and if we finish at +1, it gives +1. The real 
question, however, results from the fractional part^, which 
(by division) is always +^ when the sum of the terms is 0, 
and — \ when the sum is + 1 : because the complete quotient 
is fouud by placing the remainder over the divisor, in the form 
of a fraction, and annexing it to the terms in the quotient with 
its proper sign ; but the remainder in the present case is -f I , 
or — 1 ; hence the fraction to be added is +|, or — \ ; and, 
consequently, \ is the true quotient in the former case, and 
1 — J, or \ in the other. This will appear evident by taking 
successive portions of the series ; thus, for six terms, we shall 
have 1 — 1 + 1 — l + l — 1+{=A, and for seven terms, 1 — I 

+ 1— l + I— 1 + 1— i=f 

Scholium. Here we might infer, by conversion, that the 
sum of an infinite series is found, when we know the fraction 
which would produce such a series by actual division ; but, 
although it is a fact that the fraction is a value of the series, 
still it may not be the only one which would produce the same 
series : Thus, the above series, 1 — 1 + 1 — 1 + 1 — 1 + 1 — 1+, 
&c., to infinity, can be produced by several otberTractions be- 
sides the fraction \. 

Let, for example, \ be converted into an infinite series by 

actual division : Now, it is plain that J= , > anl the 

operation will stand thus : 



1 

1 + 1 + 1 



—1—1 
-1-1—1 



1 + 1 + 1 
Quotient. 
1—1 + 1— 1 + 1— l+,&c. 



+ 1 

+ 1 + 1 + 1 



-1—1 
I -1—1 



+ 1, fee, 
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In like manneri } will prodsce the aboYe series, and so i>n. 

179. Let us ndw-aoBke *a=&4> <^^ the preceding derelope- 
ment shall be' 

The sum of two terms if {, whteh H too smair bj } ; three 
terms give }> which is too much by ^ ; for the sam of four* 
terms, we hare f , which is too small bj i^, kc. 

We see here that the snccessiTe portions of the series are 
alternateljr greater and less than the fraction |, which repre- 
sent it ; but that the difference, whether it be in excess or 
deficiency, becomes less a^od less.* 

180. Suppose again a==^, and we shall have 

jir^ -rii=l=^-*+*"^+i*r-J*ir+, &c. 

Now, by considering only two terms, we ha?e |, which is 
too sma^l by iV > three terms make {, which is too mnch irf 
^^ ; four terms give }^, which is too small by j^j, and so on. 

181. The fraction j-r- may also be resolved into an infi- 
nite series another way ; nanlely, by dividing 1 by a+l, as 
follows : 



1 



a 



o+l 
QuoU 

/» /»* /»«> /«4 * ^5 » ^*"' 



1 o a' a^ a* * a* 
a 

1— -L 

a o? 



o? 






1 



It MB however unnecessary to carry the actual division any 
farther, as we are enabled already lo cotiV\i\\xe vVe %«tv%% V^ 
anjr JeDgtb, from the law which may \)e o\iaer»e^ Va. ^^^^ 
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terms we have obtained ; the signs are alternately p^us and rni- 
nu8, and each term is equal to the preceding one multiplied by-. 

It is thus by changiag the order of the terms of the depo* 
minator, we obtain the quotient under different forms, and 
that we pass from a diverging series, for certain values of a, 
to a converging series for the same values. 

It may also be here observed, that in the division of the 
two polynomials, if we deviate from the established rule 
(Art. 93), we arrive at quotients which do not terminate : 

Thus, for example, a*^ — 6*, divided by a+6, according to 
the rule above quoted, gives for the quotient a — b ; but if 
we divide a* — b^ by 6+«» we shall arrive at a quotient 
which does not terminate : thus, 



a' 



b+a 



a 



- ^-6^ 



o' 



Quof. = 



o- 



a" 



b^. 



a 



fi 



a" 



b ¥ 



a° 



f&c. 



o" 



or 
— b^ 

b^ 



&c. 

Here, we can clearly sp.e that the quotient will not termi- 
nate, however far we may continue the operation, becante 
we have always a remainder. 

In this case, by taking b+a for a divisor, we must, in or- 
der to 6nd the quotient a — 6, divide the whole dividend bj 
all the dirisor, that is to say, o^ — b^ or (a4-ft)X(a — b) by a 
+6. 

1 82. When there are more than two terms in the divisor, wft 
may also continue the division to infinity in the same manner. 

Ex. 4. It is required to convert T-^—T — r- Vxto %!^ VcSos^!^ 

n 



no 
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+a' 



a — o* 
a — a^+o^ 



1— a+o* 

1 +a—cP - 0*4. a«+a'', kc 






a" 



■'+«» 






We have therefore 



\—a+a' 



.= I +a — a^ 



'+a^+a\ &c. 

to iDfiDity : where, if we make a= 1 , we have = 

1 = 1 + 1 — i — 1 + 1 + 1, &c., which series coDtains twice the 
series found, (Art. 178), 1 — l+l— 1 + 1, &c. Now, as we 
have found this to be equal to ^, it is not extraordinary that 
we should find f , or 1, for the value of that which we have 
JQSt deternained. 

Bj making a=n|, we shall have j=f =1+^— |— tV+fV 



+rh 



■, &c. 



If a=|, we shall have 

And if we take the four leading terms of this series, w^e 
have V^, which is only ^^y less than f . 

Let us suppose again a=:f , and we shall haver»-lf= 1 4* ^ 

— ^ — j.|+^6j^+,&c. this series is therefore equal to the pre- 
ceding one, and by subtracting one from the other, we obtain 

/— yf — Z^+tW* ^^* which is necessarU^ =0. 
J 63. The method which has been here erg\«Atk^^^ %^tN^%. 

* resolve, generally, all fractions into \n&n\V^ wv^* S '^^i^^^ 
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is often fouDd, as has been observed by Euler in his Algebra, 
to be of the greatest utility ; it is also remarkable, that an in- 
finite series, thou((h it never ceases, may have a determinate 
value. It should likewise be observed, that from this branch 
of Mathematics, inventions of the utmost importance have 
been derived, on which account, the subject deserves to be 
studied with the greatest attention. . 

Ex. 5. It is required to convert —, — into an infinite se- 

^ a+x 

ries. Ans. 1 1 r-+, &c. 

Ex. 6. It is required to convert — p-r iQto an infinite i§e- 

^ a+b 

. c be , b^c bh 

a or d^ a* 

• b 
Ex. 7. It is required to convert — ; — into an infinite se- 

ries. Ans. -(1 - -| — --+, &c.) 

Ex. 8. It is required to convert into an infinite sc- 

^ a — X 

ries. Ans. -(1+^+^+— +. &c.) 

a a or or ^ 

\-X-x 

Ex. 9. It is required to convert ^^into an infinite sc- 

1 — X 

ries. Ans. l+^a;4-2rc'+2x*+2a:'+, &c. 

Ex. 10. It is required to convert ; — ; — :-= into an infinite se- 

{a+xf 

nes. Ans. 1 -f — r-+, &c. 

a or a* 

Ex. 1 1. It a. required to convert into an infinite se- 

c — X 

A a- ax , ax^ . asP , „ 
r-es. Ans. -+_+-^+_.+, &c. 

Ex. 12. It is required to convert-^-; — ^ into an infinite se- 

^ a*+x* 

1 X* X® x" x" 
"«»;^ ,. Ans. ^--+---+^ij-. &c. 

. Ex. 13. It is required to convert -, or — — -, into 'an in- 
£aJte series. Ana. i^^V^-V-^^A-^-V , ^ 
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Ex. 14. It is reqoired to coDvert - or -r — iqto an in&iite 

4 6 — 1 

series. 

^°^- 5^-23+725+6^' + ^^-^6+5^+^+5^+' ^^• 



CHAPTER III. 



OB! 



SIMPLE EqUATIONS, 

INVOLVING ONLY ONE UNKNOWN QUANTITY 

184. In additioD to what has been already said, (Art. 34), 
it may be here observed, that the expressinn, m algebraic 
symbols, of two cquivaleut phraser contained in the Cfiuncia- 
tion of a question, is called an equation^ which, ab has been 
remarked by Gaknicr, differs iVotn an tqualiiy^ in this, that 

^ the first comprehends an unknown quantity combined with 

certain known quantities ; whereas the second takes place 

but between quantities that are known. Thu.^, the expres- 

s d 
sion a= o+o> (Art. 102), according to the above remark, is 
2 2 

called an equality ; because the quantities a, 5, and d, are sup- 
posed to.be known. And the expression a; -pa; - (i=ss, (Art. 
103), is called an equation, because the unknown quantity x, 
is comlined with the given quantities d and s. Also, x — a = 
is an equation which asserts that x — a is equal to nothing, 
and therefore, that the positive partot the expression is equal 
to the negative part. 

185. A simple equation is that which contains only the first 
power of the unknown quantity, oi (he unknown quantity 
merely in its simplest form, after the terms of the equation 
have been properly arranged : 

Thus, x+a='6 ; ax+bx=c] or -+-=«, &c. where x de- 
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notes the anknown qaantity, and the o^her letters, or num- 
bers, the known quantities. 

§ I. REDUCTION OF SIMPLE EQUATIONS. 

186. Any qtiarUity may be transnosed from one side of an 
ft^juation to the- othef; by ckamring iff sign. 

Because, in thi<i tran<»position, the sanse qaantity is merely 
added to or sul>tr<irted from i^iach sid^ of the eqnatioa ; and, 
(Art. 48, 49,} if eqaals be added to or subtracted from equal 
quantities, the sum-* or rem untl^M will be equal. Thus, if j; 
4*5^3*1^'; by subtracfin^; 5 from e^ich side, we shall have 

:r + 5— ')=I2 -6 ; 
but 5 — b^=iO, and 12 — 5=7 ; hence arx=T. 
A^so, ifa:+ai*=6 — 2a; ; by subtruotiag a from each side, we 
shall' have 

x+-a — a=:6— 2a; — a ; 
and by addin« ?jc to each sido. ive ^hall have 

X'-\'a^a-\-:x=b — 2r — a-|-2a; i 
but a— a=0, and — 2a;4-2T=0 ; tiieref.)re 

.T + 2a;=6— a, or 3a:=6 — a. 
Again, if aacr — c=£/, and c be added to each side, ax^c-i-c 
=:c?-f-c, or aa:=fl?4-c. 

Also, if 6a; — 7=-'x+12 ; by subtracting Sxfrom each side, 
we shall have 

5x — 7— 2a:=2x+l2 — 2a;, or 3x — 7=12 ; 
subtracting — 7,, or, which i8 the same thint^, adding -f* 7 to 
each side of this last equation, and we shall have 

3a— 7+7=12+7; 
but7— 7=0,/.3x=19. 
Finally, if x - a+6=c ~ 2a;+£^ i then, by subtracting b from, 
each side, we shall have 

a;-a+6— 6=c — ix-i-d — b ; 
and adding a+2x to ^a:h side, it becomes 

x-i-a+^ — fc+a+2a;=c— 2x+(/ — A+a+2a; ;? 
but a — a=0, b — 6=0, and — 2x+2af=0 ; 
therefore, a;+2a;=rc+a— 6+t/, or 3xz=c+a — 6+d. 

Cor. 1. Hence, if the signs of the terms on each side of' 
an equation be changed, the two sides still remain equal : be- 
cause ill this change every term is transposed : Thus, if — x 
+6 — c=:a — 9+x ;. then, oc— 6+c=9 — a^^x ; or, which is^ 
the same thing, by transposing the right-baiid %\d^ v^ >^i^ \^^. 
and Ih^ rerene,. we shall have 9— ^— »'=a — b-V.Ci 
Cbr..^, HencBy whea. the knowa auA uttav^Nsu q^'W5&&^^'^ 
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are conDected in an equation bj the signs -f* or — , they majr 
be separated bj transposing the known qdantities to one side, 
and the unknown to the other. 

Thus, if 3a:-9— «=l2+6-4x* ; then, Ax'+Sx^^a+b 
+21. 

Also, if 3r»— 2+a;=6— 4x'— 3x* ; then, 3a?*+4.r'+3x»4- 
x=:6+2. 

Hence also, if any quantity be found on both sides of an. 
equation, it may be taken away from each ; thus, if x+as^a 
+6, then ac=6 ; if «-^=€+d-6, then x^=c+d ; because, 
by adding b to each side, we shall have x — h^b^^c-frd^b 
+b ; but 6—6=0, /• xszc+d. 

1 87. If every term on each eide of an equation 6c multiplied 
by the same quantity ^ the renUtt will be equal : because, in mul- 
tiplying every term on each side by any quantity » the value 
of the whole side is multiplied by that quantity ; and, (Art. 
AO), if equals be multiplied by the same quantity, the pro* 
ducts will be equal. 

Thus, if a;=:5+a, then 6x=:30+6a, by multiplying every 

term by 6. And, if -^4, then, multiplying each side by 2, 

X X 

we have-X2=4X2, orx=8, because, (Art. 166),-X2=a. 

X 

Also, if — 32j=a — 6, then, by multiplying every term by 4. 

we shall have x— 12=4a — 46. 

3 
Again, if 2j; — -+l=a; ; then, 4ap-3+2»2ic; and 4a: — 

2a?=3— 2,or 2ar=l. 

Cor. 1. Hence, an equation of which any part is fraction- 
al, may be reduced to an equation expret^sed in integers, by 
multiplying every term by the (lenominaftor of the fraction ; 
but if there be more fractions than one in thegiven equation, 
it may be so reduced by multiplyinfi; every term by the pro- 
duct of the denominators, or by the least common maltiplc of 
them ; and it will be of more advantage, to multiply by the 
least common multiple, as then the equation will be in its 
lowest terms. 

X X X 

Let o+«+T-=U » then, if every term be multiplied by 

24, which is the product of all the denominators ; we have 

/x^V-ffx24-f-x24=UX24;. and l2«+8a;+6x=264 ; 
-* ^ 4 

or, if every Xevm of the propose^ equa\voti\i^ m\3\>Av^^^^ M 
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19, which 10 the leait common multiple of 2,3, 4, (Art. 146) ; 
we shall have 6x+4a;+3iP=132, ao equation in its lowest 
terms. 

Cor. 2. Hence also, if every term on both sides have a 
cominoD divisor, that common divisor may be taken away ; 

thaSy if-r"H — r~^ — I — » then, multiplying every term by 5, 
we shall have 3a:+a+6=2a:+'7, or x=l — a. 

Abo, if — —-4.-= , then multiplying by c, we shall 

c c C 

have ax — H-3s=7 — a:, or aa;Tf-a?=6+4. 

188. JjT every tertn on each side of an eqtuition be divided by 
the $ame quantity, the results will be equal : Because, by divid- 
ing every term on each side by any quantity, the value of the 
whole side is divided by that quantity ; and, (Art. 51), if 
equals be divided by the same quantity, the products will be 
equal. 

Thus, if 6a»+3x=9 ; then, dividing by 3, 2a«+a:=3. 

Also, if ax^-i-bx^acx ; then, dividing every term by the 

ax^ hx acx 
commoD multiplier a:, we shall have 1 = , or ax+b 

XX X 

Cor. 1. Hence, 11 every term on both sides have a com- 
mon multiplier, that common multiplier may be taken away. 

Thus, if ax+ad=ab then, dividing every term by the com- 
mon multiplier a, we shall have x -f- d^^b. 

Also, if — -I = ; then dividing by the common mul- 

c c c 

CI c 

plier -, or (which is the same thing) multiplying by -, we 
c a 

shall have a?+6=4ax. 

' Cor. 2. Also, if each member of the equation have a com- 
mon divisor, the equation may be reduced by dividing both 
sides, by that common divisor. 

Thus, if ax^ — a^x^abx — a^ft, or (ax —a").r=(aa; — 0^)6 ; 
then, it is evident that each side is divisible by ax — a^, whence 
ap=6. 

Again, if xr^ — a^=x+a ; then, because aP-^a^^^x+a) 

.(x — a), it is evident that each side is divisible by x+a ; and 

x'^'^^a X "4" a 
hence we have — i — -= — ; — , oro; — a= 1, and a;=a+ 1. 

x+a x+a 

189. T%e unknoTvn quantity may be f/iiengag ed jVota a dva\- 
spr or a coefficient^ by multiplying or dimding ttUtSvt UTm^^J >>v* 

^ptaHoh by that divisor or coe^cient. 
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b h 

Thus, if 2r+4=6, then x+2=- and «= --2. 

z z 

X 

Also, let p'l'^^^^ ' theo,mQltiplylngby 2, we liball have 

fx2+i8=nx», 

•rx4-18=34, /. a;=34— 18. 
■ Again, let ax+6x=c — rf, or, which i« the same, let (c+&) 
r=c — d ; then, dividing both eidea by a-{-&, the coefficieot of 
r, and we shall have 

c—d 

Finally, let — y2a<:+rf ; then, the eqaation maybe put 
under thid forin, 

and dividing each side by — r* *^^ shM have a:='(c4"«')-T- 
( — t) ; which may be^stiU^fartUer reduced, because-— 

,-= — r— : therefore 

& . <'6 

6 — a 
190. .*^n?/ propr,rtion may be convertf.d into an equation ; for 
the product of the extremes is equal to the product of the means. 

CL X 

Because, if a : 6 : : x : d ] then r ~ j- ^Art. 24), and .\ 

o a "" 

(Art. 137), ad^bx, by clearing of fractions. 

Let 3x : bx : : 2a; : 7 ; then 7X3x=2xX5ar, 

or 21a:==IOa;^: and.\21 = 10x. 

Agnin, let Sx+'^O : 4x+4 : : 6 : x+\ ; then,. 

(5j-pi!0)X(af+1)=;5X(4x+4) ; 

' or, 5.T'+25a;+2o=20a;+20 ; 

and (Art. 186), 6r'+26a:=20x i 

/.(Art. 188), 5x+^5=%0. 

/.'^/. Wbeo an ttnAr/iozi'M quantity eiilftW\iiV^> <it fetvas^ a.. 
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part of an equalim; and if the equation can be so ordered, 
that the onknoivo quantity may stand by itself oq one side, 
with its simple or first power, and only known quantities on 
ihe other, the quantity that was before unknown, will then 
become known. 

Thus, suppose Sx+ 18 =5a; — 2; then, by transposing 3x 
and — 2, we shall have 

18+-2=5ac— 3x, or 20=2a; ; 

20 4' 
therefore, x=z —=10. 

Here, in the above equation, the value of the unknown 
quantity x, becomes known, and 10 is the value of a: that ful- 
fils the condition required, which we can readily !^ee verified, 
by substituting this value of a: in the given equation ; thus, 

3x=3X 10=30, and 5x=5X 10=50 ; 
hence, 3x+ 18 = 30 + 18=48, and fix — 2 =60—2=18 ; 
therefore 10 is the true value of x, which answers the 
condition required, and this value of x is called the root of the 
equation. 

192. Hence the root of an equation is such a number or 
quantity, as, being substituted for the unknown quantity, will 
make both sides of the equation vaiiish or equal to each other : 
Thus; in the simple squalion 

3x— 9+6=0 ; 
the value of x must be such, that if substituted for it, both sides 
must vanish, because the right-hand side is ; but this value 
is found to be 1, for by tran;iposition 

3x=9 — 1;=3, 

and dividing by 3, we shall have 

3x 3 
-=-,orx=1; 

therefore 1 is the root of the s^iven equation, which can be 
easily verified by substituting it for x ; thus, 

3x— .9+6=3 X i—9+6=:3— .9+6=9— 9=0. 
Hence, the value of the unknown quiiniity being substituted 
in the equation, will always reduce it to 0=0. 

§ 11. RESOLUTION OF SIMPLE EQUATIONS, 

Involving only one unknown Quantity, 

1 93. The resolution of simple equations is th j Oisebgagin^ 
of the unknown quantity, in all such ex.^T^%%\Q\!k^^l\^t^. ^^ 
other quantities with which it U coiiii^cV^^ % ^tk^ \£l'?>^v^'S6» '^N 
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. 7a; 14 
hy division, -=-=-=- ; /. x=2, 

J 7 7 

Ex. 4. Given 6x+10=3jr+22, to find the ralge ofar. 

By transposition, 6x — 3x=22— 10, 
by collecting the terms, 3x=l2, 

by division —z=^—\ .-. a:=4. 

Ex. 5. Given ax-f-^=c to find the valae of x in terms of a. 

6, and c. 

By transposition, ax^^c — 6, 

..... ax c — h c — b 

by division, — = : /. x=' . 

ma a 

The value of x is equal to c — 6 divided by a, which may 

be positive or negative, according as c is greater or less than 

9 5 

b ; thus, if c=9, 6=6, a=2, then x = =2 ; if c=l2, 

7 ,r J «. .u 12—16 —4 

6= 16, and a:=?, then = = — 2. 

2 2 

Ex. 6. Given 3x-4=7x — 16, to find the value of x. 

Aos. x=3. 
Ex. 7. Given 9 — 2x=3x — 6, to find the value of x. 

Ans. x=3. 
Ex. 8. Given ax^-J-6x=9x'+cx, to find the value of x in 

terms of a, 6, &c. Ans. x= • • 

a— 9 

Ex. 9. Given x — 9=4x, to find the value of x. 

Ans. x= — 3. 
Ex. 10. Given Bax — c=6 — Sax, to find the value of x in 

b+c 

terms of a, b, and c. Ans. x=-7r — . 

oa 

Ex. 1 1 . Given 3x — 1+9 — 5x=0, to find the value of x. 

Ans. x=4. 
Ex. 12. Given ax=.a6 — ac, to find the value of x. 

Ans. x=6 — c. 
Ex. 13. Given x*+2x=(x+a)2, to find the value of x. 



Ans. x= 



o^ 



ar — 2o 

Ex. 14. Given (x — l)'=x+l, to find the value of x. 

Ans. x=3. 

Ex. 15. Given x^+2x2+x=(x2+3x) X (x--l)+16, to 

find the value of x. Ans. x^4. 
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BVLE III. 

197. If in the equation there be anj irredacible fractiom, 
in which the unknown quantity is concerned, multiply eyery 
term of the equation by the denominators of the fractions in * 
succession, or by their least common multiple ; and then pro- 
ceed according to Rules I. and II. 

ix 
Ex. 1. Given ---+l=x — 5» to find the value of x, 

4 

Multiplying by 4, 2x+4=4a;— r36, 

by transposition, 2x-- 407= — 36 — 4, 

by collecting the terms, — 2x= — 40, 

by changing the signs, 2x=^40, 

by division, -=-~ ; /,x=20. 

X SB X 

Ex. 2. Given --.-+3=5— -, to find the vuale of x. 

* o 4 . 

2x Zx 
Multiplying by 2, a;— —+6=10 ~, 

6x 
by 3, 3a:— 2ar+ 18=30— -p, 

.... by 4, 12x— Ux+72=120— 6x, 

by transposing, and collecting, 102=48 

..... 10«_48 . .^ 

by division, -j^j^^^^ i • • «=4f . 

Or, it is more concise and simple to multiply the equation 
by the least common multiple of the denominators ; because, 
then the equation is reduced to its lowest terms ; thus. 

Multiplying by 12, the least common multiple of 2, 3^ and 
4, we have, 6a;— 4x+36=60— 3a;, 
by transposbtion, 6x=24, 

6x 24 
by division, •t'^'T" » •*• *^H' 

X XX 

Ex. 3. Given x — - — 1=t+^» to find the value of x. 

3 Ob 

Here 30 is the least common multiple of 3, 5, and 6 ; 

TiT ,.. 1 . 1. o^ o^ 30a; ,^ 30a; , 30a; 
Multiplying by 30, 30x ^ — 30= ^ I ^ > 

/. 30x — 10a; — 30=6«+6ar, 
by transposition, 9x=30, 
, ,. . . 9« 30 10 ^ 

by division, -Q-'^-a^^^ \ :*«=*^* 
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Ex. 4. GivcD -r — a= ■=■— 8» to find the value of x. 

4 5 

Here 20, the product of 4 and 5, being their least common 
multiple, , . 

Mnlliplyiug by 20, ^ — 20a= ~ — 60, 

4 5 

/. 6«— 20a=4i;— 60, 

by transposition, 6x — 4x^20a-60, 

» .•,«— 20o— 60. 

ax bx icL 
Ex. 6. Given -—— — -= -—-, to find the value of x. 

odd 

Multiplying by 5, — _.^-_- , 

,\ax — 6x=2a, 
by collecting the coefficients, (a — b)xz=:2a^ 

/.by division, a;= p. 

— 6 

ZcLx 3bx Sx 

Ex. 6. Given 1 — r-=^ — h^* to ^^d the value of x. 

c 2 a 

Here 2ac, the product of 2, a, and c, being the least com- 
mon multiple, 

Multiplying by 2ac, 4a^x+3a6cx=10cx4-6ac, 
by transposition, and collecting the coefficients, we shall have 
(4a2+3a6c— 10c)x=6ac, 

.•.byd5TUion,x=j-3^-_. 

X — 4 ' 5x4- ] 4 

Ex. 7. Given Sx ^-^— 4 = * y*j, to find the value 

4 o 

of X. t 

Multiplying by 12, th^ least common multiple, 

we have 36x— 3x+ 1 i— 48=20x+ 66—1 , 

by transposition, 36x — 3x— 20x=66— 1+48 — 12, 

or lSx=9l, 

13x 91 
by division, •^^ = ^ ^ ; /. x=7. 

56 63 
Ex. 8. Given i 3=14 5 ^ to find the value ofx. 

Ans. x=J. 

/p-Li x4-2 x-f-3 
Ex.9. Given -4-+-~-= 16 -j-, to find the value 

Ho 4 
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Er. 10. Given ^=3^+1=20—^=—^, to find the veIqc 

of X. Ans. a;=23J. 

II ^ 19 ^x 

Ex. 1 1 . Given xH — = — r — , to find the valae of x.^ 

Ans. x=>=5. 

jp 5 284— —X 

E«. 12. Given 1-6^= — r — > to fin^ the value of x. 

4 6 

Ans. x=9. 

2x-|-6 llx — 37 

• Ex. 13. Given 3x H — =5H ;; , to find the valae 

6 2 ^ 

of X. Ans. x=7. 

Gx— 4 1 8 — 4x 
Ex. 14. Given —, 2= — ha:, (o find the value of 

X. Ans. x=4. 

Ex. 15. Given. — — = — ^ — ^---— , to find the 

5 3 2 3 

value of X. Ans. x = '* l . - ^ — —-. 

lOJ+20 — 6a 

T^ .n ^' a:— 1 x+3 2x+l x— 3 ^ ^ . .. 

Ex. 16. Given — —-=——- --, to find the 

* 7 2 14 4 

value of X. Ans. x=-7-9lf. 

RULE IV. 

198. If the unknown quantity be involved in a proportion, 
the proportion mutt be converted into an equation (Art. 
1 90) ; and then proceed to I'esolve this equation according to 
the. foregoing Rules. 

Ex. 1. Given 3x— 2:4 :: £x-9:2, to find the value 
of X. - 

Multiplying extremes and means, we have 

2(3x-2)=4(6x-9), j 

or 6x — 4=20x— 36, 
by tran?position, 6r— 20r= — 36+4. 

or — 14x= — 32, 
by changing the signs, 14x=32, 

by division,— =— ; /. x=2^. 

Ex. 2. Given 3a : x : : 6+6 : x— 9, to find the^^Vw^ ^l t. 
Multiplying extremes and meanS) we Yii'^e 
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or Sax—ZTa^hx+ox, 

by traupotitiofliy Sax — bx — 5x^27o, 

collecting the coeflTs., (So — 6— 5)a;=27a, 

, ,. . . 27a 

.•.byd.m.on,*=g_^_^. 

X — 5 2 3 

Ex. 3. Given — - — : x— 5 : : - : 7, to find the value of x. 

4 3 4 

MultipljiDg extremes and means, we have 

3 /x—5\ 2 . ^, 

3x — 15 2x — 10 

by clearing of fractions, 9a: — 46=32a;--160, 

by transposition, 9x — 32x=45->160, 

, collecting and changing signs, 23x= 115, 

..... 23x 116 

by division, —z=,^; . • . «=:5 

Ex. 4. Given 2a:— 3 : a:— 1 : : 4a: : 2a:+2, to find the value 
of a;. » ' 

Multiplying extremes and means, we shall have 

(2a:-3).(2a:+2)=4x(a:-.l), 
or 4ar'— 2a;— 6=4ar*— 4x, 
by tranposition. &c., 2a:=6, 
.*. by division, x=3. 
Ex. 6. Given a+x : 6 : : c — x : d, to find the value of x 
in terms of a, 6, c, and d. 

Multiplying extremes and means, ad'{'dx=ibc — &x, 

by transposition, bx+dx^^bc'^ad, 
or (6+£j)a:=6c — ad, 

.\ by division, a;= , , , » 

o-f-o 

a: 1 3 

Ex. 6. Given —^ :a:+2 : : 7: l,to find the value of r. 

X — 1 3a:+6 
Multiplying extremes, &c., — r— = — j— , 

clearing of fractions, 4x— 4=9a:+18, 

by transposition, 4x — 9x=18+4, 

changing the signs, &c., 5a;= — 22, 

22 
.'. by division, a:=-— =— 4f. 

3x X 
Fir. 7. Givea 2x— 1 : x+1 :\-^: 7, to find the value of a;. 
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Ex. 8* Given x+3 : a : : &:-,!• find the valaeof x. . 

X 

Ans. «= 



a6— 1 



1 3x ' ' 
Ex. 9. Given ~ :' -7- : : 5 : 2a; — 2. to find the value of x. 

2 4 

Ans. x^— "I*!-. 

Ex. 10. Given-- ; - :; x — 1 : — ^, to find the value of «. 

7 4 4 

Ans. x=l^. 

Ex. 1 1 . Given — ^ — : '^. — : : 6 : 3, to find the value of «. 
. 3a 3a 

Ans. ff=3. 

§. HI. EXAMPLES IN SJMPLE EaUATIONS, 

Involving only one unknovim Q;aantity» 

m 

199. It is necessary to observe that an equation express- 
ing but a relation between abstract nutnbers or quantities, 
may agree with many questions whose Founciations would dif-^ 
fer from that of the one proposed : but the principles of the 
resolution of equations being independent of any hypothesis 
upon the nature and magnitude of quantities ; it follows, 
therefore, that the value of the unknown quantity sunstituted 
in the equation, will always reduce it to u=0, although it 
may not agree with the particular question. This is what 
will happen, when the value of the unknown quantity shall 
be negative ; for it is evident that when a concrete question 
is the subject of inquiry, it is not a negative quantity which 
bught to be the value of the uukuown, or which could satisfy 
the question in the direct sen^ie of- the enunciation. 

The negative root can only verify the primitive equation 
of a problem, by changing ii^'it the sign of the unknown ; 
this equation will therefore agree then with a question io 
which the relation of the unknown to the known quantities 
shall be' different from that which we had supposed in the 
first enunciation. We see therefore that the negative rootK 
indicate not an absolute impossibility, but only relative to the 
actual enunciation of the question. 

The rules of Algebra ^ iherejore^ make not oul>j \rtviit»t^ c.^T\.avR 
contradictions^ which may be found in enunc\al\nn% ^J ^T^Vtffi 
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of the first degree ; hut they $HU indieaU their reeHficaiion^ in 
rendering- subtraetivejpef^in quantitiee which we had regarded 
as additive f or ^dmHve certain quantities which we- had re- 
garded as sidftraetive^ or in givir^ for.the unksumn quantities ^ 
values affected znth the tign. — . 

Hence, it follows, that we maj regard as forming, properly 
speaking, but one question, those whose enunciations are not 
connected to one another in such a manneri that the solution 
which satisfies one of the enunciations^ can, by a simple 
change of the sign, satisfy the other. 

We must nevertheless observe that we can make upon the 
signs and values of the terms of an equation, hypotheses 
which do not agree with the enunciation of a concrete ques- 
tion, whereas the change which we' will make in this enuncia- 
tion might be always represented by the equation. 

These principles, which will be illustrated by examples, 
are applicable to equations of all degrees, and to determinate 
equations containing many upknown quantities. - 

The question which conducts to the equation 

, ax+6=ca;+<i, 
is not well enunciated for a>c^ and &><2, since the first mem 
ber is greater than the second. 

Thus the formula 

a — c ' 

gives for a; a negative value ; but by rendering the unknown 

X negative, the equation is changed into the following, 

b — ax=^d — cxy 

which is possible under the above relations between a and c, 

h and d, and which gives then for x an absolute value. 

If we have &>dand c>a, the two subtractions become 

impossible in the formula 

d^b 

xz=z ; 

CL — c 

but in order to resolve the tquation, let us subtract cx^i 
from both members, which would be impossible, because that 
cx+i is greater than each of the two members : we must 
therefore, on the contrary, take away ax-\-d from both sl(!e?, 
and it becomes 

l)-^d=icx — ax ; 

from whence we deduce * 

b—d 
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This formula compared to the preceding, differs from it in 
this, that the signs of both terms of the fraction are changed. 

We may therefore conclude , that we can operate on negative 
isolated quantities^ cts we would do if they^ had been positive. 

These {Principles will be clearly elucidated, when we 
come to treat of the solutions of Problems producing simple 
Equations : we shall now proceed to iliustratS the. Rules in 
the preceding Section, by a variety of practical examples. 

r. . -n- «. . 3'*;— n 5a:— 6,97— 7a; , ^ ^ , 
Ex. 1. Given 21 H j^— =— — | ^ — , to find the 

value of X. ^ 

' Multiplying both sides of the equation by 16, the least com • 

mon multiple of 16, 8,^nd 2, we shall have 

336+3ar-.n = l0a;- 10+776— 56x ; 
/•by transposition, 

3a;— I0x+56x=l 1—10+776—336, 

or 49a:=441 ; 

441 
by division x= — — , .V a:=9. 

49 

Ex. 2. Given x A ;: — =12— — :; — , to find the value of 

2 3. 

ar. 

Multiplying both sides of the eqiifation by 6, the product of 

2 and 3, which is the least common multiple, we have 

6a;+9a-— 15=»72-4a:+8 ;' 

/.by transposition, 6a:+9a;+4a;=72+8+16, 

or 19x=«95 ; 

by division, x=— ,/.a:=6. 

2x 4 

In this example, when the fraction — --— — ,- is multiplied ., 

12.r-*24 
by 6, the result is — — = — (4a: — 8) = — 4a:+ 8, or, 

which is the same thing, when (he sign — stands before a 
fraction, it may be transformed, so that the sign + may stand 
before it, by changing the Rign of every term in the numera- 
tor ; therefore^ we make the above step — 4a;+8^ and no* . 
4a:-8. 

Ex. 3. Given 4x ;r-=^"r— -= h*24, to find the value 

2 ij 

of X. . 

Multiplying by 10, the least coinmcsti xav^Cv^V^ ^^xA '^^ 
hare, 
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40x— 5ar+6=»10ar+4x — 4+240, 

by trao^posilion, 40x— 6x — lOx — 4x=240 — 4 — 5, 

or, 40a?— 19x==231 ; 

and 21x^231, 

,,...• . 231 
by division,. «= —--, .'.x=sll. 
^ 21 

ar 
Ex. 4. Given 2a; --+ l=5x — 2, to find the valae of x. 

Multiplying by 2 ; we have, 

4X-X+2—10X— 4, 
/, by transposition, 4x — a:— 10a;= — 4 — 2, 

or — 7x= — 6, 
by changing the signs, Tar ^6, 

.', by division, x=-. 

Ex. 5. Given 3ax — 26x=3& — a, to find the valae of x. 

Here, 3ax — 26x=(3a-^26)x, by collecting the coefficients 

ofx. Therefore, 

(3a — 26)x=3&-a, 

, -. . . 36 — a 

bv division, x=-r -^r. 

•^ 3o — 26 

Ex. 6. Given 6x+x=2r+3(i,to find the value of x. 

by transposition Ax+x — 2x=3a, 

or (6— l)x=3a, 

, ,. . . 3a 

.\ by division, x = 7 — ^. 

Ex. 7. Given c+r-=4xH — r> to fiot^ the value of x. 

aba 

Multiplying by abd ; we have, 

r36(ix— a^cd -hafx =s4a6 Jx+rO^x, 

by tranjsposition, 36c?x+a/fx— 4«6(ix— ^a6x~(r6cd, 

or {3bd'+ad^Aabd^^ab) x=^. abed, 

.'. b ' division x= ^^ 

y nision, X g^^^^^^ — lo6(/— 2a6' 

X ^ CL 

Ex. 8. Given - — --+-r=i-|-c, to find the value of x. 

Multiplying by 30, the product of 5 and 6, the product be- 

«:omes 

6x — 6x+5a=306+.30c ; 

by traospositioOf 6x — 5x=306+30c — 5a, 

and /. x=306-f30c— 6a. 

12 — X 14+x 
/^'x. 0. Given — - — : bx ^— \\ \\ 8, to fiad the va^ 

iue of X, 
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MoUipIjiDg extremes and means, we have 

96— 8a; ^ 14+a; 

9 ^. 3 V 

Multiplying by 9, the least common multiple, 

96-8a;=46x— 42--.3ar, 
by transposition, —45a: — 8a;+3a;= — 96 — 42, 
by changing the signs, 45x+8a; — 3a;=96+42, 

or 60a;=c 138, 

• • by division, a;=--— =2 --. 

Ti ^rv i^' ax— 6 , a bx bx — a , - . , , 

Ex. 10. Given h«=-: t— » to find the value 

4 '32 3 

of X. 

Multiply ing by 12, the least common multiple of the deno- 
minatoTS, and the equation will become, 

3aa:-~36+4a=66a:— 4&x+4a, . . (1). 
by taking away 4a from each member, we shall have 

Sax — 36 = 6bx — 4bx=2bXf 
by transposing — 3b and 2&a;, it becomes 

3ar— 26x=36, 
by collecting the coefficients of x, we shall have 

(3a — 2A)x«=3&, 

by division, x= g^_^^ ^ 

200. Now, if in this example, we suppose Sa — 26sO, or 

3a=26, then x= -r- ; which shows that in the above equality 

such a relation cannot exist between the quantities a and b, 
or if there should, the equality cannot take place. 
Let us, in order to'see what would be the result, substitute 

— for 6 in equation (I), and it becomes 



2 



O.V. 3a , ^ 18a I2ax , ^ 
Sax^BX ~ +4a= —x 2^"*" ^* 



multiplying by 2, we shall have 

6aa; — 9a+8asl8ax — 12ax+ Ba, 
by transposition, ISox — 18aa;=9a, 

.•.0=9a. 
Which is evidently absurd, in all cases, except that a==0, 
and therefore 6=s0, and then the original equation is nothing 
else than 0=0 in its primitive state. 

We mtiy therefore conclude that there U tk^ ^\5\Vft. ^^^J^^^ 
wbicb^ whea sabstitated for x Vu the ^ivtw&^e e^^'Cvwv^^^^^ 
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fulfil the condition Required, thia may l>e better reriBed by a 
numerical eiample. 

Thus, let a=4, and h^G ; then dubstitoting these values 
for a and b in the given equation, it becomes 

4a: — 6 4 6x 6x — 4 

6 4 4 

hence x — T+s=^3ar — 2x + -;•*• — 6=0. 

Kx. 1 1. Given 2aa:4-&=s3cx+4a, to find the value of a:. 

by transposition, 2ax—3far=4a—^, 

by collecting the coefficients, (2fl — 3c)jr=4a — 6, 

4(1-— & 

. • . by divi«*ion, ar= -• . 

•^ 2a — 3c 

201. Here, if 4a=&, and at the same time, 2a>or <3c ; 
then a-=0. 

Fora=l, 6-=a4 and c=}, then, the above equation be- 
comes 

2a: -x=4 — 4, . • . ar=0. 
Or, substituting these values of a, b, and c, in the formula, 

_ 4fl— 6 

^ „ . 4—4 ^ 

we shall have, a;=s - — - =-=0. 

A.;ain, if 4a — i=0, and So — 3c=0 ; then 

4fl — 6 



a:= 



Ha-^Sc' 0' 

which is the m?irk of indetrrmination, or, which is the same 
thing, we learn from thia result, that the value of x may be 
any number, either positive or negative, from nought to infini- 
ty, and both inclusively. 

in order to illustrate this, let a=3, ^=12, and c=s2 ; then 
_^ 4a— b __ 12-— 12_ 2— 2 _0 

Now, let us resume the given equation, and by substituting 
these values of a, b, and c, we shall have 

6x+-l2=6a? +12, .'. 6x=6x. 
But this is what Analysts call an idenHcal equation ; where 
it evidently appears that x is indeterminate, or that any quan- 
tity whatever may be substituted for it. 

Kx. 12. Given 1 9j+1 3=69 -4x, to find the value of ar. 

by transposition, 19ac-{-4a:=69-r-l3, 

or, 23a?=46 ; 
,*, by AW\9\Qtk, x=^. 
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Ex. 13. Given Sa:+4 — ~=46 — 2ar, to find the value of x. 

Multipl^iog both sides bj 3, 

9a;+12 — x=138-6x, 

by traospositioD, 9ap +6a' — x-= 1 38 — 12, 

or 14x=126; 

126 
by division, ^=-7-r» .".3r=9. 

Ex. 14, Given a:*+16a;=36a;— 3x^, to find the value of x. 
Dividing every term by x, 

x+16=33— 3ar, 
by transposition, a;+3x=35— 16, 

or 4a;=r20 ; 
« /. a =6. 

XX XX 

Ex. 16. Given ---+103=-—-+ II, to find the value of x. 

o 4 o " 

Here 12 is the least common multiple of 6, 4, 3, and 2 ; 

V multiplying both sides of the equation by 12, 

ijx— aa:+ 120=4x— 6a:+ 132, ; 

bv tranJ«po8ition, 2j: — Sx — 4a;+6rc=132 — 120, 

or 8z— 7a:=12 ; 

/. a:=12. 

X — 1 23 — X 4+x 

Ex. 16. Given—- — r — - — =7— — - — , to find the value 

lb 4 

of X. Ans. a:=8. 

17 .^ r- '7rr+5 16+4x Sx+9 . 

Ex. 17. Given — h6= — - — , to find the va* 

^ 5 2 

lue of X. Ans. x^sil. 

17'— 3a; 4ar+2 ^ ^ , 7x+l4 ^ , 

Ex. 18. Given r ^=6-6a:H ^, to find 

the value of r. Ans. a;"=4. 

3a:— 3 , , 20— a; 6a— 8 , 4x— 4 

Ex. 19. Given a: h4= — f — . 

o z 1 o 

to find the value of x. Ans. x^^G, 

''^^ ^. 4a:— 21 , „, , 67— 3a: ^,, 6x— 96 
• Ex. 20. Given — f-3f+ — = 241 

1 la:, to find the value of x. 

Ans. x=2l. 

6x+18 ^, 11 -3x ^ .„ 13— X 
Ex. 21. Given— j^ 4|-— — -=5x— 48 -^ 

iiH^ to find the value of x. Ktv^» x— \^ 

18 > 
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ft 



Ex. 22. Given ax at^ = 6x + 



a 2a 

Z^x+4a , ^ ,,. , . ^ 4afc2— 10a 

, to nnd the value of x. Ans. x=i - — — -tt— . 

4 4a— 36 

Ex. 23. Giveu — ;r- t7^-=, to find the value of a. 

21 4x-.ll 3 

Ads. x^^d, 

T^ o. ^- 6a:+r 7x— 13 2a;+4 , ^ ^ ^ 
Lx. 24. Given — - — h-r-T-^== — z — » t^ fin^J ^^^ v^\\ie 

y ox-p3 3 

of .T. Ads. a;=4. 

17 or n- 4a;+3,7x-29 8x+19 , ^ , ,. , 

Ex. 26. Given — ^--: —-=; — , to find the value 

9 bx — 12 18 

of X. Ans. x=6. 

X 

Ex. 26. Given 12 — x : - :: 4 : 1, to find the value of a. 

2 

Ans. x=4. 

6x"l"4 18— X 
Ex. 27. Given — r — : — : — :: 7 : 4, to find the value 

2 4 

ot X Anp />« ■■>-- o 

Ex. 28. Given (2x+8y=^4x«+ 14x4-172, to find the value 

of X. Ans. x=6. 

3x4-4 22 X 

Ex. 29. Given —^4-2a:= -— 1-16, to find the value 

o o 

of X. Ans. x=7. 

Ex. 30. Given Z=f +4=^2=1'. +5f±i-, to find the va- 

2 4 b 

lue of X. Ans. x=3. 

/p2 X 3ax^ 
Ex. 31. Given -5-4-0=— 5—, to find the value of x. 

Ans. x= 



3a— r 



Ex. 32. Given 2x~2±f +15= Hf±ii, to find the value 

3 b 

of X. Ans. x=12. 

Ex. 33. Given 6ax — 264-46x=2x4-6<?, to find the value 

- . 6c4-26 

of X. Ans. x=- — --r, — -. 

6a 4-46 — 2 

r o^ /^- 2X-.6 , 19— X lOx— 7 5 , ^ , ,. 

Ex. 34. Given -— -- — | — = — -, to find the va- 

I o \j y (X> 

|«e of X. Ans. x=7. 

2x-{-l x4-3 

Ex, 35, Given x — = — — , Vo &Ck^\.Vv^ ^^^e of x. 

\j ^ 
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Ex. 36. Gi7en^^^-^i^=39-5a;, to find the Taluc 

o 3 

of X, Ads. a:=9. 

^ *.- ^. \9+2x ,^ lx+\l , ^ ,,^ 

Ex. 37. GiTen 4ap— — - — =16 — , to find the va- 

6 4 

lue of X.'. Ads. apssS. 

« «.. r^. 21— 3a: 4a:+6 ^ 6ar+l . ^ ^ .»^ 

Ex.* 38. Given — ^ '^tt-^S :^, to find the va- 

3 9 4 

lue of Xt I Ans. a;=:3. 

Ex. 39. Given 7 H — rs— == — 5 — > *® fi°d t^« ' 

o 4 Jo . 8 

loe of X. Ads. x^=^7, 

p >..^ n- g^+8 6a:+3_27-4ap 3a:+9 

Ex. 40. Given — — r — = — r r — , to find the 

valae of x. Ads, x=:6. 

r» ^. \n- . , 27— 9a: 6a:+2 61 2«+6 29+4a: 

Ex. 41.t Given a:-i — = — — : — — ■ — . 

^ ^ 4 6 12 3 12 ' 

to find the value of x, Ans. x=5. 

7a:— 8 . 16ar4-8 31 — x 

Ex. 42. Given-— — I -J--=3a^-— ^— , to find the 

Jilt!/ X 

value of x» Ads. x=9. 

dx~~~~ 1 7a:*^2 x 

Ex. 43. Given — - — — — —':=:6:^^--^ to find the value 

of X. Ads. a::=:3. 

lO-t-a: 4x — 9 
Ex. 44. Given — —^ : — - — : : 14 : 6, to fiod the value 

6 7 

of a:. ^ ' Ans. x=4. 

.. r^' 17 -4a: 16+2a: « .../., 

Ex. 46, Given : — - — « — 2a: : r 6 : 4, to find 

4 3 

the value of x, Ans. x=:S. 

4a: 4-14 
Ex. 46. Given 16a:+6 : r-^^T - :3l6»+lO : 1, to find the 

9rcH-3i 

value of X, Ans. a;^6. 

4^-1.3 

Ex. 47. Given : 1 : : 2a:+l^ : 3a:— 19, to find the 

Oa: " ^*j 

value of X, Ans. «=»8. 

« .^ ^. ... 7a:+9 ^ . 10a:*— 18 \e , ,^ 
Ex. 48. Given 6a:+--^=9H — o^+S"' *^ ^*" 

lue of •a:. Aim. «a:3« 

« .« ^. 9x+20 4a: — 12 , a: , ^ , ^. ^ ^ 

Ex. 49. Given — s^— =t — -r+i*^^ ■sA^^'^'^^^^^^- 
^o ox— 4 % 

13 
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Ex, 60, Giren _-_-+gX_=^+^, to find the 

valiie of r. Ana. x=4. 

Ex, 61. Given --,o tJ^ ' ..» ===' ' vt » to find the 

18 13x! — 16 9 

valiMtofop. Ad8. a;s=4. 

Ex. 6«. Given — ^ ^+.5^3^^=^-^-^, to.find: the 

Yaldfi pfiop. Ans. xss^l.i 

Ex. ^, GiveD.^^^^^I^^+^, ^ valae of. a;. 

' ox I '• O ' 

Ans. «=— . 

...•■■ c 

ex** ■ £MJ** 

Ex. 64* Gfjren — ---==——?- , to find the value of x. 

-• *- :■■' a+bx c+jx 

VI ..• .. c/— W 

Ex. 55. Given-r^+-r+i»-i+*#^=*»*ofindthevalue of a. 

• ox - mX. - "jx nx 

_ adjh+bcfh+bd eh +bdjg 
^°'- * ', bdJUT • 

Ex. 66. Giveo (a+a:).(fc+a:)— «..(*+r;=~+«^, to find 

the value of x. Ans. a;=-^. 



^ Sx — 3 Sx — 4 9,7+ Ax ^ , , 

Ex- 67. Given-^- ~— =6i^ ~— » to find the 

\ 4 3 . .y 

value of or. - Ans. a;=9. 

IP e^ ^. 4x— 34 268- 6« 69— a; , ^ , ,, 

- Ex. 60/ Given — s = — s — » to find the. 

17 3 2 

value of X, Ans* a:=61. 

Ex. 69. Given 2*-^^^^=!^--^^-, to find the 

valu^of a;. Ans. a:=7. 

^ ^^ r^' 2a;+l 402— 3x '„ 471— 6x, ^ .^ 

6»» 60. Given-— ^ =9 , to find 

29, . 12 2 . 

th€ value of x. Ans. «=72. 

Ex» 61. Given — X— .5=-, to find the value of x. 

f X tJf. 

3a— 6 
V Ans. «== — : — . 
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CHAPTER IF. 



ON 

SIMPLE ECtUATIONS, 

INVOLVING TWO OR MOR^ UNKNOWN QUANTITIES. 

202. It has been obaefved (Art. 184), that ao equatioD 
vras the translation into algebraic language of tivo eqoivalent 
pbrasies comprised in the enunciation of a question ; but this 
qdf^stion may comprehend in it a greater number, and if they 
are well distkng^hed two by two, and Independent of one 
another, they fumislra certain natnber of equations. 

Thus, for cixample, let us propose to find two numbers, such 
that double the first added to the second^ gives 24, and that five 
times the firsts pl^s three times the second^ make 65. We find 
here two phrases, which express the same thing in different 
terms ; Ist, the double of an unknown number , plus another 
unknown number, then the equivalent 24 ; M,five times the first 
unknoiKm number, plus three times the second^ then the equiva" 
lent 65. 

The translation is easy, and it gives these two determinate 
equations 

2x+y=24 ; 6a:-|-3y=65. 

When two or more equations, involving as many unknown 
qunntiiiefS, are independent of one another, they are cailled 
detetininate. But if for the second of these two conditions 
we had substituted this : and such that six times the first ntim- 
ber, plus three times the Second, make 72 ; these two phf Sses 
express nothing more than the first two, since that we have 
only tripled tw^ equal results ; we should have but one 
translation, and conSeqiiently a single equation. It can there- 
fore happen that we msty h^ve le^s equations than unknown 
quantities, and then th^ question is said to be indeterminate ; 
because the numbetl^f conditions would be insufficient for the 



determination of the unknown qd^ntitles, as We sndill see 
clearly illustrated in the 'fJ>lfo'mHg^ection. 
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§ I. EMMINATION OF UNKNOWN QUANTITIES FAOH ANY NUMBER 

OF SIMPLE B^UATION0w 

203. EliminatioD is the meibod of exterminatiDg all the an- 
known quantities, except one, from two, three, or more giren 
equations, in order to reduce them to a single, or final equa- 
tion, which shall contain only the remaining unknown, and 
certain known quantities. 

204. In order to simplify the calculations, by avoiding 
fractions, we shall here make use of literal equations, which 
will modify the process of elimination : And ali^o, to avoid the 
inconvenience arising from the multitude of letters which 
must be employed in order to represent the given quantities, 
when the number of equations involving as many unknown 
quantities surpasses two, ft e aball represent by the sam^ let- 
ter all the coefficients of the same unknowfM|<AanUty ; but we 
shall affect them with one or more accents, m order to distin- 
guish them, according to the number ol equations. 

205. In the first place, any two simple equations, each in- 
volving the same two unknown quantities, may, in general, 
be written thus : 

aar+6y=c .... (AJ, 

oa:+6'y=c .... (B). 
The coefficients of the unknown quantity x are represent- 
ed both by a ; those of y by b ; but the accent, by which the 
letters of the second equation are afif<pcted, shows that we do 
not regard them as having the ^ame value as their correspon- 
dents in the first. Thus a* is a quantity different from a, b' a 
quantity different from b. 

206. We can readily see, by a few examples, how any two 
simple equations, each involving the same two unknown quan- 
tities, may be reduced to the above form. 

Ex. 1. Let the two simple equations, 

6a:+3y-6=y — 2flp+7, 
9x—2y+3^x—ly'\' 16, 
be reduced to the form of equations (A) and (6). 
By transposition, these equations become 

9x—2y—x+ly^ 1 6 — 3 ; 
by reduction, we shall have 

7a;+2y— 12, 
8x+by—]S\ 
equatioDS which are reduced to the form of (A) and fB), and 
which may be expressed under the ionu oi \)ci& ^'^m&VLtetal 
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equations, by sabstitating a, 6, and c, for 7, 2, and 12 ; ai^ 
a!^ 6^and c', for 8, 6, and IS. 

Ex. 2, Let the two simple equations, 
fii«+6y — 7 =s/Kr — ^2y+ 3, 
ra?— 9y+6=r3y-3x+l2, 
be reduced to the form of equations (A) and (B). 
Bj transposition, these eqaattons become 
wwc+6y — />a:+*y— 8+7, 
rx — 9y--3y+3a?nl2 — 6 ; 
bj xedocti^n, we shall have 

(in_p)a;+8y=10, 
(r+3>r— 12y=6 ; 
which are reduced to the form required, and which may be 
expressed under the form of the same literal equations, by 
iubetituting a for m— p, 6 for 8, c for 10, a' for r+3, 6'. for — 
19, and e' for 6. 

In like manner any two simple equations may be reduced 
tfh the form of equations (A) and (B) ; hence we may conclude 
Uiat a, 6, c, ^ii\ and c\ may be aay given numbers or quan- 
tities whatever, potttive or negative^ integral ot fractional. 

It is to be always anderstood, that when we make use of 
the same letters, marked with different accents, they express 
different quantities. Thus, in the following equations, a, a\ 
d\ are three different quantities ; and the same of others. 

207. Any three simple equations, each involving .the same 
three unknown quantities, may be expressed thus ; 



o"x+i6"y+c"*=cr' ..(E); 



o'x+6'y+cV=(r 



where a, 6, c, rf, a', b\ c\ cf , a", 6", c", cT, are known quanti- 
ties ; and x, ^, a*, unknown quantities whose values may be 
found in terns of the known quantities. 

In like manner, any four simple equations may be express- 
ed thus ; 

fiW?+%+C2r+^«*=« • ... (F), 
ax+Uy+c'z+d'u'^e' . . . (G), 
a'x+b"y+c''z+d:'u=^e" . . . (H), 
a"xfb"'y+c'"z+d:"u^e"' . . (I): 
And so on for five, or more simple equations. 
208. Analysts make use of various methods of eliminating 
unknown quantities from any number of equations, so as to 
have a final Equation containing only one of the unknown 
quantities ; some of which are only applicable in particular 
cases ; but the most general methods ^'C ^i\%\isA\i^!^$ii^ ^<q2^- 
kaowa quantiti68 in simple equalvona, ^te \!lc^<^ IcS^^^nvQ^V 

13* 
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FIR8T MBTBOO. 

209. Let 118 consider, in the first place, the eqaations, 

a»+^y=c . . . (A) ; 
dxJ^b'y^d . . . (B). 

It is evident that if one of the anknown quantities, «, for 
example, had the same coefficient in the two equations, it 
would be sufficient to subtract one from the other, in order 
to exterminate this unknown : Let» for example, the equa- 
tions be ^ 

iar+ny=27, 
I0x4;9y=15 ; 

if thie second be subtracted from the first, we shall have 

^ lJy-9»=27— 16, or«y=12. 

It is very plain, that we can immediately render the coeffi- 
cients of X equal, in the equations (A) and (B) ; 

By multiplying the two members of the first by a', the co- 
efficient of T in ihe second ; and the two members of the se- 
cond by a, the coefficient of x in the first ; we shall thus ob- 
tain, 

Subtracting the first of these from the second, the unknown 
X will disappear, we shall have only 

an equation which contains no more than the unknown quan- 
tity y» and we will deduce from it 

^=^^1::^ • • • w- 

By eliminating in the same manner the unknown quantity 
y» from the proposed equations ; we would arriye at the equa- 
tion 

(a6'— a'6)aj=6'c-6c ; 

from which we will deduce 

210. The process which we have just employed, may be 
applied to all simple equations, for exterminating any num- 
ber whatever of unknown quantities. « 

If we apply this process to three equation's, involving x, y, 
and 2r, we will at first eliminate x between the first and se- 
coad ; then between the second and third ; and we shall 
tbua arrive at two equations^ which mvoVr%^u\^ \) «ci^ z««(v^ 
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between which we will afterward eliminate y, as in the pre- 
ceding article. 

If we effect the equation in z^ at which we will arrive, we 
shall have a factor too much in all its terms ; and consequent- 
ly it will not be the most simple which might be obtained. 



SECOND METHOD. 

211. Let us resume again the equations, 
(A) . . ax+hy^c ; a'x'^b'y=^c . . (B) : 
If we find the ? alue of x in terms of y and the known quan- 
tities in each of these equations, we shall have 

^c—by c'-^b'y 

a:= ^, a?= y^ ; 

a a 

the equality of the second members, furnishes the equation 

c — by c' — rb'y 

which, by making proper reductions, gives 

at/ — dc 

^ ab'-^ ' 



by substituting this value for y, in one of the values of x, we 
shall, after the reductions, have 

\J)c -be' 

These values of x and y are the same as before. 

Now, it is evident, that hy proceeding in the same manner, 
with three equations containiog x, y, and r, we will find the 
value of X in each of them, then by comparing these values, 
we shall arrive at two equations, involving only y and 2r, from 
which we can eliminate y, as in equations (A) and {fi\ And, 
we can proceed, in a similar manner, when there are four 
equations wiib foar unknown quantities ; and so on, for five, 
or more equations. 

THIRD METHOD. 

212. Now, if in the equation (A), we find the value of or, 
in terms of y and the given quantities, we shall have 

c— 6y 

X —', 

by substituting this value in equation (B), fife shall hajre 

a * 

nbieb, by redactioui becomes 
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this value MiignibfCitQtedl for y in Uie above vaiw 4if «;« after 
makinff tW proper redoctioiM« we § hall obtain 

*^o6'-or 

These valaet of x and y are the same as in the two former 
iDStanres. 

<19. We might eliminate in like manner, when any nnm* 
ber of simple equations are concerned ; thos, for example : 
Let it i]^ required to deduce from the three e<joations, (C)» 
(D), and (E), (Art. f 07), a single equation involfiiig only the 
unknown quantity z. 

By finding the value ofsineach of these equations, in 
terms of y, ar, and the given quantities, we shall^have 



«= — !r"— • ; • 0) 

. . (2) 

• • (3) 






a" 



Patting the first value of x equal to the second, and also 
equal to the third, we shall have these two equations, 

d — by — ez^^ d — 6'y — c'z 

d'^y-'-<z (T — ITif^^'z 
M ' ft** * 

From which we deduce, by reduction and proceeding as in 
equations (A) and (B)« 



^ Sf^r^j • • ^^^• 

The equality of the second members furnishes the 
equation 

( o'c — Q^z^r^d — iid_ {t^c — aff)z'\-ad' — d'd 

which, by proper reductions, will give the value of z : hav- 
ing obtained the value of z^ substi tute it in equation (4) or 
(6), and the value of y can be readily found- 
Now, the values of y and z beini; luiowu« by substituting 
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them in the equation (1), (2), or (3) ; w^ shall easily obtain 
the yalae of x, 

FOURTH METHOD. 

214. Let, as before* the two equations be 
(A) . . . ax'\-by=^c ; ax-^-b'y^c' . . . (B). 
Multiplying equation (A) by some indeterminate quantity. 

m, it will become . « 

amx-\-bmy=mc ; 

and subtracting from this re^iult <>quation (B), X9% shall have 

{am — a')j?+(6/7i— 6')y=cm — c' . . . (6). 

And since the value of m, in this equation, is indetermi- 

h' 
nate, we can take 5f?i*6'=0, or m=r- ; in which case the ' 



second term will disappear, we shall have 

cm — c* h ch' — he' 

am-^a ^b' , ab' -'(jCh ' 
aXr-oL 



which is the same value of x, as before. 

Also, as the value of x, thus founds is independent of that 

of fn, we can now take am^a' or m=^— ; according to which 

a 

supposition the term involving x will vanish, and the result 

will give 

ea' —ac 

By changing the signs of the numerator and denomiDator 
(Art. 128) of this value, its denommator will be the same as 
that of Xy since we shall have, 

_ac'—a'c 

y^ab'—ba' ' 
which is the same value of y as in each of the preceding ^ 
methods. 

This?method, given by Bezout, is very simple for eliminat- 
ing all the unknown quantities, except one ; besides, it has the 
advantage of greater brevity above the preceding methods, 
as we can deduce the values of each of the unknown quanti- 
ties from the same equation. 

215. Let \is now take the three equations (C), (D), and 
(E), (Art. 207). 

MultipJjiog the first of these eq;(ia\\o\A\>^ m^^^^'^^^^^M 
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n, jfi and n being indetemiiiite <}iuiititiet, and, by sabtract* 
ing the equattOD (K) from the sam of these retiilU» . m€ aball 
haye 

— tfT ^7^ 

' In order to make the terms containiiy x and y disappearr 
we will take 

and there will remain, in Eqnation (7), 

which gives 

''' liH+^H^^T • • • • W' 
Now, from the two equations in jii and n, we deduce 

•"*" nV—U ' • "^ "3^=57 ' . 
Substitating these ?alaes in'-eqnation (8), we shall obtain 
this result, 

Also, by patting 
we shall hare, bj operating as befol^, 

^ 6(cV— oV')+6'(a<r— co'')+J"(ca'— ac') 
Finally, the two hypotheses 

bm+b'n^b":s:0, cm+c'fi— €"=0, 
give 

It may be observedthatthesefdhnplaa. (9), (10), and (11), 
which give x, y, and ^r, are etfsllf (silciirateil, dlk aecbbbt df 
the common factors in the Mm Of the fractions : 

These values of «, y, arid 7, >being developed^ in such a 
mattwr as to hatetlMPteMtasillfelliaMy pdlrHive'^nU iiegativ^ 
and changing at the same time the signs of the numerator aiid 
those of the denomitfMOr, in Che first luBHlthkd,'^^ riitfUhave 
the following foritis : 

_ ai/d'^ ^dh'f^ da V^*^dd''+hda''^^^W ^ ' 

^ a(fc^^ -ac^(r+co^<r— d a^c ^+cfc^flr— c'jrd^^ .. 



(10). 
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And io' the same way may this analysis be applied to four, 
five, or more, simple equations, iDVolving as many unknown 
quantities. 

S16,. Let ns take, for instance, the four equations (F), (G), 



m, and(I), (Art. 207). 






multiplying the first uy m, the second by n, the third by 
p, adding these products, and subtracting afterward the fourth 
from their sum, we shall find 

=cm-fcn4-e'>— c'" . . . (12). 
In order to find fi, we will put 

and equation (12) will become 

(diii+(fn4-rf''p— rf'")w=cm+c'n+c')? — c'" ; which gives, 
en-t-cp — 6 ^.v 

dm-i'dn'^d'p^d" 

The preceding equations which ought to give m, n, and p, 
will be resolved by means of the formula (c), (ci), and'(6)« 
found for the case of three equations. Having obtained m,ft» 
andp, we can easily find a:, y, and z. 

This method, though it appears to be very simple and com* 
modious, is not much noticed in elementary Treatises on Al- 
gebra : BoNNYCASTLE has given it in his Treatise on Algebra^ 
8vo. Vol. U. Lacroix and Gaknier both treat of it, in their 
respective Works on the EUmins d^Alg(bre. 

217'. Now, it may not be improper to show how Analysts 
deduce the values, of the unknown quantities without calcula- 
tion in any number of simple equations, by observing the law 
that exists in the constant formation of the numerators and 
denominators of the fractions expressing the values of these 
unknown quantities. 

218. For this purpose, it is necessary to consider particu- 
lar cases, from the coosideratinu of which, by induction^ the 
law which exists in all cases, is established. 

In the first place, the two equations 
(A) . . . aa:-|-6y=c, aa;Hh%=c' . . . (B), 
have given these formulae, 
, ^ cb'-^bc' ac'-^cd ..^ 

of which the common denominator is couiV^%%^^^>^u^\^^^^^'^ 
m^.d, b, ^\ which multiply the Hnkuov9it c^«D6fiL^'«»s'v^^^^*^ 
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first place the letter- a ii'Writteft at the side of tbe^ letter i, 
which giTet ab ; then, changing a and b^ to at ta hare ba ; 
and hy affecting this arrangement with the sign — , it becomes 
ah — ba ; finally, by accenting the second letter of each tens, 
there is fbrmed the coawion denominator aV'^btt. By in« 
spection onlT» we<>bserve that l&s nwmMratorM artfofwedfrom* 
ihe e9maum a6siomuialor» by changing a into c for that of ^, and 
( into e for that of y ;' or* which is more general, iy ekamging 
for X its eoeffieieni inta th* ah$oluU fenHy and fw y ihoi of^ 
vmto ihe tome term : the term in the equation, which is entire* 
ly known, is called the ab$olvU Urwi. ^ 

219. The inspection alone of the resulting yaloea (c\ (<2), 
and fe), of the eqaatiops (Art 214), with three nnanown 

Jioantities ; is sufficient to show that they deviate not at all 
rom this role. 

With respect to their denominator, it requires a little more 
attention, in order to know the formation of it. Moreover, 
since in the case of two unknown quantities, the denominator 
presents all the arrangements or the two letters a atid b^ 
which multiply their unknown quantities, it is natural to sup- 
pose that when there are three unknown quantities, their de- 
nominator must comprehend all the arrangements of the three 
letters a^h^c\ and, in order to form these arrangements with 
order, the tollowing method may be pursued. 

Thus, we form at first the arrangements ah^^a of the two 
letters a and h ; after the first a6, we write the third letter c, 
which gives ahc ; and making this letter pass through all the 
places, observing to change the fign each time, and not to 
trouble the respective order of o and by there results 

aht — ac6«-ca6. 
Operating in the same manner on the second arrangement 
of the two letters *6a, we find 

— bat^bea — cba ; 
reuniting these products to the three preceding, then marking 
the second letter with one accent, and the third with two, we 
shall find 

a6V'— cMJ'y'+coT— fco'iT+fccV-^ftV. 
The numerators are readily derived from this common de- 
nominator, by changing for ar its coefficient a into d, for y its 
. coefficient b into d^ and for z its coefficient c into d. 

It is easy to conclude from hence, that, in order to form the 
denominator in case of four unknown quantities, we most in- 
troduce the letter d into each of the six products above ob- 
iaioed, then make it occupy successively all the places, by 
M»eaaa of which we will find twtntij-fvix teima^ moAb^ pre- 
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ceediDg with each of these terms as io the case of three un- 
kn6wD, we would obtain the valoes of x, y, z, and ti, and 'so 
on for five or more equations. See Fcntn's new and complete 
System of Algebra, or Garnibr's FAimins d^AlgSbre. 

220. Though the methods of elimination hitherto laid down, 
will enable the student to resolve any number of simple equa- 
tions, containing a like number of unknown quantities ; stil1| 
it may be very proper to take notice here of the following 
general Rule, (which is clearly elucidated by Bezout, in his 
Thiorie g€nirale des Eqiuiiions Algibriques), for calculating, 
all at once, or separately^ the values of the unknown quantities 
in equations of the first degree, whether literal, orvfumerical. 

321. Thus, let u, x,y, 2, &LCy be the unknown quantities 
whose number may be n. as well as that of the equations. 

Let a, b, c, d, &c. be the respective coefficients of the un- 
known quantities in the first equation ; a', b', c', d, &c. the 
coefficients of the same unknown quantities in the second 
equation ; a", b", c", d', &c. the coefficients of the same un- 
known quantities in the third, and so on. Suppose implicitly . 
that the absolute term of every equation may be also afiected 
with an unknown quantity which may be represented by t. 

Change successively every unknown quantity, into its co- 
efficient in the first equation, by observing to change the signs 
of the even terms ; and this result will be what is called a 
first line. 

Change, in this^r^t line, every unknown quantity, into its 
coefficient in the second equation, observing, as before, to 
change the signs of the even terms, and a second lirie is 
formed. 

Change, in this second line, every unknown quantity, into 
its coefficient in the third equation, observing to change the 
signs of the even terms, and a third line is formed, '^ 

Continue in like manner to the last equation inclusively ; 
and the last Ztne , whi'^h shall he thus obtained, will give the 
values of the unknown quantities, after the following manner. 
Every unknown quantity shall have for its value a fraction 
whose numerator will be the coefficient of this same unknown 
quantity in the last or nth line, and which shall constantly 
have for a denominator the coefficient of t in this same nth 
line. 

NoTR. All the coefficients are here supposed to be affected 
with the sign -f- Therefore, when any of the signs of the 
coefficients are — , it is necessary to employ a contrary si^a 
t<!(^that which the -rule prescribes; and \i vk^ \xtv^\^ "^sa 
proposed equations be wanting^ its \\^ce nkvj \i^ ^^^^^^Vs 

U 
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a fictious coefficient, which cab afterward be rejected in the 
result. 
222. Let there be proposed, for example, the two simple 

equations. 

Then, introdncibg into these two equations the unknown 
quantity i ; thus, 

ax+by+ct=^0^ 
a'x+h'y+e't^O. 

And if X, in the product of the three unknown quantities, 
xyt^ be changed into a, y into 6, and t into c, there will arise, 
by chani^ing the signs of the even terms, the^rit line^ 

ayt — hxt-^-cxy. 

Also, if rv, in this last expression, be again changed into a , 
y into h\ and t into c\ by observing the changes prescribed for 
the signs, we shall have the second Jine^ 

ah't — ac'y — o'6<+6c'a;4-<»'<?y — h'cx. 
Or, by collecting the coefficients of the unknown quanti- 
ties, t, y, Xy 

From which expression (Art. 220) we shall have 
he — b'c , ac — a'c a'c — ac* 

. ah^alb^ ^ ab' — ab ab'~^ab' 



which are the same values of x and y that we have already 
found by each of the preceding methods. 

223. Again, let there.be taken, as another example, the 
three simple equations, 

aa;+6y+C2r+{i=0, 
ax+b'y+cz+d=0, 
a'x+b"y+c"z+d":=0. 

Then, introducing the unknown quantity i, as before, or, 
which is the same, multiplying the absolute terms^ d, cf, d", 
by t, we shall have 

oar+fty +C2r+ A=: 0, 

a^x-^b'y+cz+dt^O, 

a'x+b"y'hc"^+d:'t=^0. 

In the first place, let us form the product xyzt ; then, by 
changing successively x into a, y into 6, z into c,and t into d, 
observing to change the signs of the even terms, we shall 
have for the first line, 

ayzt — bxzt'^cxyt — dxyz. 

And again, by changing successively x into a\ y into h\ z into 
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c'» and t into <f, observing the same rale for the signs, we 

shall have for the second line, 

cA'zt — ad^yt+adyz — abzt+bc'xt — bdxz+co/yt — cVxt+cdxy^ 

a*dyz'\-'dl)xz — de'xy. 
' Or, by collecting the coefficients of zt^ yt^ yz, &c. proper- 
ly together, 
(o6'_a'6)z(— (oc'— a'c)yt+ {ad -a'd)yr+ {be' - b'c)xt - {bd'— 

yd)xz+{ed — c'd)xy. 
^ Also, by again changing x into d\ y into 6", z into c", and t 
into d\ observing the same role for the signs, we shall have 
for the third line,- 

[(a6'— a'6)c"— (ac'— a'c)&"+(6c'— iV)an< 
_ =(a6'— «'6)cr— (a(r--«'(i)6''+(6tr— 6'rf)o"]^ . 
^[}a€!—a:c)d'—(ad - a d)V+(c(r— c'd)a"]y 
- [(6c'- 6'c)V- (bd -fc'(i)c"+(ccr— c d)6 ']x, 
Whence (Art. 221), we derive 
_ —[{bc'---b'e)d' - {bd -^ b'dy'^{cd - cd)y"\ 

{ab' - dby'^{ad—dc)b"+{bc' - 6'c)o" * 
^ 4.[(ac'— a'c)d" - (acr--o'(i)c"+(c(r— c'rfK] 



rc 



(ai' - a'by - (ac'-^'c)r +(&c - 6'c)o" ' 

^ . (a6' - dby - (ac'— a'c)6"+ (tC - 6'c)a" " 

224. And if, in the preceding example, we would wish to 
calculate only one of the unknown quantities, x, for instance, 
then we should, in calculating the valtie of xyzt^ omit all the 
terms in which x would not be found. But, by a little atten- 
tion, we can readily see what returns to the same, that it is 
only necessary to calculate the value of yzi ; Thus, 

Fir it line . . . bzt^ cyt+lLyz. 

Second . . . {bc—b'c)(—{bd^b'd)z+{cd-^d)y. 

Third . . . {y—b'cy—{bd''b'dy+{cd—<fdy. 

This is the numerator of a; ; by observing to change all 
the signs, since that, in calculating only yzt^ we must observe 
that y was originally in the place of an even number in xyzL 

The denominator may be easily derived from this numera- 
tor, and also, the numerator of the value of every unknown 
quantity may be readily derived from the numerator of the 
value of any one of them. 

225. Let us now proceed to show the application of the 
rule (Art. 221), to equations in which all the unknown quan- 
tities do not enter, and likewise, to numerical equations. 

Let there be proposed the three equations, 

att4-6«+c=xO» 

b"x+c"y+t'*=^. 
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■ 

Calculating the Talae of uxyz^ by iDtroduciog the nevf un- 
known z, and we shall hare, 
First line, axyz^buyz --euocy^ 

2nd. adxZ'\r€Lexy'~'dbyz^hc'uz — hefuy — a'exy — e^tio:, 
or — ac'ir+(ae'— ac)aey— o'6j^z+^c'ti2r- beuy^tc'^x. 

3d. — ac'b"z+ac'e'x+(ae -^aeWy — (o«' — a'«)c' x— a'c6c''z+ 
abe'y-^bcYu'ibe'c"u+^^ec'u, 

or —{at'b''+a:bc")z+[{a$'—aey+^W]y^(ae' -oe)c"- 
acV]a;+ [(e'c"— e"c')6+6Ve JM. 

From whence we deduce 

_ —[(^e'c"—e"c)b+b'ce] 

**"■ , ac'b'^+a'bc' 
__ (ae' — a'e)c'' — ae'e* 

"^"^ acV+a'bc" • 

^ ac'b"Wbd' 

226. In order to give an example of the application to nu- 
merical equations, let us take the four following equations^ 

2tt4-3a;— 8=0, . 

3tt+2y — 9=0, 

4a;+32r— 20=.0, 

2y+'2'-lO=0. 

Having formed the product uxyzt, we shall have, For the 

first line, 2xyzt — Suyzt — Suxyz ; 

2nd. — 4xzt'{' 1 8xyz-^9yzt^6uzt — 27uyz — 24xyz — \6uxz, 

or '^4xzt — 6xyz — 9yzt+6uzt'^21uyz — \6uxz ; 

3c?. - \6zt4'l2xt+S0xz — 24yz — \Bxy+21yt+lS0yz— 

1 8ti^— l20tMr— 8 luy+ 64ti2r— 48m.t, 

or — 16z<+12xf+C0ar2+ 156yz- lQxy+21yt - XQut—bGuz 

— 81iiy — 48tta; ; 

4th. 3Bt+ \52z+ 1 14y+76a;+38ti. 

From whence, (Art. 221), we shall have 

38 76 114 , 162 . ^ . ^ 

a= — , x= — , y= — , and 2r =— ; that is to say^ «= 1 , 

x=2, y— 3, and z=4. 

227. If in the course of the calculation one of the lines be- 
come 0, it is a proof that the equation which we actually em- 
ploy, is comprised in some one of those which has been al- 
ready employed ; so that the number of equations is not truly 
equal to the number of unknown quantities ; then this equa- 
tion is to be rejected. 

For example, if w^ had these three equations., 

2x4-3y+6z+6=0, 
3x+i/+2z+5=0, 
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10a;+8y-f 142-4. 22==:0. ' 

We would have for thejirst Zine, itfzt — 3xzt'{'5xyt — Gxyz, 
For the iecond Wiw, — lzt+ 1 1^^ — Hyz+xt — 9xz+\3xy. 
And for the third line, —9Qt+\S4z+BBt^242y—e4z+nZy 
+ 10i— 22a;— 90r+l26a;+130y- 104a? ; that is to say, zero. 

Therefore the third eqaation signifies nothing more than 
the two others ; and consequently the problem is indeter- 
minatei and expressed only by the first two equations. 

228. If in the course of the operation or at the end, one 
or some of the unknown quantities disappear, so. that they are 
not to be found in the last line ; then we may conclude that 
the value of every unknown quantity, which is wanting in the 
last line, is zero. 

Let us take for example, the three equations 

2x+4y +62r— 22=0, 
3x+6y4-2z — 30=0, 
6a;+6y+42r— 43=0, 
We shall have, 
For thejirst line, 2yzt---^xzt-{-5xyt-\-2Zxyz : 
2nd. — 22r<4-lly<— 6yz— 17a:<+10x2r— 106jcy ; 
and for the Mrd line^ 21 1 — Sly— 135a?. 
From whence, (Art. 221), we shall have 
— 136 —81 

_27'2'— _27' _27» 

that is to say, a;=5, y=3, and 2r=0. 

229. Let us now pass to the discussion of roots, and in the 
first place, let us examine the formule 

cV'^hc' ac'—'Ca^ 

In the hypotheses 

we find 



^=o'2^=o- 

It is by this sign -- that the indetermination of a question is 

made manifest, (Art. SOl). Or, as Lagrange, in his Lepcms 
9ur le Calcul de$, Functions ^ (2d edit, page 223), observes that 

the result - takes place in certain formulae, when there are 

cases which they cannot represent \ V.Viv% Wv^^ ^& \\. ^wv^^x 
the means that Analysis employ a, \a ^c^\i^ (t^xck c^^t^^v^* 
tiooss 

14* 
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In fact, QDderthe tiro bypotheie*, xs=-, and y—^, the tno 

equations are eqoiyaleDt to one, contaiDiDg ^wo anknown 
qaantities, which admit of an ii^nijte bujpi^bef of solutioos, as 
has heen already hinted at (Art •"^Oi). 

230. Let it he required. For example,; to find the values of 
a; and ^ in the equations '"' 

4ar+3y=7 ; 

Here, comparing these equations with equations (A) and 
(B), we have a=4, 6=3, c=7, cr'=12, 6':i:9; kiii <i'=^l ; 

then, ' 

Ji/c—hc' _ 9.7->3.gl_63«63 _0 

*'"a6'—«'6 ""12.3—4.9 36—36 0* 
_ ac^a'c ^ 4X21—12X7 _ 84-84 _0 

^^ab'^dh 4.9—12.3 ""36— SG^o/' 

From the first equation, we deduce 

7— 4a; 

Now, by assuming values of x we shall have as many cor- 
responding values of y, which wilUatisfy the conditions pro- 
posed. 

7 — 4 

Let a:=l, then y=-— — =J ; and ^•.-=1 , in the above for- 

%i \} 

7—8 1 

mula of the root of y ; if a;=2, then y=— =— =— ?» -'-^^ 

-3 J rf a;=-, then y=— ^=-, .•.-=0, as we have alrea- 
dy seen. And so on, for every value which we assign to Xy 
we shall have a corresponding value of y ; and, consequently, 

of — in this particular caSe ; and as we are not limited in the 

number of values, which we can assign to x ; we may there- 
fore conclude that the number of values that answer the con- 
ditioDs required, are unlimited > but as these values are some- 
times confined to whole positive quantities, the number of 
answers are sometimes limited. 

As the consideration of such equations belongs to indeter- 
minate analysis, it is not here ne<:essary to pursue any further 
these investigations. We can easily see, without the aid of 
analysis, that the above equations are not independent of one 
another ; fot^ ii the first equation be multiplied by ibree, it 

gives ibe second; and, conseq\ieiitVj > Wx^^^t^xA ^^^vs.tL 

^'uroishes no new condition. 
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231. Reciprocally, if the values of x and y present them- 
selves under the form-, the question is indeterminate) in fact, 

we have in this case the three equations 

c6'— 6c'=0, ac'-.a'c=0, afc'— /;a'=0, 
of which some one of them is the consequence of the other 
two ; for, from the first we deduce 

wliich value, substituted in the second, gives the third a& 

"jf we take in the first the value of 6', and substitute it in the 
third, we will find the second ; if we take in the secood a\ 
in order to substitute the value in the third, we will arrive 
again at the first. This being premised, the first two of these 
conditions give 

substituting these values in 

we will carry into it at the same' time the hypothesis of the 
indetermination of th^ roots, and we shall find, after proper 
reductions, 

ax+6y=c. 

The two equations reducing themselves to a single one ; 
the question remains therefore indeterminate. 

232. Let us examine the case of 

c=0, c'=0, 

that is to say, that where the known quantities are wanting ; 
then the equations (A) and (B), are of the form 

it is plain that the first members become nothing, by having 
2;=:0, and ^==0 ; a conclusion which would also result from 
the general values of x ami y, since the: numerators cb' '^hc\ 
and ad — ca\ are nothing in the above hypotheses. 

But if we divide the two proposed equations by x, and 

putting ~=p, we shall have 

X 

a 
from the first, we deduce P=— t> a value which substituted 

in the second, gives this equation o( confiiWc^Ti) 
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which 16 the common denommator of the valaes of x and y. 
Therefore, if the oamben c and c' be each nought, the num- 
bers a, 6, a\ h\ are such that the last illation must be satis- 
fied, and we shall have 



In order to see then how the two given equations would be 
modified, when we substitute in ax+6'y=0, for al^ its value 

-T-, deduced from ah' — 6a =0, this equation becomes the 

first, so . that the two equations make onljr one. It may be 
still remarked that, in the actual hypotheses, we can only de- 
termine the ratio p, for which we find 

y a a 

so that it is sufiicient to take for x and y the same multiples of 

the two terms of the fractions -r-, or -77 simplified, which ex- 

o 

plains otherwise the indetermination of these unknown quan- 
tities. 
It may happen that the two equations, 

ax-^-by^Cy a'x+b'y^:c\ 

would be incompatible, or that they express two contradicto- 
ry conditions, which should take place « under these relations 

a^=^pa^ b'^pb, c'=^qc ; 
for then the proposed equations become 

aa;+6y=c, pax-^pby^qc : 

the second is in opposition to the first, since it expresses an 
equality between two equal factors multiplied by two unequal 
factors. The introduction of these hypotheses, upon a', b\ c\ 
into the formulas of roots, gives 

^{P — 9)— ^(9— P) _ 

' ^ 

and here this character co produces evidently, as announced 
(Art. 165), a contradiction in the terms of the enunciation* 

233. Reciprocally, when the valaes of x and y are infinite, 
the two equations are contradictory ; we have in order to 
express this circumstance, 

a6'-'a'6=0, whence a'= -r-, 

b 

«ii7j substituting for a this value in 

a'«+b'i|=c', 

j't becomes, after multiplying by b, 
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b\ax+by)=^bc\ 
ao equation coatradictory to 

since we do not suppose hc=sb'c ; for then, on account o£ab' 
=sa*bf we should have the coosi^quence ac'=^a'c, and from 
these three equations* there would result, as we hare seen 
ahove, 



results which are not those that we supposed. 

Therefore^ when a problem ofthefirst degree mth two unknown 
quantities is possible^ impossible, or indeterminate ; we are con- 
ducted to tfie values of x and y^ finite^ infinite, or of the form 

--, thai isF to say^ indeterminate ; and the reciprocal takesplace, 

234. Let. us extend. this discussion to the roots (c), (d), and 
(c), (Art. 216) of the three equations (C), (D), and (E). 

The problem can be indeterminate under a very great num- 
ber of hypotheses upon Xhe values of the coefficients. We 
can suppose, between the coeffi:ient3, any one whatever of 
these relations, 

Ist. a^a*=.d\ 6=:6'=6", d^d=^d' ; 
%nd. a:'^d, y'—b\ c"^c\ d'=^d ; 
3d. o"=aa'-^», 6"=a5'— 6, d'^ac-^-Cy d'=ad—d ; 

By intrOilucing any one whatever of these hypotheses into 
the formulae of the roots, we shall always find 



^=5'y = o-^ = o^ 

the first system of hypotheses says that these three equations 
make but one, the second expresses that the third equation i9 
but the first, and the third announces that the last equation is 
a combination of the other two. \ 

Let us examine in particular the case where we have d=: 
0, d = 0, d'=zO ; the three proposed equations become 

then, dividing them by ar, and putting -=|7, -=f » 

X X 

a+6p+cy=0, 
^ a'+6>+c 9=0, 
• o"+6''/i+c"9=0. 
The first two are sufficient to determine p and ^, and the 
substitution of these values in the third, shall give an equa- 
tion of condition, that is, a relation between the given quan- 
tities, a, 6, c, a\ 6', c\ a', b'\ c'\ necessary in ordet ^^ ^^ 
three equations may be satisfied olhetviVft^tiDAXkV^^^ 3^^^"^ ^ 
^=0, ysso, zsso, which verify them. 
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If the eqaation of condition take place, the calcalation, 
which shall only find finite values for the ratios -=p, -=a of 

X X 

the three anknown quantities, leaves one of them entirely 
arhitrary, so that the question is susceptible of an indefinite 
number of solutions. 

In order to prove then, that the values of the unknown 
quantities which reduce to zero, by making in the numerators 
of the general formulee, c{=0, (f ^sQ, iTbsO, are really of the 

form -r ; we must eliminate p and q from the above equations ; 

the first two give 

ac — ca' 60' — ah' 

these values substituted in the third, change it into this : 

therefore 



*=7:» y==:;» ^^^1^' 
0*0 

This is still what we would have found for the values of 

the unknown quantities, if one of the equations, the third. 

for example, were comprised in the two others, and we would 

fall again into this case by the hypotheses d'^=^na'\-md, b"= 

235. Reciprocally, if the values of the unknown quantities 

present themselves under the form -, we may conclude with 

certainty that one of the equations is comprised in the two 
others, and that consequently the problem is indeterminate. 
The calculation necessary for arriving at this conclusion, be- 
ing very tedious, the principal parts will be only indicated ; 
however, the student would do well, in order to exercise 
himself, to e£fect the whole of it. 

Let us first demonstrate that any one whatever of the equa- 
tions which we obtain, by making the numerators and the 
common denominator of the roots equal to zero, is compris- 
ed in the other three. 

If the numerators, for instance, be equal to zero, the com- 
mon denominator shall be -equal to nought at the same time. 

In fact, let us put 

6'c^— c'6"=»aS c6"— ic"=6», bc—€b'=s:c\ 
c'a"—a:c"=:a\ ac"^^a"=b^, ca'—ac'^^c". 
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where the figures 1, 2,3, are the indices of difTerent quanti- 
ties, and not exponents ; the three numerators will become 

If we take c^, <f , d\ for the unknown quantities, they shall 
have ~ for their values, since they are not nought, and the 
denominator shall be - 

If we substitute here, for a*, 6*, c^ a", ^, c^, &c. their va- 
lues above, it will become, after proper reductions, a quanti- 
ty precisely equal to the square of 

ahY—acb'+cdb" — haV+bca-^ch'a' 
therefore this common denominator is equal to nothing, in 
consequence of the numerators ; the same demonstration 
might be applied to other cases. * 

This being premised, if in the numerators, equated to ze- 
ro, of the values «, y, 2, we take the values of o", 6", c'\ and 
substitute them in the third equation, 

we shall find another which will satisfy itself in consequence 
of the first two. 

In fact, the numerators of a; and y being equal to zero, will 
give 

db'c^—bdd'+bcd'—cVd' 



0"= 



dc — cd' 
acd' — cad' + da'c" — adc' 



dc' — cd 

By substituting these values in the numerator of z^ we find 
an equation of condition which satisfies itself, since it be* 
comes 0=0. By putting for a" and b" their values in the 
equation o"x+6"y4-c"2=<^' >l becomes, after taking away the 
denominator and making proper reductions, 

dd'{dx+b'y+cz)-^dc\ax+by+C2)^0, 

that is to say, 

db"d—d^c'd=^0, 

after having replaced ax+ty+c'-? by d', and aa:+6y+cr by d. 
It is necessary to observe here that the preceding values of 
a" and b'\ which reduce to zero the numerator of the value 
of Zy render also the common denominator of the formulae of 
roots equal to nothing. 
And in fact, if it were not so, we should have 
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SO that z would admit of three yaluet , whe'ta every other ud- 
koowD quaotity which depends onz^ should admit hut of tme. 

Thus the three roots becoming ~, one of the three equa- 
tions is comprised in the other two. 

236. The preceding considerations will still appear more 
erident from the resolution of numerical equations : 

Let, for example, the three equations to be resolved, be 

2ir+y— 2^=7, 
a:-|-3y — 2z=2. 
By comparing these with the general equations (Art. 207,) 
and regarding the signs, we will have 

«=!, 6= -2, c=l, i=6, 
ii'=2, 6'= I, c'=— 1, d:=i7, 
a'=l, 6''=3, c''=— 2, d"=3 ; 

substituting these values in the general formulae of roots, 
(c), ((0, and (e), (Art. 2! 6). we shall have 

2—21+30+8 — 14— 6_40— 40_0 

^ —2+3+6 — H+2-T'~ri—Tl""0 ' 

_— 14+2+4+20- 5—7 26 — 26 _0 

y 1-2+3+6— 8+2--rr "^rrrri o ' 

_ - 10+ 1 r^+2 1— :f 8+4— 2_40 - 40_0 
* -2+^+6-8+2-1 ll^U ""O* 

Therefore the values of ar, y, and r, are indeterminate, in 
the proposed equations ; which will also appear obvious ; 
since, by eliminating 2 from each of them, and then equating 
the results, we shall have these two eqnations, 

6y-32r=3— 3, 6y— 3^=— 3 ; 
which, being identical, or both the same, furnish no determi- 
nate answer. And in tact, if the three equations be properly 
examined, it will be found, that the third is merely the diffe- 
rence of the first and second, and, consequently, involves no 
condition but what is contained in the other two. 

By comparing in like OHinner any numerical equations with 
the general equations CArt. ^07), if the formulae of roots give 
x=oo , y=co , and 2=co : the three equations are contradic- 
tory, that is to say, there are no finite values of a:, y, z, which 
would satisfy the three equations at once, and the reciprocal 
takes place, as we shall presently see. 

237. When the equations with three unknown quantities 
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are iocoi^pnous^ each of the valqeB of the unknown quantities 
becomes eqaal to infinity. 
Let for example, 

a^sBsma', 6"=fii6', d^^mc\ i"^n^, 

conditions nnder^ which the third equation is in opposition to 

the second. The sahstitution of these valaes will reduce the 

common denominator to zero, as can be easily verified ; bat 

the numerators shall always have finite and real values ; 

1 
therefore the roots shall have the form- or oo. Recipro- ^ 

cally, if the roots are infinite, we may conclude that the 
equations arexontradictery. 

In fact, if we make the denominator equal to zero, we shall 
have 

//_ ah'c"—ae h"'\- ca!b"'^haY 
^ ch'—hd ' 

substituting this value in the third equation, we find, after 
•some reductions, 

AV'(aa:+C2)— c'6"(ax+&y)+c6"(o'x+6'y) 

but, ax4-cj?=£i — 5y, ox+62/=(i — C2^, a'«+6'y=d' — c'z, o'a 

if these substitutions be effected, the known quantities shall 

be the numerator of x, which we may represent by N ; the 

terms containing the unknown quantities destroy one another, 

and consequently we should have N=0, an impossible equa- 

• 
tion, since the roots are infinite, and not of the form - ; the 

third equation is therefore incompatible with the two others ; 
since that, in combining it with Uiese and the supposed rela- 
tions of the coefficients, we are conducted to a result contrary 
to the hypothesis. 

238. We can extend the considerati^ which have been 
just explained, to any number of equations whatever; and we 
shall arrive at this general conclusion. 

• ' 

If the roots of equations of the first degree have the form-^, 

or- the question which we propose to resolve by d^ese eqwUuniM 

is indeterminate or impossible, and reeiproeaUy. 

In order to explain this analytically, it may be remarked, 
that according to the rules relative to the reaolatlseOk ^1 %5a^^« 
tionsy it is iMcessary that (his rtao\\i\ioik tM!k!tt>KBL^^^ 

15 
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Talues of the anluioirn qnaDtitieB proper to veriiy the pro- 
posed eqoatioDfl. 

Now when a problem U indetermiDate, it is impossible that 
the fioal equatioD which contains the last anknown quantity in 
the first degree only, gives all the different yalues of which 
this unknown quantity is susceptible ; besides, it is absurd to 
suppose that it will give one of these yalues rather than any 
other ; it is necessary therefore that the value of the un- 
known quantity may be such as not to imply a contradiction 
with the enunciation, and it is what happens in fact when the 

calculation gives for the result --. Moreover, we cannot ob< 

tain such an expression only in this case, as the demonstration 
of the reciprocal proposition completely proves. 

239. When the equations express contradictory conditions, 
no finite value, 'whatever it may be, pan verify ihem ; thus 
algebra, by giving then infinite values for the unknown quan- 
tities, indicates clearly that there exist no numbers which, 
substituted at once in the equations, in place of the unknown 
quantities, could satisfy them ; for infinity is a limit which 
surpasses every assignable quantity. 

240. If we had less equations than unknown quantities, the 
application of the preceding methods wilJ lead to a final equa- 
tion containing many unknown quantities, and therefore the 
value of any one of' them cannot be ascertained except iu 
terms of the others ; and by assuming values ot these others, 
we may obt^n an infinite number of corresponding values of 
the former quantities, which will saibfy the conditions pro- 
posed ; the problem is therefore indeterminate, (Art 220). 
This would also be the case, as has been already proved 
(Art. 237), when there are as many equations as unknown 
quantities ; but not independent of each other. 

241. Finally, if there were mpre independent equations 
than unknown quantities, the problem would be more than 
determined, or over- limited ; in fart, having calculated all 
the unknown quantities, by employing an equal number of 
equations ; it is requisite that the values thus found, substitut- 
ed in the remaining equations, reduce them to the form 0=0, 
which can only take place for certain relalioLs between the 
known quantities. These relations are then the c^i/a^tons o/' 
condition necessary in order that the proposed question could 
be resolved ^ and if diey are not satisfied, it shall be im- 
possible. 

242. In order to show the application of the formulae of 
fdots, (Art. 215), to the reBoVuUouol \i\Mawc^ ^t^\'5A\Qx\s^ It 
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— # 

is necesiary to compare the proposed equations, term to term, 
with the geoeral eqaatioas (Art. 207). 

In order to resolve, for example, the three equations 

7a:+6y+2^=79, 
8x+7y+9^=cl2«, 

we inust compare, term to term, these equations with those of 
(Art. 207), which will give 

a=7, 6=5, c=:2, £l=79, 

a'=8, 6'=7, c'=9, cJ'=182, 

Sohstituting these values in the general formulsB (c), (d), 
and (e), (Art. 215), and performing the operations indicated, 
we shall find 

«=4, y=9, 2f=3. • 
S43. It is impor&nt to remark that the same formulae 
would still serve, when the proposed equations should not 
have all their terms affected with the sign -|— 
If we had for example, 

3a; — 9y+82r=4l ; 
— 6x+4y+22= — 20 ; 
llx—ry— 6^=37. 
The comparison of these with the general equations (Art. 
207), by having regard to the signs, will give ' 
a=4-3, 6=— 9, c=+8, rf=:+41, 
«'=-. 5, 6'=+4, c'=+2, d'=— 20, 
o"=+ll,y'=-.7,c"=— 6, df'— +37. 
In substituting these values in the formulsfi (c), (eQ, and 
(e) ; we must determine the sign which every term ought to 
have, according to the signs of the factors of which it is com- 
posed : it is thus that we. would find, for instance, that the 
first term of the common denominator, which is ah'c'\ be- 
coming -f 3X+4X — 6, changes the sign, and the product is 
—72; 

By observing the same with regard to the other terms, in 
the numerators, ad well as in the common denominator, col- 
lecting into one sum those that are positive, and into another, 
those that are negative, we shall find 

_ 2774— 28 34_ — 60 _ 

*"" 692—622 ^135 ^ : 
30^2-2932 -f-90 ' „ 

y 592—622 -30 ' 
3869— 3889 ^—30 _ 

^"^ 592-622 ""T^""^^' 
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244. HafiDg folly •iplaioed what concenui the elimioatioQ 
of unkoown qaaotities in simple equations, aad also illastrated 
the characters by which it may be known, if the proposed 
equations be diurminate^ mdeiirminaief or impo$nble ; we 
may now proceed to the resolution of examples in ditermi- 
note equations of the first degree : the practical rules that 
are necessary for this purpose, shall be pointed out in the two 
following sections.. 

§ II. RESOLUTION OF SIMPLE SqUATIOlTSy 

Iwoolving two unknown QtiaiU»^m. 

245. When there are two independent simple equations, in- 
volving two unknown quantities, the value of each of (hem 
may be found by any of the following pVactical rules, which 
are easily deduced from the Articles in the preceding Sbction. 

RULE. I. 

246. Multiply the first equation by the coefficient of one 
of the unknown quantities in the secdod equation, and the se- 
cond equation by the coefficieiit of the same unknown quanti- 
ty in the first. If the signs of the term involving the un- 
known quantity be alike in both, subtract one equation from 
the other ; if unlike, add them together, and an equation 
arises in which only one unknown quantity is found. 

Having obtained the value of the unknown quantity from 
this equation, the other may be determined by substituting in 
either equation the vahie of the quantity found, and thus re- 
ducing the equation to bne which contains only the other un- 
known quantity. 

Or, Multiply or divide the given equations by such num- 
bers, or quantities, as will-make the term that contains one of 
the unknown quantities the same in each equation, and then 
proceed as before. 

Ex. 1. Given ^^j^^^jo'^ to find the values of a: and 

y- 

Multiply the 1st equation by 5, then 10ap+ 16^=115 ; 
2nd by 2, then lOx- Ay= 20 ; 

Aby subtraction, 19y=r 95, 

by division, Sf=^> .% y=^' 
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Now, from the first of the preceding equations, we shall 
23-Stf .. .«3— 16 8 ^ 

have «= — —isr^since y=6) — - — ~2^ 

The raiaes of x and y might be foond in a similar manoer, 
thus : 

Multiply the 1st equation by 2, then 42;+6y=46 ; 

2Dd ... . by 3, then 1 5a; -6^=30 ; 

.*.bj addition, 19rt=:76, 
by division, x=^ = 4. 
Now, from the first of the preceding equations, we shall 
have y= — ^ — =(since «=4) — ^=:_=6. 

Ex. 2. Given J J'Ji^Ssi^ *° ^""^ '^^® ^^^^ ^^ * 
andy. 

Multiply the 1st equation by 6, then Z4x+b4y:=:i\0 ; 
2nd . • • 4, . 24a;+48y=192; 

/.by subtraction, 6^=18, 

18' 
by division, y:?=— =3. 

o 

Now, from the first of the preceding equations, we shall 

38— 9y .. ^.36—9X3 36—27 
have x= — — i=j[8ince y=3) = — - — , 

or x= 7, /. x=2. 
4 

The values of x and y may be found thus ; 
Multiply the 1st equation by 3, then 12a;+27^=105 ; 
2nd ... 2, . 12x+24y= 96 ; 

/.by subtraction, 3y=9, 

9 
by division, y=-=3. 

A J 35—27 8 ^ 

And .-. x= — - — =-=s2i 

4 4 

The numbers 3 and 2, by which we multiplied the given 
eqnations, are found thus ; 

The product of two numbers or quantities, divided by theic 
greatest common measure, will give th^vtV^^tX. c^xs^qd^jc^'^k^- 
tiple, (Art 146). 

15* 
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6X4 



=:12 the lent common multiple. 



12 
Theo *T^^> ^® number by which the first equation is 

12 
multiplied ; and 7=2, the number by whiob the lecond 

equation ii multiplied. 

By proceeding in a similar manner with other equations, 
the final equation will be always reduced to its lowest terms. 

Ex. 5. Given j £+}j^J?' j to find the Talues of x 

andsf. 

Mult, the Snd equation by 5, then l5«+96y=336 ; 
1st. . • . S» . 1&P+1I^174; 

/. by subtraction, 23ys=161, 

andsf=^=7^ 

whence, 6c=68-4yaB58 — 28^:30, 

SO 
and .%a=-—=6. 
5 

If the second equation had been multiplied by 4, and sub- 
tracted from the first when multiplied by 7, an equation would 
have arisen involving only «, the value of which might be 
determined, and thence, by substitution, the value of y. 

Ex. 4. Given i ^^Z^Z^\o \ *^ ^^^ *« ^^^^^ ^*' 

apandy. 
Mult, the Ist equation by 3, 

18a: — 6y= 42 ; 
but 6»— 6y=-.10; ^ 

/. by subtraction, 18xs52, and «=4, 

Bx+lO 20+10 30 ^ 
whence y= — -^ — = — - — ■=• -^==5. 

O O Oj 

247. These values being substituted in the place of x and 
y in each of the equations, shall render both members iden- 
Hcally equal, or, what is the same thing, each of the equations 
will reduce to 0=30. 

Thus, by substituting 4 for x^ and 5 for y, in the above 
equations, they become 
^6X4—2X5= 14, I i 14= 14 ;> 

5X4— 6X6=— 19; \ /' ^^10=— 10. J 
Xperefore, by transposition^ 
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14 — 14=0, or 0«=0 ; 
and— 10+10=0, or 0=0. 
Since fArt. A6) 14—14=0, and 10—10=0. 
If these conditions do not take place, it is evident that 
there must be an error in the calculation : therefore, the 
student, whenever he has any doubt respecting the answer, 
should always make similar substitutions. 

Ex. 6. Given i ^ll^lZ:^^] \ ^ ^^^ *« ^«^««8 ^^ ^ 

and y. 

Mult, the 1st equation by 7, then 77a;+2ly=700, 
Snd' • . . 3, I2x.2l2^= 12,- 

,% by addition, 89x=s7]f, 

712 
by division, x^=~ j 

and •% s=8 ; 
whence 3ys;100-.ll«=100*-l 1X8=100—88=12 ; 

f ?+7y=99, ) 
Ex. 6. Givien < > to find the values of x and y* 

/i+7«=61,\ 

Hultiply each equation by 7, 

/• ac+49y=693, 
andy+49x=i367 ; 

.-. by addition 60s+60y= 1050, 

1060 
and by division, *+y=="7o~"^^ ♦ 

but since a;+49y=69S, 

subtractiog the upper equation from the lower, 

we have 48«=693— 21=672, 

672 

whence a;=21 — y=21— 14=7. 

4- 8y = 31, i ^^ g^j ^^ ^^^^ ^f ^ 



Ex. 7. Given 



y±t+iox^mY'^' 
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Ex 



. 20. Given s+?=6, ) 



find the yalues of x and y- 



Ans. j=rl2, aDdy=16. 

RULE II. 

248. Find the value of one of the unknown quantities in 
terms of the other and known quantities, in the more simple 
of the two equations ; and substitute this value instead of the 
quantity itself in the other equation ; thus an equation is ob- 
tained, in which there is only one unknown quantity ; the va-- 
Ine of v^hich may be found as in the last Rule. 

Ex . 1 . Given j ^^'^^Z. ^ g' ( ^^ ^^^ t^« v»^"®8 ^^ ^ *°^ 2/ • 

From the first equation, a;=17 — 2«; 
Substituting therefore this value of x in the second equa- 
tion, 

or 6 1 — 6y — y~2 ; 
.'.by changing the signs, and transposing ; 
7y;=3j5l— 2=49, 
.'.by division, y=7 ; 

whencea;=I7— 2y=17 — 14=3. 
Here a value of y might be determined from either equa- 
tion, and substituted in the other; from which would arise 
an equation involving only a;, the value of which might be 
found ; and therefore the value of y also might be obtained 
by substitution, thus ; 

From the second equation, y=3x— 2 ; substituting there- 
fore this value of y in the first equation ; we have, 

a;4-2.(3a:— X)==17, 

OP x+6a:— 43=17 ; 

.*. by transposition, 7a:=17-|-4=21, 

21 
by.4iiv48ion,,iC=— , .*. a; =3 ; 

and .-. y=3a:-^2=3X3 -"2=9'— 2=7. 

Ex. 2. Given j 5^+^^78+1/ i *^ ^^^ *^^ ^^^"^^ ^^ ^ 
and y. 

From the first equation, y=60— 3x ; 
Let the value of t/ be substituted in the second equation, 
/ind it becomes, 
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Then, by traosposition, 8*5=78+60 — 10 ; 

128 
aod bj division, a;=-— =^16. 

Whence, y=60-Sa;=60- 3X16=60— 48 ; 

/. v=12. 

T?- *i r-i-^^J 3 ^'f to find the values of x 

/ ---ia=62— 2a;,\ ^ 

Mult, the 1st equation by 3, then 

a:+y=I9g— 6?/ ... (1) 
2nd by 3, then x • y=186— 6x ... (2) 
From equation (1), we have a:= 198—72/ 

(2,) 7a:-y=l86 

By substituting the above value of x, in the last equation, 
it iecomes 

7(198 -7y)—y=186, 
or, 1386-49y— y=186 ; 
by transposition, —60i/= 186 —1386=— 1200, 
by changing the signs, 60^=1200, 

. • by division, v== =24. 

Whence, a:= 198- 7y= 198—7X24 = 198— 168, 

/. x=30. 

Ex. 4. Given < , ?ZIc^' ? to find the values of x 

i ^+ y— oOj^j 

and y. 

From the second equation, a;«=60 — y : 
By substituting this value of x in the Ist equation, we have, 

60— i^+V.>=80, 
by transposition, y=80 — 60, 

And 01=60 — y=(by substitution) 60 — 20, 

/.a:=40. 

Ex. 6. Given L^^^^^H to find the values of* 

and y. 

From the Ist equation, a;==17— Sy. 
And this value substituted in the second, 

3(17— 2y)— y=2, ■ 
or 61— 6y— y=.=2, 

by transposition, &c, 7t/=49^ 

,\ \>^ ^\V\%\wi^ '^^='^ •> 
wbeoce, x= 1 7— 2ti=n — ^X'4=V1 — ^\\ , 
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Ex* 6. Given j^lt^.^M to fiod the valaee of a; 

and y. 

From the first eqiiatioD,.s=5— ^, 

squBiiDg both sides, «3=(6-— ^)^.' 

And bj substituting this value for o^intheeecond equation, 
it becomes, > 

(s— y)^— ^=4, 

bjf reduction, 26— lOy—6, 
by transposition, 10^=20, 

/. by division, y=2. 
Whence, «ss6 — y=:6— 2=3. 

Ex. 7. Given ^8+*^='^*' )to f«.d the valaes of x 






Multiplying the first equation by 8, 

x+64y=1652, 

.'. by transposition, x= 1 55Z — 64y. 
. And substituting this value K>r «, in the second equation, it 
becomes, 

1+8(1652— 64y)c= 131, 

by reduction, y+99328— 4096^= 1048, 

by transposition, 4095y= 98280, 

, ,, . . 98280 

by division, y=-^^ ; 

Whence x=1662— 64y=1662-64X24,** 

orx=1662— 1536 ; 

.•.a:=16. 
The value of y might be found from the second equation, 
in terms of x and the known quantities ; which value of y 
substituted for it in the first, an equation would arise involv* 
ing only x, the value of which might be found ; and therefore 
the value of y also may be obtained by substitution. 

Ex. 8. Given —t^-^c=:21, and ^^~^ = 6, to find the va- 

lues o(x and y. 

Ans. ar=9, and 3/=6. 
Ex. 9. Given 15y+452=:300, and x+15y=36,:to find the 
values of X and y. 

Ans. 9rs6, andys2. 
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Ex. 10. Given Sa;+y~60, and 6x+10=78+y, to find the 
values of X and y. * ' • Ans. x=16, and y=12. 

Ex. 11. Qivea \0x — 3^=38, andSa;-y=ll, to find the 
values of a? and y. Ans. r=i6, and y=4. ^ 

Ex. 12. Given a;+y=198— 6y, and a— y= 186— 6a;, to 
find the values of a; and y. Ans. x=s30, and y=24. 

Ex. IS. Given |+t/=26, and| + 8r = 131, to find the 

o o ^ 

values of x and y. Ans. a;=:16| and ^=24. 

Ex. 14. Given 5+|=7, and ^4-|==8, to find the values of 

X 9nd y. Ans. a;s=6, and ^=12. 

Ex. 15. Given 4i?+2^='34, and 4y+x=16, to find the 
values of x and y. Ans. a;=8, and ^=2. 

Ex. 16. Given 3a:+Si/=54, and a; : y : :'4 : 3, to find the 
values of X and y. Ans. x=xl2, and y=9. 

Ex. 17. Given 5^+6«=»21, and 5^+6x=23, to find 

4 o 

the values of x and y. An^. x=4, and y=3. 

RULE III. 

249. Find the value of the same unknown quantity in terms 
of the other and known quantities, in'each of the equations ; 
then, let the two values, thus found, be put equal to each 
other ; an equation arises involving only one unknown quan- 
tity ; the value of which may be found, and therefore, that of 
the other unknown quantity, as in the preceding rules. 

This rule depends upon the well known axiom, (Art. 47) ; 
and the two preceding methods are founded on principles 
which are equally simple and obvious. 

Ex. 1. Given L^J^^[2J*| to find the values of x 

and y. ^^ 

From the first equation, x=^ 100 — 3y, 4ir 

and from the second, x= — — ^ ; 

2 

.-. — ~-::ioo-3y. 

Multiplying Uy 2, 100-y=:200-.6y, 

by transpositioDi 6|f—f =20(^101%; 

16 
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whence, s= 1 00~3y=: 100—3 X 20 ; 
• • .•.x=40. 

Here, two ralaes of y might have been found, which would 
have given an equation involving onljr x ; and from the solu- 
tion of this new equation, a viiloe of c, and therefore of iy, 
might be found. 

Ex. 2. Given ia:+|y=7, and i«+|ysK8, to find the va- 
lues of X and y. 
Multiplying both equations hy 6, and we shall have 
3x+2y=42, and 2a;+3y=s48, 

42 2t/ 

From the first of these equations, x^ — --— , 

%j 

, /. , 48 — 3i/ 

and from the second, a;= — — -; 

z 

42— 2y_48— 3y 

•"• 3"~" 2"""' 

Multiplying each member bj 6,we shall have 

84 — 4y=sl44— 9y ; 

by transposition, 9^ — 4^=144 — 84, 

or 6y=60; .% y=12. 

And, by substituting this value of y, in one of the values of 

■X, the first, for instance, we shall have 

42—24 1 8 ^ 
«= — — — =—■ =6. 
3 3 

Ex. 3. Given 8x+ 18^=94, and 8x— 13y=l, to find the 

values of x and y. 

47 9^ 

From the first equation, x= j 

and from the second, «=« — r— - : 

o 

. 47— 9y_ l + l3y . 
•'• 4 *" 8 ' 
And multi plyi ng both sides of this equation by 8, 
^f^ 94^18y=l + 13y ; 

.". by transposition, — 18y — 13y= — 94+1 ; 
Changing the signs, or what amounts to the same thing, 
multiplying both sides by —1, and we shall have 

18y+13y=94 - 1, or 31y=93 ; 

93 ^ 

•'• ^~3l^ • 

, 1 + lSy 1+39 40 , 

whence xr^ — -~= ' =--~=l». 
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Ex. 4. GiTen H-y=«. \ ,„ find the values of x and y. 

From the first equation, x^a — y ; 

de — cy 
and from the second, a;= — 7 — - ; 

dB'^cy 

and mnltipl^iog by 6, we shall have 

at— 6y=d« — cy ; 

by transposition, cy — hy^=^dt^ah ; 

by collecting the coefficients, (c — h) y=^ie — ii6 ; 

, J. . . de-^-ab . 

.•. by division, y= r-; 

c-'^b 

, de-^ab 
whence g=rLa-^=a ~» ^ j 

ca— a6 — d«+a6 cor-r^e 

that 18, x= i = r-; 

c— 6 c — b 

250. If in the above equations, there existed, between the 

coefficients, these relations, 

c=&, and ca> or <de ; theni 

ca^de - dc— a6 

af= =s« , and «/"= — - — =00 . 

' ^ 

And therefore, (Art. 233),. the two proposed equations 
would be contradictory. 

In order to give a numerical example, let c=&=:4, a=3, 

and dessilO ; then, by substituting these values, we shall have 

10—12 —2 ^ 12—10 2 
«= — - — =—-—, and a;= — - — =-. 
^00 00 

Where the values of r and 1^ are both infinite, and there - 
fore, under these relations, there can be no finite values of 
X and 2f, which would fulfil both equations at once ; this is 
what will still appear more evident, if we substitute these va- 
lues in the proposed equations ; for then we shall have, x-^-y 
^3, and 4x+4y=10 ; which are evidently contradictory; 
since, if we multiply the first by 4, and subtract the second 
from the result, we should have 0=2. 

Again^ if c=6=4, a=3, and (Ze=12 ; then ^=t: ; s^nd y=^ 

- ; therefore, under these relations, the two proposed eo^^-^ 

tions would he indeterminate ; aa&, \n t^c\.,\3cL\% '«:^\^'«% «^^ 
dent by iaspection only ; for the ^ecou^ ixjLroisXiLWk 'Wi ^^^^ 
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tion, but what is cootained ia the first, since the two proposed 
equatioos, in this case, woold become 

«+y=3, and 4af+4yaBl2. 
Ex. 5. Given 3x-{-7y=79, and 2y—|x=9, to find the va- 
lues of X and y. ^ Ans. x=10, and ^=7. 

Ex. 6. Given ^^+1=6, and ^^+3=4, to find the 

values of x and y. Ans. x=l 1, and y=4. 

2x — 3 67 

Ex. 7. Given — hy=7, aad bx — 13y=---, to find the 

1 

values of x and y. Ans. x=8, and y=o- 

Ex. 8. Given ?^!?=!£±d:l. and 8 -f=^=6, to find 

3 h 6 

^e values of x and y. Aus. xc=13, and y=3. 

Ex. 9. Given x4-y=10, and 2;^— 3y=s=5, to find the values 
of X and y. Ans. x=7, and y=3. 

Ex. 10. Given 3x—6ys= 13, and 2x+7y=81, to find the 

values of x and y. Ans. x=16, and y=7. 

x4-2 v+5 

Ex. 11. Given -^+8y=31, and ?~+ 10x= 192, to 

find the values of x and y. Ans. x=19, and y=3. 

Ex. 12. Given -^^^+14= 18, and ^fZ.-=.3, to find the 

values of x and y. Ans. x=5, and y=2. 

Ex. 13. Given -^^$^=8-1 ) ^ , , , 

b 3 f to find the values of x 

7y— 3x ( and y. 

and-r-i- = 1 1 +y . V ^ 

Ans. xa=:6, and y=8. 
251. Examples in which the preceding Rules are applied^ 
in the Solution of Simple Equations^ Ina>olving ttvo unknown 
^antities. 

Ex. 1 . Given 2y r— =7H ^, } ^ , .. 

^ 4 ^ 6 ' f to find the va- 

and 4x- tll^Ui - ?^ , V ^""^^ ""^ "" "'"'^ ^' 
3 2 / 

Maltipljing the first equation by 20, 

40y-6x— 15= 140+1 2x—8y ; 

/. by transposition^ 48y-— 1 7x= 1 55. 
Multiply tog the second equation \>^ ^^ 
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24a:— 16+2y=147— 6a;— 3 ; . 
/.bj (raospositioD, 2y+30a:=l60 . . . (A). 
Multiplying this by 24, we have 

48y+720a;=3840 ; 
but48y- nx=: 166 ; 

.".by BobtractioD, 737a:=3686, 

and by division, x=5. 

From equation (A), 2y=160 — 30x ; 

.".by substitution, 2y=160 — IpO. 

bydivision, y=— ; /. y=5. 

/ The values of x and y might be found by any of the me- 
thods given in the preceding part of thia Section ; but in solv- 
ing this example, it appears that Rule I is the most expedi- 
tious method which we could apply. 



17 o o- 2y 8a;-2 ^ 4+y , a:— « 
Ex. 2. Given f|— 5^=1 5^+-^ 



I 



and X : Sy : : 4 : 7. 
to find the values of x and y. 

Reducing the first equation to lower terms, 

y 4a:-! _ 4+y ar->y 

9 18 3 ■•" 6 • 

and therefore, (Art. 147), multiplying by 18, 

2y— 4x+l=sl8 — 24— 6y+3a;-3y ; 

/. by transposition, 7:=s7«— 1 ly. 
But from the second equation 7a:=12y. 

Substituting therefore this value in the preceding equatioa, 
it becomes 

12y— 11^=7, or y=7. 

. . 12y 84 
and . . x=— i= — salt, 
7 7 

Ex.3.GiTenal-??:=|±l=l+ "* 



and 



11 - • 33 

3a;+2y y— 6_lla:+152 Sy+I 



6 4 Ut 2 

to find the values of x and y. 
Multiplying the first equation by 33, 

33a;— 9y+6~3a;=^+ I5x-V ^ •, 

16? 
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« 

moltipljfiiig igain by S» Mid InatpotiiiCv we ihall have 45x — 

3lVs:81. 

Maltipljiog the aecood equtiioii bj 19^ ^ 

.-. by traDfpotiticm, 19y— 5«bs131. 
Haltiplyiog this by 9, 171y— 4&caBll79 ; 

bm 46c— Slyss 81 ; 

.•. by additioD, 140y=rl£60 ; 
and by difisioD, ^=^9. 
Now, 6x=:19y— 131=171— 1313=40 ; 

.•• by di?itioD,^ x=8. 

Et.4. Gifen^i±?i=lSi-if±fci,) 

16. 7 ftefitdtbeva- 

aod 10y+^^^=56+10», ( ^^^^f'^^^' 

Holtiplying the first equation by 106, the least coimnoD 
maltiple of 3, 7, aod 15. 

660+tlx=1926-.60x-46y+120 ; 

•'.by traoapositioD, 81x+45yal486 ; 
and dividing by 9, 9x+&y^\95. 
From the second equation, 

60y+6*— 36=276+60« ; 

.*. by transposition, 60y- 44x=310 ; 
and dividing by 2, 26y — 2ix=z 1 55 ; 

t^5Sj;?,t """" I "»+'^°"» ■■ 

.'.by subtraction, 67x=670, 

and by division, x=10. 

Now 6y=165— 9«=166-90ss=75, .-. y=61. 



Ex.6. Given 1^+:^=— I ) , 

«*~f/* ii f to 



^ y f to find the values of x and 

and -+-=:-+- \ ^ 
X y X 2 J 

Reducing the first equation to lower terms, 
' 4 6 9 

4 4 
.*. by transposition,-— -=s — 1 ; 

X y 

2 4 3 
from the tnd equation, by transpositioD,— — { — =- ; 
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2 1 
.'. by addilion, -=-. 

X x 

and, coDseqaeotlj, apsB4. 

4 4 
Now -sa8-+l=a« ; .-. 2y=4, and y=2. 

^ y V to fiad the values of x and y. 

a: y 

Btoltipljring the first equation by c, and the secodd by a, 
we shall haye 

ac , 6c 

X y 

- ac aej 

and — I =na, 

X ' y 



•'•by subtraction, (6c — ad). -=::mC'^fut ; 

6c — ad 
.-. y= . 

mc^na 

- , a 6 fn6c— na^ 

And -=m =m ; -- 

a: y 6c — ad 

mbc-^mad — fii6c-|-na6 nab — mad 

be — ad 6c — ad 

1 fi6— fiic{ . be-^^d 

-, and X =• 



• • 



Ex. r. Giren 3 -J!.:^6^5^. 

5 3jf ' 



6c^ac2 n6— md* 

2a? 



. 4+I5y 
and y 



^ to find the values 
2a;y — Jl I of X and y. 



107. 

- 
5 



6x— 2"" 2x+S 
Multiplying the first equation by ]5y, 

.-. 45y^2]y — Ga;s=76y — 26« — 45 ; 
and by transposition, 51y — 19xss45. 
Multiplying the second equation by 3x+5, 

2xy+5y- ^ ^^~ 2xy -. _ . 
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. /Art lfl6^ e„ , 107_ to+2O+80«y+75y . 

and multiplying by 6* — i, we shall hare 

321x^107 
SOxy^lOyH ^T =8x+20+30a:y+76y ; 

.-. (Art. 186), 2ilfi:J^=8a:+86y+20, 

aod 321x— l07=32x+S40y+80 ; 
.'. by traDspositioo, 3iOy — 289«==— 187. 
The coefficients of y in this case, having aliquot parts ; 
multiplying the first by 20, and the last by 3, 

1020y-380x= 900, 
and lOuJOy— 867a:=— 561 ; 

.*. by subtraction, 487a;=1461, 

and x=3 ; 
consequently, 61y=45+19ac=:45+67='102 ; 

.'. t/=^2. 

V. « r:«„ «, 16+60x _ 16«y-107 n 

Ex. 8. Given 8x—^—^ gqp^ 7 to find the ya- 

and 2+6y+9x=i!^^^»^'^.y"" '^'"^^^- 

Multiplying the first equation by 6+2y, 

-.^ I .n 80+300x+32y+120xv .^ 

40x+ 1 6xy — — j^-1 -= 1 6a:y ~ 107 ; 

•;• .r. . ,..« 80+300a;+32y+120ary 
.'. transposition 40a:+107= — :^ 

and multiplying by 3^ — 1, we ehall have 

120a:i/— 40a;+321y- IO7=8O4-300r+32y+I20iry ; 

' .'. by trantiposition, 289y — 340a;=187. 
And from the second equation, v/. 

27a;2-12y^+I6a:+2y+2=27a:a— 12y^4-38 ; 
.-. by transposition, 13x+2y=36 ; 
whence, the coefficients of x having aliquot parts, multiply- 
ing the first equation by 3, and the second by 68| 

867y— 1020ar=66I, 
and 136y+1020a:=2448 ; 

.-. by addition, l003y=3009, 

and y^3 ; 
consequently, I5a:=36— 2y=36— 6=30 i 

and »'.\>^ d\\\svQu^«=2. 
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^y—x ^ 69— 2a: \ 
Ex. 9. Given x — 23^;::;^= 20 ^— , / to find the va- 

« Aq8. x=21, and^=20j 

3iC-* 1 '\ 

Ei. 10. Given -^-+3y-4=16, / to find tbevalaeaof 

and -?_+2^^8=7|, ) 
o , 

An8. a:=7, and y=5'? 

Ex, 11. Giyen 9a;+-J^=70, #,-,,. , r j 

5 f to find the valaes of x and 



13a: i y. 

and ly — ^=44,^ 



Ans. x=6, and ^==10. 



Ex. 1«. Given ^-?^=3y-5, 

, By— 7 , 4a:— 3 ^„ ^ 
and -^- — — - — =18 — 6a:, 
2 ' 6 

to find the values of x and y, Ans. a:=3, and y=S. 

Ex. 13. Girenx+l-^Cbl;=7 ^+^, 

7 14 

^ 6a:— 4y lly— 19 
and y— 3 2~^=« ^4 » 

to find the values of x amd y. ^ Ans. a;=6, and ys=6. 

Ex. 14. Given 4a:+i^=2y+5+^-, 

and3y.?f±^«2.+^i, 
to find the values of x and y. Ans. a;=3, and 2/=4. 

Ex. 16. Given x-^^+17=6y+^^, 

22— 6y to— 7_H-1 8y+6 

"^ 3 " 11. 6 18 ' • 

to find the values of x and y. Ans. a:=8, and y3=2. 

Ex. 1«. Given !f=!i+3?=:f=4+?f=i2. 
, 2a:+y 9a:^ — 7 3y+9 4«+6y 

(0 £x2i} the values of s and y . kaa. 1;^=.^ ^"wA >^— *^ 
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Ex. 17. Gi?en— i — j— ?_-a=3a; i—-, and 

3x+4 : Zy — 3 : : 6 : 3, to find the values of s and^y. 

Ans. a;=7, and y=9. 

T. .« in.. 6x+13 8«— 3x— 6 « , 7«— %+l. , 
Ex. 18. Given — i 2 — =9+ /^ , and 

2 6 3 

: — \-4iX : : 4 : 21, to find the valaes of x and y. 

3 4 

Anfl. «=5, andy=4. 

Ex. 19. Given ^p±J-f^=.8+^, «.d 

10 15 5 

— ^ — -= , to find the valaes of x and y. 

12 4 11 ^ 

Ans. a=7, and y=Ss9. 

Ex. 20. Given Sx — 2^=15, ^ to find the values of x and 

and y+10 : x — 16 : : 7 : 3,\ y. 

Ans. «=46, andy=60. 

Ex. 21. Given x+\bo : y — 50 : : 3 : 2, > to find the va- 

and X — 50 : y+ 100 : : 5 : 9, J laes of x and y. 

Ana. x=300, and ^=350. 

Ex. 22. Given (x+5).(y+7)=(x+l)(y— 9)+n2, 

and 2x4-10=3^-1-1, to find the valaes of x and y. 

Ans. x=3, and y=5. 

« ^. « . ^ . . 6x3+130^24w> 

Ex. 23. Given 3a:+6y+l= —^ ^,— -=^, 

^ 2x — \y+S ' 

151— 16x 9xy— no 
and 3x-"— • = — — ■■ ■• - , 

to find the values of x and y, Ans x=9, and y=:2. 

T. «. ^. . 128r»-18t/»+217 

Ex.24.G.ven.|^+6y-l= — g— jiC__, 

, lOx+lOy— 3b ^ 54 

and ' . , ^ =5 — 



2x+2y+-3 3x+2y— r 

to find the valaes of x and y. Ans. x=6, and y= j». 

, § 111. RESOLUTION OF SIMPLE EQUATIONS, 

Involving three or more unknown Quantitiei, 

252. When there are three independent simple equations 
invol?ing three unknown quantities. 
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RULE. 

From tr»o of the eqnatioDS, find a third, which involres on- 
ly two of the anknowo quantities, hy any of the rules in the 
preceding Section ; and in like manner from the remaining 
equation, and one of the others^ another equation which con- 
tains the ^ame two unknown quantities may be deduced. 
Having therefore two equations, which involve only two un- 
known quantities, these may be determined ; and, by substi- 
tuting their values in any of the original equations, that of the 
third quantity will be obtained. 

253. If there be four unknown quantities, theif vahies may 
be found from four independent equations. For from the 
four given equations, by the rules in the last Section, three 
may be deduced which involve only three unknown quanti- 
ties, the values of which may be found by the last Article ; 
and hence the fourth may be found by substituting in any of 
the four given equations, the values of the three quantities 
determined. 

If there be it unknown quantities, and n independent equa- 
tions, the values of those quantities may be found in a simi- 
lar manner. For from, the n given equations, n — 1 may be 
deduced, involving only n— 1 unknown quantities ; and from 
these n — 1, a— 2 may be obtained, involving only n — 2 un* 
known quantities ; and so on, till only one equation remains, 
involving one unknown quantity ; which being found, the 
values of all the rest may be determined by substitution. 

Ex. 1. Given ar-i-y+ar= 29, ^ 

a;+2y+3r=62, f to find the values of x, y, 

2^3^4 ' J 

Subtracting the first equation from the second, 

y+2z=33 . . . (A). 

Multiplying the third equation by 12, the least common 

multiple of 2, 3, and 4, 

6a:+4y+32r=120 

multiplying the 1st equation by 6, 6«+6y^-6-^=I74 ; 

• 

.*. by'subtraction, 2y-t-32=54 ; 

but, multiplying equation (A) by 2, 2y^-4^=66 ; 

.'. by subtraction ^z'=-V3L. 
From equation (A)» bj ltai\ft^o«v\\o\i^'^"=^'?» — "'^* \ 
.-. by 8uba\iVu\;\ou, %j— 'i'Si— ^^ ^ w "^^"^ 
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From the first eq«atioD, hj transposition, 

«=29 — y — z ; 

.*. by 8ab8titQtion,x=29— 9— 12, 
andx=S9— 21, .-.xsiS. 

In like manner, had the first equation been multiplied by 3, 
and sabtracted from the second, an equation would hare re- 
sulted, involving only x and z ; and had it been multiplied by 
4, and subtracted from the third when cleared of fractions, 
another equation would have been obtained, invoWing also 
X and z ; whence by the preceding rules, the values of x and 
z could be found, and consequently the value of y also, by 
snb^titution . 

Or if the first equation be multiplied by 3, and the second 
subtracted from it, an equation would arise, i|iTolving only x 
andy ; and if the first when multiplied by 3, be subtracted 
from the third when cleared of fractions, another would arise 
involving only x and y ; whence the values of xand y might be 
determined. And hence the third, that of z might be found. 

SECOND HBTBOD. 

From the first equation, x=39-^y«z ; 
substituting this value of x in the second equation, 

29-y— r+2y4.8z=62 ; 

.'. by transposition, y=33 — 2z. 
Also substituting, in the third equation, the value of x found 
* from the first, 

2 ^3^4 ^" ' 
multiplying this equation by 12, the least common multiple of 
2, 3, and 4, 

174-6y— 6r+4y+3z=120, 

and by transposition, 2y+3;r=54 ; 
in which, substituting the value ofy found above, 

2(33 -2r)+3ar=64 ; 

or 66— 4z+az^=M ;. 
.-. by transposition, «=: 12 ; 
whence y=33 — 2z=33— 24=9, 
and x=29— y— z=29— 9— 12=8. 
It may be observed, that there will be the same variety of 
solution, as in the last case, according as x, y, or z, is extermi- 
nated. 

THIRD METHOD. 

^he values of ar, found in eacli ot ttife ec^\»!C\wsL%^*'^«s^ 
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compared, will fornish two equations each iDVoWiog oaly y 
and z ; from which the values of y and z may be deduced by 
any of the rules in the preceding section, and hence, the ?.a-i 
lue of X can be readily ascertained. 

The same observation applies to this method of solution, as 
did to the last. 

Jd some particular equations, two unknown quantities may 
be eliminated at once. 

Ex. ^. Given x+y+zs£3\ J 

'X+y — 2r=25 > to find the values of «, y, k z, 
X — y— z=9 J 

Adding the ^st and third equations, 2x=40 ; 



Subtracting the second from the first, 2z=6 ; 
and subtracting the third from the second, 



... a;=20. 

• * • Z^^iJ \ 

2y=16 ; .-. y=8. 



fx — 2r=3,\ to 



Ex. 3. Given c x — 2r=3, ) to find, a;, y, and z. 



Here, subtracting the first equation from the second, we 
have y — ^z=l ; which is identically the third. 

Therefore, the> third equation furnishes no new condition ; 
but what is already contained jo the other two ; and, conse- 
quently, the proposed equations are indeterminate ; or, what 
is the same, we may obtain an infinite number of values 
which will satisfy the conditions proposed. 

This can be easily verified, by comparing the proposed 
equations with those of (Art. 207), and su^tituting in the 
formulae of roots, (Art. 216); for, then we shall find x 

J 

0^ 

254. It is proper to remark, that in particular cases, Ana- 
lysts make use of various other methods, besides those point- 
ed out in the practical rules ; in the resolution of equations, 
which greatly facilitate th^ calculation, and by means of 
which, some equations of a degree superior to the first, may 
be easily resolved, afler the same manner as simple equa- 
tions. 

We shall illustrate a few of tho^ artifices, by^th^ follow* 
ing examples. 
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4 

* to find the Taloes of x, i/fand z. 



Ex. 4. GiFcn -+-=-» 

X y B 

and -+-=—, 

y 2 10 

By adding the three eqaations, we shall have 

X y ~eT9^lO 360' 
Or, dividing hy 2, 

1 1 1_121 

« y • z""720 * 
From this subtracting each of the three first equations, and 
we shall have 

1 31 720 „.7 

^=l20'"'"=-3r' -"='^37' 
1 41 720 ,„2S 

^=720' "' 2^=^rr ' •••2'=^%i' 

1 49 720 ,,34 

X 720' 49' • 49 # 

Ex. 5. Given 2a:=y+z+«> ^ 

Sy=^x+z+u^f to find the values of a;, y, 

42r=a:+y+Wj i 2r, and u. 

and w=x — 14, 3 

By adding x to each member of the first equation, y to the 

second, and z to the third, we shall get 

3C+y+^+tt=3x==4y=5<? ; 

3x 3x 

and from thence, 2^=-r> andy=— - ; 

5 4 

which values being substituted in the first equation, we have 

3x , 3op , 13x 

but, hy the fourth equation, u=x-'14 ; 

13a: 

.-. a;— 14=— — , or 20r-280=13a; ; 

3x 
whence a;=F40 : consequently y=— =30, 2=24, and ti=a; — 

14=26. . ^ 

E.. 6. Given ^^^2^=2^ to find the values of x. 
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By pattiDg «+2^+2'=S, the proposed eqaations become 
> Sjc— 41^24, 8y—2Sa=24,8^— S=?4 ; 

... a;=:3+iS, y=3+^S, 2:=:S+lS, 
By addiog tbes6 three eqoatioDs, we have ' 

x+y+2=9+iS ; whence S=72. 
Substituting this value for S, in a:, ^, and z, we shall find 

a:=:39, ^=21, and2r=12. 
Ex. 7. Giren ^ «+y+-=90, i ^^ g„, ^^^ ^^,„^, ^^^^ ^^ 



2a:+^W3y+2o: ^^^°*^ 
2x— 4^+40=10,)*°^^• 



and 

Ans. a?=35, y=30, and 2'=25. 

Ex. 8. Given ^+«= y+^. > to find the values of x, y. 



*+«= yj*' \ to fin^ 

!'j:«=«*+^*' } and z. 
2r+<n=3«+3y, j 



and . ^w 

. a 5a , t'a 

Ans. a:= — , y= — , and 2r= —. 

Ex. 9. It is required to find the values of x^ y^ and z, in the 
following equations ; 

x+y = 1 3 , x+2:=: 14, and y +2'= 1 6. 

Ans. a;=6, y=7, and 2=8. 
Ex. 10. In the ioUowing it is required to find the values of 
x,yy and z, ^ 

2+3^4- ' 

2+?^-i.-=94 
3^4+6^*' 

4+6+6='^^' 




Ex. n. Given x+y+z=^iG, m , ^ . ,1. , ^ 

x^v == 4 ' *® "°" *"® values of a?, y, 

and X- 

Ans, a:=12, y=8, and 2r-=:6. 
Ex. 12. Given ar+ y+ z=. 9, 



111 le'j-^- 

Ans. x= 

x+2v+3^=l6! i '" ?°^ *« ^"'"^^ °f *« y* 
and x+ 5_2*:p= .< ( »"'' '• , 

Ans. a:=:4, y=3, and ^=2.^ 
Ex. 13. Givena;+ y+ 2r=12,) . ^ . ,. - ^ 

and ia:+iy+ z= 6. $ *°^ ^• 

Ant. aj=6, y=4, and 2f=2. 
Ex. 14. Given x+y — ^z=8, x^.?— y=9, and i{-V2 — «.^=- 
10 J to find the values of x, y^zxA 2, 

Ana . xta^\^ x|=^ >^sA x^^V 
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Ex. 16. Given ap-fjy=IOO, y+|2r«100. and i+ia;= 100 ; 
to find the rallies^ of «, y, and z. 

Aqs. :r=64, y=7?, and z=84. 
Ex. 16. Qiveo ^+3y+._gy+2^-x+l ^ ap--jr^ 

10 16 ^ 5 . ' 

9x+5y^2g ix+y-^Sz __ 7y-M-f3 1 6y+3z 

12 4 """"^Ti '^G'*"'^"l2 

^^+^'-' ^2z=y^\+ ^^+^y+? . to fiDd the values of 

.T, y, and z. Ans. a;=9, y=7, and ^=3.. 

Ex. 17. Given a:+iy=367j y+Jir=476, z-(4ii3=:696, and 
u4.|x=:714 ; to find the values of «, y, r, and u. 

Ans. a:=190, yss334, 2:=426, and u=:676. 



CHAPTER ¥• 



ON 

THE SOLUTION OF PROBLEMS, 

PRODUCING SIMPLE EQUATIONS. 

1 

266. The solution of a problem is the method of discover- 
ing by analysis, quantities which will answer its several con- 
ditions ; for this purpose, there are four things to be distin- 
guished : 

I. The given, that is to say, the known quantities, enun- 
ciated in the problem, and the quantities that are to be 
found. 

II. The translation of the problem into algebraic language, 
which is composed of the translation of every distinct condi- 
tion that it contains into an algebraic equation. 

IK. The resolution of the equations, that is, the series of 
transformations which the immediate translation must under- 
go, in order to arrive at an equation containing in the first 
member one unknown quantity alone> in its simple state, and 
in the other a formula of operations to be performed upon the 
representations of given numbers. 
IV, Finally f the numerical valuation, or the geometrical 
coDstraction of ibis formula. 
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• 

256. Algebraic problems and their solutioDS may be con- 
sidered as of two kinds, that is, numerical and literal, or par- 
ticular and general. In the numerical, or particular method 
of solution, unknown quantities are represented by letters, 
ai^d the known ones by numbers, as in arithmetic. In the 
literal, orgeneral solution, all quantities, known and unknown, 
are represented by letters, and the answers gi?en in general 
terms. A problem solved in this way, furnishes a theorem, 
which may be applied to the solution of all questions of the 
same kind. ' 

257. In the solution of a problem, if the conditions be pro- 
perly limited, there will be as many independent equations 
as unknown quantities, (Art. 2B7), in which case, the problem 
is said to be determinate ; but if the conditions of the problem 
are not properly limited, that is, are hot sufficient in number, 
or not sufficiently independent of each other, the resulting 
equations will either exceed in number the unknowrf quanti- 
ties, and wUl therefore some of them be identical or inconsis- 
tent, or will be fewer in number than the unknown, and (Art. 
240), consequently will admit of an indefinite number of so- 
lutions : in this last case, the problem is unlimited, or it is 
called an indeterminate problem ; and if the conditions are 
incongruous, or, what is the same thing, if the equations are 
contradictory to each oth^r, the problem is (Art. 239), not 
only unlimited, but also impostible. 

Haying hitherto laid down such ru}^s as are necessary for 
the investigation and solution of problems producing equations 
of the first degree, as well as for discovering when they are 
truly limited, the di£ferent methods of solution shall be fufiy 
illustrated in the two following sections, by a great variety of 
practical examples. 

§ I. SOLUTlOir OF PROBLEMS PROI^UCINO SIMPLE ECtUATIONS, 

Involving only one unknown Quantity, 

258. If from certain quantities which are known, another 
quantity be required which has a given relation to them, let 
the unknown quantity be represented by x ; then, the condi* 
tion enunciated in the problem being clearly understood, it 
can be easily translated into an algebraic equation, by meaog 
of the signs 'pointed out in the Introduction. Having ooir 
brought the question into an algebraic form^ th^ ii^Voft. t:^^ ^% 
unknown quaathy can be readiVj {owdA\>^ V!(v^%:^'^\t.^^'^^ 
the rules delivered Chap. III. 
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O'r, if there be more than one voknown qaaotity reqmired, 
and that they'bear giveD relations to one another, instead of 
assuming a symbol to represent each of them, it is more con- 
venieot to assame one only, and from the cenditions of the 
problem to deduce expressions for the others in terms ofthat 
one and known qnantities. And as the number of conditions 
ought to be one more than the number of quantities thus ex- 
pressed, there will remain one to be translated into an equa- 
tion ; from which the ?aloe of the unknown quantity may be 
determined, as above ; and this being substituted in the other 
expressions, their valdes also may be discovered. 

Problem I. 

What number ii that, to which 17 being added, the ram wiU be 48 ? 

Let the required number be represented by x : 
Then by the problem, x+ 17=48 ; 

by transposition, a?=48— 17 : 

.•.x=31. 

Prob. 2. What number it that, from which a being fubtracted, the 
remainder is § ? 

Let X represent the nuitiber required. 

Then by the problem x — o=6 ; 

by transposition, a;=a4-^* 

Here, if o=16, and 6=14 ; then a:=16-f 14=30; that is, 
30 is a number, from which 16 being subtracted, the remain- 
der is 14. 

* Probi 3. To find a number which, being subtracted from a, leavei b 
for a remainder. 

Designating the unknown number by a:, we shall have this 
translation, 

a — x=6, /, x^=a — b 

259. If we suppose a= 10, 6=4, we shall have x=z6 ; then 
the subtraction is arithmetically performed. But if we had a 
= 10, 6=i4, we must subtract 14 from 10, which cannot be 
done except in part, or that with respect to the portion of 14 
equal to 10. 

The excess in as much as it exists subtractively, will indi- 
catc that the number x of which it is the representation must 
enter negatively in the enunciation wherei^it is already sub- 
tracted from the number a, so that the enunciation of the pro- 
blem is corrected and brought to these terms : to find a num- 
. der which being added to 10, the sum t»ill be V4 \ a problem 
whose trsLashiion is, designating ihe \uiViiOY(\x c^^ilXaV^ \>^ ^-.< 
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104-0;= 14 ; .\ a:=14— 10=4 ; 
whereas, the traDslation in the former case would be 
10-aE;=14 ; ,'.x=^\0 — 14, or a;=: — 4. 
The ne^tire root —4, satisfies the equation of the pro- 
blem, besidea it announces a rectification in the enunciation ; 
this is what appears evident, since the subtraction of a nega- 
tive quantity ia equivalent to the addition of a positive, (Art. 
63). In fact, as has been already observed, (Art. 19SI), it 
makes known that the enunciation ought to be taken in an 
opposite sense to that which we first proposed in the pro- 
*blem. 

Prob. 4. A person lends at interest for one year a certain capital at 5 
per eent ; at the end of the year, according to agreement, he is to receive 
a sum 6, besidei the principal and interest, and the whole sum he re- 
ceives mtist be equal to the capital. I demand what is the capital ? 

Let the capital be designated by x : 

Since 100 dollars become at the end of the year 105 dol- 
lars, we shall have the capital at the same time by this pro- 
portion, 

105r 
100 : 106 : : a? : -Tj^jr== the capital. 

105a; 
The sum -77^+^* by the problem, must be eij[ual to a:, we 

have therefore the equation - 

105x 

-— -+6s=» ; .-. 105X+ 1006=1 0005 ; ^ 
100 

by transposition, 5a?=— 1006 ; 

.'. by division, «= — 20b» 

260. Thus the capital shall be —206. This answer does 

not agree, with the problem, and still if this value — 206, be 

substituted for x in the equation found, we obtain 

h6=— 206, 

100 ^ 

and, performing the operations indicated in the first member, 
it becomes 

_206=-«206, 
which is true. This value of x, although it is negative, satis- 
fies the equation of the problem, as has been already observ- 
ed (Art. 199). since its two members become identically 
equal by making the proper substitution. 

If we return a^ain to the enunciation, we discover that it is 
impossible that a capital augmented by the interest would re-- ^ 
main equal to itself, and that much moi^ ^^i\% vox^^^'^^^x?! 
takes place, if, besides the ialereftl, \v^ ^^^XoSX.^ %\«ck\j \ 
it is neceaaary th«Tefore that oue o£ \.Vie%e \.v«c> i^^T\]^>iiass\s5w'^ 
the interest at 5 percent, and b,be aw\>Xt^cVfc^» 
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.9 

In fact, if we carry iDto the fint eqaatioD this circaoMtance 
— X, which 18 but «= — anamber, we find 

106 , , 105» . 



100 • ' 100 

a translatioQ of the enaociatiou, by supposing the interest ad« 
ditive to the capital, in which case, the sum h ought to be 
.subtracted. 

This equation, treated as the preceding, shall give 

«=206, 
If the interest at 6 per cent be subtracted from lOO, in 
which case 100 reduces itself to 95, we have the capital x at 
the end of the year, by the proportion ' 

100 : 95 : : .T : jt~ the capital 

95x 
consequently, T75i+6=a: ; 

uiukiplying by lOO, and transposing, we shall have 

1006=5a;, .•. x=20ft. 
The negative isolated result, that is, the negative value of 
or, would announce a rectification or a correction in the terms 
of the enunciation, and the problem proposed could be re-es- 
tablished in two ways. 

Prob. 5. What number is that, the doable of which ezoeede its half 

by 6? 

Let a:= the number • 

Tben by the problem, 2a:— -=6, 

••. multiplying by 2, Ax — a:=12, 

or 3x=12, 
.'. by division, a:=4. 

Prob. 6. From two towns which are ¥87 miles distant, two trarellers 
set out at the same time« with an intention of meeting^. One of them 
g^oes 8 miles, and the other 9 miles a day. In how many days will they 
meet ? 

Let a;= the number of days required ; 
then 8a:= the number of miles one travelled, 
and 9a:= the number the other travelled ; 
and since they meet, they must have travelled together the 
%vhole distance, 

consequently, 8a:+ 9x= 1 87, 

or 17a;=187, 
/.by division, x=l 1, 

Prob. 7, TVhat n amber is that, from ^loicVk ^ >a«\xi^ vQ^Vt^^\fi^t^^%^ 
the remaiader multiplied by 11, the ptoducV.^\\\>M^\^\^ 
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Let x=:the aumber required ; 

Then by tbe problem (x— 6) X 11 = 121, 

by traDSpositioD, ll2;=121-|-66, 

orlla;=187, 
.•. by di?isioD, a:=17. 

Prob'. 8. A GentlemaQ meetings 4 poor persons, distribated five shil- 
lings amongst them : to the second he gare twice, the third thrice, and 
to the fourth four times as much as to Uie first. What did he give to 
each ? 

Let xss the pence he gave to the first, 

,\9x=^ the pence given to the second, 

and3a;=: to the third, 

4x= to the fourth. 

/.by the problem, x+2x+3x+4x=z6X 12=60, 

or I0a:=60, 
by division, a;=6. 
and therefore he gave 6, 12, 18, 24 pence respectively to 
tfaem. 

Prob. 9. A Bookseller seld 10 books at a certain price ; and after- 
wards 15 more at the same rate. Now at the latter time he received 
^ shiUiogs more than at the former. What did he receive for each 
book? 

Let «= the price of a book. 

then \0x= the price of the first set, 

and \5x= the price of the second set 

but by the problem, l6ir=lOa;+85 

/.by transposition, 6a:=36 

and by division, rp=7. 

Prob. 10. A Gentleman dying bequeathed a legacy of 1400 dollars to 
three lervanti. A was to have twice as much as B ; and B three times 
as mach as C. What were their respective shares f 

Let x=C's share, 
/,3a;=B'8 share, 
and 6x ^A's share ; 
then by the problem, x+3a;-|-6a; ^ 1 400, 

or 10a;=l400, 
/• by division, ap= 1 40=C'a share. 

/•A received 840 dollars ; B, 420 dollars ; and C, 140 dol- 
lars. 

Prob. 11. There are two numbers whose difierenoe if 15, and their 
lUm 59. What are the numbers f 

As their d^trence is 15, it is evident that the ^ceatAt ^^\ssr 
beY most exceed tbe lesser by \5. 
Let, therefore, apss the leaser nxwnbtt \ 
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then will x+16= the greater ; 

/. by the problem^ x+x+lS^Sd, 

or ««+ 16=69, 

by traDspositiOD, 2x3=69—16=44, 

/.by division, x=zt2 the leaser nnmber, 

and x+ 1 6=22+16=37 the greater. 

Prob. 12. What two numbers are those whose difference is 9 ; and if 
three times the greater be added to five times the lesser, the sum shall 
be 35? ^ • • 

Let 0;= the les$er nnmber ; 
then 2e4-9= the greater nnmber. 
And 3 time^ the greater =3(x+9)=3«+27, 
6 times the lesser =6«. 

/.by the problem, (3x4-27) +6a;=35 ; 

by transposition, Sx-f'&c=S6— >27, 

» or 8x=8 ; 

•%by division, x^l the lesser number, 

and x+ 9=1 +$ss 1 the greater number. 

Prob. 13. What number is piat, to whioh 10 being added, |ths of the 
sum will be 66 .^ 

Letx= the number required ; 
then x+ 10= the number, with 10 added to it. 

^ Now tths of (x+10)=|Cx+I0)=^?I=^. 

But, by the problem, Jths of (x+10)=66 . 



o 



by multiplication, 3x4-30=330 ; 

by transposition, 3x=;300 ; 

.'.' by division, x=100.' 

Prob. 14. What number is that, whioh beings multiplied by 6, the 
product increased by 18, and that sum divided by 9, the product shall 
beSO? 

Letx= the number required, 

then 6x= the number multiplied by 6 ; 

6x+18= the product increased by 18 ; 

6x+18 
and — - — = that sum divided by 9, 

^ ^ ^, 6x4-18 «^ 

.% by the problem, — - — =20 ; 

y 

by multiplication, 6x4-18=20X9 ; 

by Uanspo^tion) 6x=180 — 18, 
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V 

,% by division ap=27. 



< 



Prob. 15. A post is |th in the earth ^ths in the water, and 13 feet 
oat of the water. What is the length of the post ^ 

Let«= the length of the post ; 

then -= the part of it in the earth, 

3x • 

— sss the part of it in the water, 

■ 7 • t 

and 13= the part of it out of the water. 

But by the problem, part in the earth + part in water + 
part out of water = whole part ; ^ 



••• G)+(t)+'^=- 



X Sx 

and -X35+— XS5+13X36=35a;, 
6 7 

or 7ic+15a:+455=35x ; 
by transposition, 466=36a; — Ix — 16a;.=»13a;, 

or 13a;=465 ; 

/• by division, x=s35 length of the post. 

Prob, 16. After paying away ^th aod ^th of my money, I had 850 
dollars left. What money had I at first P 

Let x= the money in my purse at first ; 
then -+;^= money paid away. 

But money at first — money paid away = money re- 
maining. 

(X x\ 
7+7) =85^9 

X X ^ 

orx— =860. 

4 7 

Multiplying by 28 the product of 4 and 7, which is the 

least common multiple, 

and 28a:— X 28-^X28=860 X 28, 
4 7 

or 28x— 7ac— 4a:=23800, 

,-, 17a;=23800 ; and by division, a:=1400 dollars. 

Prob. 17. What number is that, whose one half and one third plus 
IC, shall be equal to itself? 

Let X =7 (he number required \ 
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then, by the problem, *^i+^+12 ; 

Now to clear this of fractioDs, multiplj bj 6, 

and 62;=:3a; +2x^-72 ; 
by transposition, 6a>^6a:=72 ; 

.•.«=7«. 
It can be readily proved that 72 is the number required ; 

thus, ^+y+12=36+24+12=72. 

All other problems in this Section may be proved in like 
manner. 

Prob. 18. To fiad a namber whose half miniu 6, shall be equal to its 
third part plus 10. '^ 

Let 2= the number required ; 

X X 

then by the problem. ^-' 6=-+ 10, 

/.clearing of fractions, Sx — 36=20;+ 60, 
by transposition, 3* — 2ar=604"36, 

,%a:=96. 

Prob. 19. Two persons, A and B, set out from one place, and both g^ 
the same road, but A goes a hours before B, and trarels n miles an hour, 
B follows and travels m miles an hour. In how many hours, and in how 
many miles travel will B overtake A. 

Let x^=' the hours that B travelled ; 

then a;-|-a= the hours that A travelled. 

Also fnx=i the namber of miles travelled by B ; 

and n(a;-|-a)=na:4'na= the miles travelled by A. 

/, by the problem, mx:=znx+na ; 

by transposition, mx — nx's-na, 

or (m'-n)x=:na j 

, J. . . (m'^n)x na 

/.by division, ^ ^= , 

m— — w rri'-* n 

.•.«= , the hours .that B travelled. 

rr,! I na , na+ma — na ma ,, , 

Thena;+a= l-o= — s , the hours 

m — n nvn m'^n 

that A travelled ; and mxsz = the miles travelled. 

m — n 

261. This is a general or literal solntion, because m, n, a, 
may be any numbers or quantities taken at pleasure ; for ex- 
ample^ 
Let a=:9, n^B^ and m=7 ; 



PRODUCING SIMPLE EQUATIONS. 193 

TheD, A travels 9 hours at the rate of 5 miles an hour, be- 
fore B sets out ; jfiid 6 follows after at the rate of 7 miles aa 
hour. 

Now, by putting these values of a, n, and tn, in the formula, 
found above ; we have, 

x= = r= — =^21, the hours that B travelled ; 

171— n 7—5 ,2 

and ar= = - — r=-7r=31i, the hours travelled by A. 

m — n 7 — 6 2 " •^ 

Andfiia;=7X22^=167^, the miles travelled by each. 

net 
Again, suppose ass 10, m=4, and n=4 ; then rr= ss 

4X10 40 ,. ^ ,^ . ' , :, , , 

-— — =—-=00 , (Art. 166) ; hence, we conclude that the \ 
4—4 

^ time is infinite, or that A will never overtake B, except at 
an infinite distance ; because m:r=4X 7r= — =» ; which 
would also appear evident without the aid of analysis. 

XT r — /. AAA 4U '*" 4X0 

Now, if a=0, wi=4^ and n==4, then a|= 



m^n O' 
which is the mark of indetermination, (Art. 201), as it should 
be ; since, in this case, A and B, setting out together and 
both travelling uniformly the same number of miles in every 
hour, must be together at any distance whatever from the 
place of departure. 

Prob. 20. Four merchants entered into a specalation, for which they 
subscribed 4755 dollars ; of which B paid three times as mach as A ; C 
paid as much as A and B ; and D paid as much as C and B. What did 
each pay f 

Here, if we knew, how much A paid, the sum paid by eack 
of the rest could be easily ascertained. 

Let, therefore, x=^ number of dollars A paid ; 

3x=z number B paid ; 
4x*=- number C paid ; 
and 7x= number D paid ; ' 

/. (x+3a;+4x+7ap=)l 6a=*l755^ 

and x:s3]T. 
/.they contributed 317, 961, 1268, and 2219 dollars re- 
spectively. 

Prdb. 21. Let it be required to divide 890 dollars belweea thrMpaiB!. 
flOBff, in such a manner, that the first may have 180 m«M ^»aa.^9asi ift^ 
«ond, and theiaaoBd 115 mtra thin the thkd. 
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Here, it if mttiifeBt that if theie^st or third part were 
known, the remaining parts could be easily ascertained , 
therefore, 
Let the lemit or third part . • =x. 
Then the «ecoii(/ part . . . =:a;+ll^* 
/, the greatest or first part . . =x+ i 1 5+ 1 80. 
But the sum of the three parts . =890. 

.-. 3«+n6+l 15+ 180=890, 

or 3X+410A890 ; 

.*. by transposition, 3aF=890 — 410, 

or S«=:480, 
.'• a;=160=s lea$t part. 
.-. x+1 16=160+1 16=«75= second part, 
and a;+115+i80=rl60+115+180=455s: grea<«fl part. 

Prob. 22. A prize of 2329 dollars was divided between two persons A 
and B, whose shares therein were in proportion of 5 to 12. ^ What was 
the share of each ? 

Let 5a;=A's share ; 
then ISxsrB's share ; 

.•• 6ir+ 12a;— 2329, or 17ir=:2329 ; 

and a:=r:137. 
.\ their shares were 685 and 1644 dollars respectively. 

Prob. 23. A Fish was oanght, whose tail weighed 91bs. ; his head 
weighed as much as his tail, and half his bodj ; and his body weighed 
as much as his head and tail. What did the fish weigh ? 

Let 2(r= the number of lbs. the body weighed ; then 9+.r 
=r the weight of the tail ; 

.-. 9+9+«=2a; ; 

by transposition, x=18 ; 

.«. the fish weighed 36+27+9=72lbs. 

Prob. 24. A hare, 60 of her leapa before a greyhooBd, takes 4 leaps to 
the greyhound^s three ; but two of the greyhound's leaps are as much as 
three of the harems. How many leaps most the greyhound take to catch 
the hare f 

Let 3a;= the number of leaps the greyhound must take ; 
.*. 4a;s£ the number the hare takes in the same time, 
.*. 4a;+50= the whole number she takes, 

and 2 : 3 : : 3a; : 4x+50 ; 
.•. 9x=8ap+100 ; 
by transposition, a;=100, 
and the greyhound must take 300 leaps. 

Ptob, 25. The number of loldl^ti fX an «My U «uch^ that its triple 
diminisbed by 1000, is aqaal toito%:aadtup\« «A^«ii\Adi>>l'itSy^. ^\»x. 
it Otis jBoiabef f 
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Let X deaignate the pamber reqaired ; 
then, we are qondacted to this equation, 

* 3a; — 100o=4x+2000, whence «= — 3000, 
which gives an absurd answer with respect to the temm of 
the qoestion, since that a number of soldiers cannot be nega- 
tive. 

262. We shall render this impossibility verjr plain, bj ob» 
serving that the triple of a number being less than the. quad- 
ruple of the same number, the triple diminished by 1000 is 
much less than the quadruple augmented by 2000, But by 
writing — x in the place dt ^x in the equation of the pro- 
blem, then changing the signs of both sides, we find 
3a;+1000=4x— 2000 ; .-. a:=3000. 
We can from the equation 

3a: + 1 000=4x— 2000, 
re-establish the enunciation of the problem in such a manner 
that there results from the solution an absolute number« 
that is, 

a:=3000. 
If in place of taking x for the representation of the ujn- 
kiown number, we had taken 

a:'— 6000, or a;=a;'— 6000, 
we should find for the equation 

3a;'— 1 9000==4a:'— 22000 ; 
••. by transposition, 22000— 19000= 4a;'— Sa;'^ 

and .*. a;'?=3000 as before. 



A 



A' 



M 

Thus the value x=— 3000 being represented, on a line, 
by the length A'M, counted from A' towards M, or to the left 
of A', we pass by the substitution xs=a;'— 6000 from the ori- 

fin A' to the origin A, to the lefl of A', and distant from A' by 
000=2A'M ; then the length AM=a;' is positive. 

Prob. 26. A Courier seta oat from 'Trenton for FToifttnf ton, and trsr 
vela at the "ftiie of 8 milei an hour ; two hours after his departure ano- 
ther courier sets out after him from 2Vct9- Y^nrk^ supposed to be 68 mfles 
distant from TVenten, and travels at the rate of IS miles an hour. How 
far must the second Courier trarel betbre he overtakM the firgt? 

N— -^-a— M : ^ 

Let sc repnasent tl^e number of miles which the second cou- 
rier fravtis before be overtakes the first : then, by a little 
Intention, we discover that this distai^^ tho^^^ «iQgu^\s^ ^^ 
^Uoc0 frgm Mw' York tp TretUon^ ^v ^"t t:;^^^ xv&A^i^ ^^^W' 



196 SOLUTION OF PROBLEMS 

the distance travelled by the first courier in two hours which 

his departure preceded that of the second, together with Hie 

number of miles which the first travels whilst the second 

courier is on rout ; that is, NM, or x=NT+TR+RM. 

Let us translate the two last distances, that is, TR and 

RM ; in the first place, 2X8=16=TR= the number of 

miles which the first courier travels before the second sets 

out ; then, in order to find an expression for MR ; we shall 

say, since the* distances passed over in an hour are as 8 : 12, 

2.r 
or 2 : 3 ; as, 2 : 3 : : MR : x ; and consequently MR=-^. So 

that we obtain for a translation of. the enunciation, 
a,=68+16+-=84+-|; 

by multiplication, 3x=262+2a? ; .•. x=252, 
that is to say, the two couriers would meet when the second 
shall have travelled 252 miles. In fact, while the second 
travelled 252 miles, the first travelled 168 miles ; since 

2x 

— is the expression for the number of miles which the first 

travelled while the second was on rout ; that i^ substituting 

«,.«r 2a: 2X252 504 .^^ -i 

252 for X, --= — ~ — =__— = 168 miles. 
^ ^ o 

Now, the place from whence the first courier departed, be- 
ing 68 miles distant from New-Yurk, besides he has the ad- 
vantage of bavins: travelled 16 miles before the second set 
out. Consequently 68-1-16-1-168 must be equal to the num- 
ber of miles which the second courier travels before they 
meet; that is, 68-1-16-1-168=^:52. 

We see here an example of verification of the value of 
the unkown ; it is a proof which the student can, and should 
always make. 

> S63. In order to have a* general solution of thi^ problem. 
Let us then^'fore represent in general, by a the distance be- 
tween the two places of departure, which was 68 miles in the 
preceding question, by h the number of hours which the de- 
parture of tire first precedes that of the second, by c the num- 
ber of miles that the first courier travels per hour, and by d 
the number which the second travels in the same time. Let 
x= the distance which the second courier must travel before 
Xhey meet ; then, we shall have the distance travelled by the 
^rst courier during the time thatlhe second has been travel- 
^''^gf by calcalaiiDg the fourth term o£ a^^To^ot\[\^tL^toX^W£i- 

meaces thus ; 
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- cXx ex 

% a t e i : X : — 7- or -r . 

art.. 

The first coarier tre?elliiig c miles an hoar, he will hare 

traveDed cX6 miles before the second sets out. 

Tberelbre by the condition of the problem, we shall haye 

ex , . , . d(c6+a) 

a:=-r+6c+a: whence «=■ , » 

which gtres the solution of all questions of the same kind. 

Id order to show the use of this formula, let us resume 
SIPUB the preceding enunciation, and by recollecting that we 
wiMt rephice a by 68, 6 by 2, c by 8, and d by 12% 

TbtB the value of x becomes 

12n6rf68) 
«= — 7- — r — ^=262 miles as before. 
12 — 8 

264. Such is therefore the use of these general solutions, 
that by substituting in the place of the letters, the numbers 
which they are designed to represent, and maldng the opera- 
tions indicated by the signs, we have the answer to a particu- 
lar enunciation. 

Let us now supposse, in the above formula, that dsse^ or« 
what is the same thing, that both couriers go over equal spaces 

in equal times ; it becomes --^v — ^t=» $ which signifies 

that they will never meet, or that the two couriers will meet 
at a distance greater than any given quantity whatever ; this 
distance cannot be constructed, and we learn by this infinity 
that the problem proposed to be resolved is impossible, (Art. 
238). This impossibility is not relative to the position of 
the problem (Art. 199), as it happens when the value of s is 
negative, it is an absolute impossibility. 

But if, at the same time that c=<2, we suppose that a«0| 
(ssQ, that is to say, if the couriers set out together from the 
same place, and travel with the same velocity, we shall find 

Q 

x= ~ ; since here the result is given by three hypotheses, it 

announces an indetermination, as we have already seen, (Art.^ 
201) ; that u, x admits of an infinite number of answers. 

266. Hitherto we have supposed that both couriers go the 
same way ; if we now suppose that the two couriers set out 
to meet one another ; by changing the sign of c (Art. 262)^ 
in the formula, and preserving the above denominatioaSi we 

sbalJ hare .^= -^-; — ^. 

d+e 
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Let| Id order to Terify this fonnola, c{=c, h=^0 ; then bo^ 
couriers set out at the same time, and travel with the same 

velocity : we (iDd, in this case, x^= -, which indicates that 

the two coarters ought to meet at one half of the distance be- 
tween the places of departure. 

We should here demand how does the value x= 

— ^— — - , which answers .to, the case where £2=c, satisfy the 

above equation ; for it jsan essential property of Algebra 
that the symbol expressiog the value of the unknown quanti- 
ty, whatever it may be, being submitted to the operations in- 
dicated upon this unknown quantity, should satisfy the equa- 
tion of the problem. 
By substituting thisTalue of x in the equation 

x=— y-f-oc -|-a, 
» 

we have 

d(db+a)_cJ{db+a) 

~~6 dTxo" '*''''*■ ' 

therefore, clearing effractions, 

cdidb+a)—c{db+a)+{bc+a)Xd>CO ; 
but, since dXO=0, (6c+o)X(iX0=0 ; 
.*. it becomes db+assidb'\'Cty an equation whose two num- 
bers are iderUxccUly equal, and therefore this value of x satis- 
fies the equation of the problem. 

Prob. 27. What two numbers arc those whose difference 
is 10, and if 15 be added to their sum, the whole will be 43 ? 

^ Ans. 9 and 19. 

Prob. 29. What two numbers are those, whose difiereoce 
is 14, and if 9 times the lesser be subtracted from six times 
the greater, the remainder will be 33 ? Ans. 17 and 31. 

Prob. 29. What number is that, which being divided by 6, 
and 2 subtracted from the quotient, the remainder will be 2 ? 

Ans. 24. 

Prob. 30. What two numbers are those, whose difference 
is 14, and the quotient of the greater divided by the lesser 3 ? 

Ans. 21 and 7. 

Prob. 31. What two numbers are those, whose sum is 60, 
itod the greater is to the lesser as 9 to 3 ? Ans. 46 and 16. 

Prob. 32. What number is that,- which being added to 5, 
apd aho multiplied by 5, the product shall be 4 times the 

"frob, 33, WbdX number ia4ha^> v\i\c\i\>e\\v^T£vx\\>A^^^^ 
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|2, and 48 added to the product, the sum shall be 18 times 
the number required ? Ans. 8. 

Prob. 34. What number is that, whose I part eiceeds its | 
part tty 32 ? Ans. 640. 

Prob. 35. A Captain sends out ^ of his men, plus 10 ; and 
there remained ^, minus 15 ; how many had he ? An9'150. 
- Prob. 36. What number is that, from which i/ 8 be sub- 
tracted, three-fourths of the remainder will be 60 ? Ans. 88. 
Prob. 37. What number is that, the treble of which is as 
much above 40, as its half is below 51 ? Ans. 26. 

Prob. 38. What number is that, the double of which ex- 
ceeds four-fifths of its half by 40 ? Ans. 25. 
Prob. 39. At a certain election, 946 men voted, and the 
candidate chosen had a majority of 558. How many men 
voted for each. Ans. 194 for one, and 752 for the other. 
Prob. 40. After paying away ^ of my moiey, and then i of 
the remainder, I had 140 dollars left : what had I at first ? 

Ans. 180 dollars. 
Prob. 41. One being asked how old he was, answered, that 
the product of ^ r»f the years he had lived, being multiplied 
by ^ of the same, would be his age. What was his age ? 

Ans. 30. 
• Prob. 42. After A had lent 10 dollars to B, lie wanted S 
dollars in order to have as much money as B ; and together 
they had 60 dollars. What money had each at first ? 

Anfl. A 36, and B 24. 
Prob. 43. Upon measuring the corn produced by a field, 
being 48 bushels ; it appeared that it yieldied only one third 
part more than was sown. How much was tliat ? 

Ans. 36 bushels. 
Prob> 44. A Farmer sold 96 loads of hay to two persons. 
To the first one half, and to the s^econd one fourth of what 
his stack contained. How many loads did that stack contain. 

Ans. 128 loads. 

Prob. 45. A Draper bought three pieces of cloth, which 

together measured 159 yards. The second piece was 16 

yards longer thian the first, and the third 24 yards longer than 

the second. What was the length of e^ch ? 

Ans. 35, 60 and 74 yards respectively. 
Prob. 46. A cask which held 146 gallon^, was filled with 
a mixture of brandy, wine, and water. In it there were '16 
gallons of wine more than there were of brandy ^ axvd ^a. 
much water as both wine and bv^i\d^ . \R\v"^\. Q55\'ws&^^ '^^ 
there of each ? Ans. 29, 44, Wid 1^ ^?J\wa xes^^^^2^^^; 
Prob, 47. A person employed 4Y?o\\«caKcv> \si ^^^ff^ 
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whom be gave S'shilliogt aore than to the tecood ; to the se- 
cond 3 shillings more than to the third ; and to the third 4 
shillings more than to the foartb. Their wages amoonted 
to 32 shilUngs. What did each receive ? 

Ans. !S« 10, 7, and 3 shillings respectively. 

Prob. 48. A Father taking his foar sons to schoot, divided 
a certain sam among them. Now the third had 9 shillings 
more than the younger ; the second 12 shillings more than 
the third ; and the eldest 18 shilliogs more than the second ; 
and the whole sam was 6 shillings more than 7 times the sum 
which the youngest received. How onich had each ? 

Ans. 21, 30, 42, and 60 shillings respectively. 

Prob. 49. It is required to divide the number 99 into five 
such parts, that the first may eiceed the second by 3 ; be less 
than the third by 10 ; greater than the fourth by 9 ; and less 
than the fifth by 16. Ans. 17, 14, 27, 8, and 33. 

Prob. 60. Two persons began to play with equal sums of 
money ; the first lost 14 shillings, the other won 24 shillings, 
and then the second had twice as many shillings as the first. 
What sum had each at first ? - Ans. 62 shillings. 

Prob. 61. A Mercer having cot 19 jrards from each of 
three equal pieces of silk, and 17 from another of the same 
length, found that the remnants together were 142 yards. 
What was the length of each piece ? Ans. 64 yards. 

Prob. 62. A Farmer bad two flocks of sheep, each con- 
taining the same number. From one of these he sells 39, and 
from the other 93 ; and finds just twice as many remaining iq 
one as in the other. How many did each flock originally coo- 
tain ? Ans. 147. 

Prob. 63. A Courier, who travels 60 miles a day, had 
been dispatched five days, when a second is sent to over- 
take him, in order to do which he must travel 76 miles a day. 
In what time will he overtake the former ? Ans. 20 days. 

Prob. 64. A and B trade with equal stocks. In the first 
year A tripled his ^tock, and had ^27 to spare ; 6 doubled 
his stock, an.i had ^163 X,^ spans. Now the amount of both 
their gains Was five times the stock of either. What was 
that ? Ans. 90 dollars. 

Prob. 6^. A and B began to trade with equal sums of mo* 

pey. In the first year A gained 40 dollars, and B lost 40 ; 

but in the second A lost one-third of what he then bad, and B 

gijue^ a sum less by 40 dollars, than twice the sum that A had 

loat ; when it appeared that B bi^A lw\<i^ a« much money as 

-4. What mouMy did each be^u wvlVk 1 kta. ^'i^ ^^vi%, 

Proh. 5b. A and B bebg al lA^^> %^^^t^^ ^xA'^v^ ^^ 

ir 
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cards, so as to take off more thaa they lefl. Now it happen- 
ed that A cut off twice as many as B leflt, and B cut off sev^n 
times as. many as A lefl. How were the cards cut by each ? 

Ans. A cut off 48, and B cut off 28 cards. 

Prob. 67. What two numbers are as 2 to 3 ; to each of 
which if 4 be added, the sums will be as 5 to 7 ? 

Ans. 16 and 24. 

Prob. 68. A 8.um of money was divided between two per- 
sons, A and B, so that the shar^ of A was to that of B as 6 to , 
3 ; and exc^seded five-ninths of the whole sum by 60 dollars. 
What was the share of each person ? 

Ans. 460, and 270 dollars. 

Pjob. 69. The joint stock of two partners, whose parti- 
cular shares differed by 40 dollars, was to the share of the 
lesser as 1 4 to 6. Required the shares. 

Ans. the shares are 90 and 60 dollars respectively. 

Prob. 60. A Bankrupt owed to two creditors 1400 dol- 
lars ; the difference of the debts was to the greater as 4 t« ' 
9. What were the debts ? Ans. 900, and 600 dollars. 

Prob. 61. Four places are situated in the order of the four 
letters A, B, C, D. The distance from A to D is 94 miles^ 
the distance from A to B : disitance frow C to D : : 2 : 3, and / 
one-fourtb of the distance from A to B added to half the dis- 
tance from C to D, is three times the distance from B to C. 
What are the respective distances ? 

Ans. AB=I2, 80=4, and CD=18 miles. 

Prob. 62. A General having lost a battle, found that he 
had only half his army plus 3h00 men lefl, fit for action ; one- 
eighth of his men plus 600 being wounded, and the rest, 
which were one fiflh of the whole army, either slain, taken 
prisoners, or missing. Of how many men did his army con- 
sist ? Ans. 24000. 

Prob. 63. It is required to divide the number 91 intOxtwo 
such parts that the greater being divided by their difference, 
the quotient may be 7. Ans. 49 and 42. 

Prob. 64. A person being asked the hour, answered that 
it was between five and six ; and the hour and minute hands 
were together. What was the time ? 

Ans 6 hours 27 minutes 16^ seconds. 

Prob. 65. Divide the number 49 into two such parts, that 
the greater increased by 6 may be to the less diminished by 
1 1 as 9 to 2. Ai». a<3 -wA V^. 

Prob. 66. it is required todmde vVi%Ti\i\3KiWT^\S»x^^2«^ 
sucb parts (hat the differeace beXw^^xi ^^ ^«^V.« ?ssAV^ 
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shall be to the difference between 18 and the^less :: 2 
: 3. Ans. 22 and 12. 

Prob. G7. What nQmber is that to which if 1, 5, and 1S> 
be severally added, the first sum shall be to the second, as the 
second is to the third. Ans. 3. 

Prob. 68. It is required to divide the number 36 into three 
such parts, that one-half of the first, one-third of the second, 
and one-fourth of the third, shall be equal to each other, 

Ans. 8, 12, and 16. 

Prob. 69. Divide the number 1 16 into four such parts, that 
if the first be increased by 6, the second diminished by 4, the 
third multiplied by 3, and the fourth divided by 2, the result 
in each case shall be the samei Ans. 22, 31,9, and M* 

Prob. 70. A Shepherd, in time of war, was plundered by a 
party of soldiers who took.^ of his flock, and ^ of a sheep ; 
another party took from him ^ of what he had left, and \ 
of a sheep ; then a third party took i of what now remained, 
and ^ of a sheep. AAer which he had but 26eheepleft. How 
many had be at first ? Ans. 103. 

Prob. 71. A Trader maintained himself for 3 yean at the 
eipense of 601 a year ; and in each of those years augment* 
ed that part of his stock which was not so eipended by ^ 
thereof. At the end of the third year his original stock 
was doubled. What was that stock ? Ans. 7401. 

Prob. 72. In a naval engagement, the number of ships ta- 
ken was 7 mere, and the number burnt two fewer, than the 
number sunk. Fifteen escaped, and the fleet consisted of 8 
times the number sunk. Of how many did the fleet consist ? 

Ans. Sft. 

Prob. n. A cistern is filled ia twenty minutes by three 
pipes, one of which conveys 10 gallons more, and the other 5 
gallons leas, than the third, per minute. The cistern holds 
820 gallons. How much flows through each pipe in a mi- 
nute ? Ans. 22, 7, and 12 gallons. 

Prob. 74. A sets out from a certain place, and travels at 
the rate of 7 miles in five tHMirs ; and eight hours afterwards 
B sets out from the same place, and travels the same road at 
the rate of five miles in three hours. How long, and how 
far, must A travel before he is overtaken by B ? 

r Ans. 50 hours, and 70 miles. 

Prob. 75. There are two places, 154 miles distant, from 

which two persons set out at the same time to meet, one 

trawelUng slI the rate of 3 nulea ux livo Vxo\it«, and the other at 
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the rate of 5 miles in four hours. How long, and how far did 
each travel before they met ? 

Ans. 66 hours ; and 84, and' 70 miles. 

§ II. SOLUTION OF PROBLEMS PaODUCING SIMPLE ECtVATlONS, 

Lvoolving more than one unlaiown Quantity, 

266. The usual method of solving determinate problems of 
the fiursi degree, is, to assume as many unknown'letters, name- 
ly • ^« y* ^9 ^c. , as there are unknown numbers to be found ; 
then, having properly examined the meaning and conditions of 
the problem, translate the several conditions into as many 
distinct algebraic equations ; and, finally, by the resolution of 
these equations according to the rules laid down in Chapter 
IV, the quantities sought will be determined. It is proper to 
observe that, in certain cases, other methods of proceeding 
may be used, which practice and observation alone can sug- 
gest. 

Problem I. 

There are two numbers, such, that three timeis the greater added to 
one-third the lesser is equal 36 ; and if twice tbe greater be subtracted 
- from 6 times the lesser, and the remainder divided by 8, the quotient 
will be 4. What are the numbers f % 

Let X designate the greater number, and y the lesser num- 
ber, 

Then 3x+|=36. ^ C 9x+ y=108fA). 

o y 

Multiplying equation (A) by 6, 6y+64a:=648 ; 

but 6y— 2a;= 32 ; 

.'. by subtraction, 56a:=6l6, 
and by division, a;=ll. 

From equation (A), y=108— 9a; ; 

.«. by substitution, y= 108 — 99, or y=9. 

Pr*b. 2. Alter A had won four shiUiagi of B, he had only half as many 
shiUings aa B had left. But bad B wou siz^ shllliws of A, then he 
wonld hav« tbr«# times as many as A would have had left. How many 
had each ? 

^ Letx=: deflate the numbet o? ^\>X\i^^ kV^^^ to.^-^^ 
the number B had \ 
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# 

. then y— 4=2a;+8, 
^ andy+6=3x — 18 ; 

.-. bj subtraction, 10=a: — 26, 

and by transposition, 36=a;, or a:=36 ; 

by substitution, ^+^^3X36 — 18 ; 

and by transposition, ^=84 ; 

;'. Ahad36, andB 84. 

Prob. 3. What fraction is that, to the numerator of which if 4 be add- 
ed, the value is one-half, but if 7 be added to the denominator, its value 
is one-filth ? 

Let x= its numerator, > , ^t_ r '» « 
y= denominator, ] ^^^"^ ^^« ^^^^'^"^ y' 

x-l-4 
Md 4 to the numerator, then = |, .•. 2a;+8=:y ; 

X 

►5(Zd 7 to the denominator, then— —= J, .•. 6a;=y4-7 ; 



by subtraction, 3x — 8=7 ; 

by transposition, 32=15 ; .-. x=5 ; 

andy=2flc+6 ; .*. by substitution, y=l 0+8= 18, 

5 

and the fraction is — . 

18 

Prob. 4. A and B have certain sums of money, says A to B, give me 
15/ of your money, and I shall have 5 times as much as you have left : 
says B to A, give me 51 of your mfeney, and I shall have exactly as much 
as you will have left. What sum of money had each f 

Letrc= A's money, > then x-f-16= what A would have, 
y= B's, J after receiving 16/ from B. 

y — 16:= what B would have left. 
Again, y+6=what B would have after receiving 6/ from A. 

X — 6= what A would have left. 
Hence, by the problem, ar-f 16=6 X(y — 16)=6y — 76, 
and t/+6=x — 5. 

by transposition, 6y — x=90, 
and y — x= — lo ; 

••. by subtraction, 4y=100, 
and by division, ^=26 B^s money, 
From the second equation, a;=y-|- 10 ; 

.'. by substitution, x=zt5^ 10=35 A's money. 

JProb, $, A penou wai desirouM of i^lUTin^ a«ertain number of be^- 
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g^ara by giving them Si. 6d. each, bat foand that he had not money 
enoagh in his pocket by 3 shillings : he then gave them 2 shillings each, 
and had foar shillings to spare. What money had he in bis pocket ; and 
how many beggars aid he relieve ? 

Let x= money ia his pocket (in shillinga) ; 
y== the namber of beggars. 

Then 2^^ 2^9 ^' q ^ number of«At7/tng5 which would have 

r been given at 2s« 6d. each ; 

and 2Xy, or 2y= .... at Ss each. 

■ 6y 
Hence, by the problem, -~=a:+3(A), 

z ^ 

and 2y=a:— 4(B). 



/. by subtraction, 1=7, 

or y = 1 4 , the number of beggars . 
From equation (B), xi=2y+4=2X 14+4, by substitution, 
.*. x=32, the shillings in his pocket. 

Prob. 6. There is a certain number, consisting of two digits. The 
turn of those digits is 5 ^ and if 9 be added to the number itself, the di^ 
sits will be inverted. What is the number f I 

Here it may be observed, that every number consisting of 
two digits is equal to 10 times the diisit in the tens place, plus 
that in the units ; thus, 24==2x 10+4=20+4. 
Let x= digit in the units place ; 

y=^ that in the tens. 
Then 10a:+y= the number itself, 

and lOy+xss the number with its digits inverted. 
Hence, by the problem, ir+y= 5(A), 
and 10x+Jf+9=10y+ap, or by transposition, 9x — %=:— 9; 
.', by division, x — y= — 1(^)« 
Subtracting equation (B) from (A), 2^=6 ; 

/. y=3, and a:=6— y=5— 3=s2 ; 
/. the number is (10a:+y)=28. 
Md 9 to this number, and it becomes 32, which is the 
number with the digits inverted, 

Prob. 7. A sum of money was divided equally amongit. a certain 
number of persons ; had there been four more, each would hava rt^ 
•eived one shiUing less, and bad there been four fewer, eadh would 
have reeeived tWd shillihgs more than he did : required the nnabac «1 
penons, and wlHit each received. 

Let X deiigimU the nunber ot ^itoiA, 

19 
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y the sum each received in sbillings ; 
. then xy is the sum divided : 

.•.(a:+4)X(y-n=«y,J bv the auction • 
and (ar-4)X(y+2)=a:y, $ ^^ ^°® qaeilion , 

•*• xy+^ — X — 4^a:y, or 4y — a:=4, 
and xy — iy+2x — 8=jry, or — 4y+2a;=8 ; 

/• by addition, x=12 ; 
and 4y=4+x==4+12 ; /. y=4. 

Prob. 8. A mto, his wife, and son^s yean make 96, of which the 
father and son^s e(|uai the wife^s and 16 jeara over, and the wife and 
soQ*s equal the man's and two jean over. What was the age of each ? 

Suppose X, y, and z = their respective ages. 
1st condition a:+y+2'=96, ^ 
2nd . . . a;+^=y+15, > by the problem. 
3d . . . y'{'Z=^x+ 2, J 

Subtracting the 3nd from the Ist, y=96 — y — 15 ; 

/. 2^s=81, and y=40J. by division. 
Subtracting the 3d from the Ist, x— 96 -ar — 2 ; 
/• by transposition and division, rc=47« 
And from the 1st, r=96 — y— a? ; .'.-?=8^. 
And their ages are 47, 40j^, and 8^ respectively. 

IProb. 9. A labourer working for a gentleman during 12 days, and hav- 
ing had with him, the flrt»t sevep days, his wife and son, received 74 
shillings ; he wrought afterwards 8 other days, during 5 of which he had 
with him his wife and son, and he received 50 shillings. Required the 
gain of the labourer per da> , and oho, that of his wife and son. 

Leta:= the daily gain of the husband, 
y= that of the wife and son ; 
12 days work of the husband would produce 12x, 
7 of the wife and son would be 7y ; 

/. by the first condition, 12x4" '7y= 74 

and by the second, 8a;+ 6y= £?0 

Multiplying the let equation by 2, 24x+H2/-=148 

2nd . . by 3, 24x+16y=160 



• • 



by subtraction, 9/=2. 
And from the 2nd, 8x:?= 60—6^=50 — 10 ; 

,•. bv division x=6. 

» 

Consequently the husband would have gained alone 5s. per 
day, and the wife and sp.p 2 shillings in the same time. 

267. Let as now suppose that the firat sum. received by the 
workmao was 468, and the second 308^ the other circumstan- 
res remaioiag the aamc as before *, 
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The equations of the qaestioo would be 

12a;+7y=46, and 8a;+6y=30. 

Frdm whence we find, by proceeding as above, 

aj-=6, and y= — 2. 

By putting in the place of x its value 5, in the above equa- 
tions, they become 

60+7y=46, and 40+6y=30. 

The inspection alone of these equations show an absurdity. , 
In fact, it is impossible to form 46 by adding an absolute num- 
ber to 60, which is already greater than it, and in like man- 
ner it is impossible to form 30 by adding an absolute number 
to 40. 

Consequently what we attributed as a gain t^ the labour of 
the wife and son. mu^ be ao expense to the husband, which 
is also verified by the result y^— 2. 

268. The negative value of y makes known therefore a 
rectification in the enunciation of the pro^dem ; since that, 
instead of adding ly to 12x in the first equation, and by to 8a; 
in the second, y being considered a positive or an absolute 
number, we must subtract them in order to have the sum 
given for the common wages of these three persons ; or what 
is the same thing, if, in place of considering the money attri- 
buted to the wife and son as a gain, we would regard it as an 
expense made by them to the charge of the workman ; then 
we must subtract this money from what the man would have 
gained alone, and there would be no contradiction in the equa* 
tions, since they would become 

60 — 7y=46, and 40 — 6y=30 ; 
from either of which we would derive y=2 ; ^nd we should 
therefore conclude that if the workman gained 5s. per day, 
his wife and son's expense is 2s., which can be otherwise 
verified thus : 

For 12 days work, he receives 5X12 or 60s. ; the ex- 
pense of his wife and son for 7 days, is 2 X7 or 14s ; and there 
remain 46 shilling^. 

Again, he receives for 8 days work 5X8 or 403., the ex- 
pense of his wife and son during 5 days is 2X5 or 10s. ; 
therefore his clear gain is 30 shillings. 

269. It is very evident that, in place of the enunciation of 
(Prob. 9), we must substitute the following, in order that the 
problem proposed may be possible, with the above given 
quantities : 

A labourer working for a gentleman during 12 dat^^ ^ Komxv,^ 
had with him J the first 7 ckiys, His toife and soiv^ibVa occo.«\.^)tv a\^ 
expense to himy received 46 shillings ; KiHa« •WTO^fc^ti-k ^S^"^" 
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wards t for 8 othev dayt^ on 6 of which he had with him his wife 
and son J whose expenses he must still defray ^ and he received 30 
shillings. Required the salary of the workman per day^ and aU 
sOf the expense of his wife and son in the same time. 

DesigoatiDg by x the daily wages ol the workmaD, aod by 
i/ the eipeDseofhis wife and sod, for the same time ; the 
equations of the problem shall be 

IZx— 7y=46, and 8ar — 6y=30 ; 
which, being resolved, will give 

x=5s, and y=2s. 

270. Although negative values do not answer the enuncia- 
tion of a concrete question, as has been otraerved (Art. 199), 
yet they satisfy the equations of the problem, as may be rea- 
dily verified, by substitutiog b for x, and — 8 for y, in the 
equations (Art. 267), since they would then become identi- 
cally equal. 

Frob. 10. Two pipes, the weter flowing in each nniformly, filled a cis- 
tern containing 330 gallons, the one running during 5 hours, and the 
other during 4^ the same two pipes, the first running during two hoars, 
and the second three, filled another cistern containing 195 gallons. The 
discharge of each pipe u required. 

Let X represent the discharge of the first in an hour ; y 
that of the second in the same time. 

And in order to have a general solution, put a=5, 6=4, 
c=330, a'=2, 6'c=3, c'=196 ; then by the conditions of the 
problem we shall have these two equations, 

aar4-^y=c> and a'x-^-h'y^c' ; 

which, being resolved as in (Art. 209), will give 

b'c — he* ac' — a'c 

2C= -r. TTf and y 7;; n . 

ab — a ab — a 6 

Now, by restoring the values of a, 6, c, &c., we have 

990—780 210 '^ 

a:= — -- =-- =30 : 

16 — 8 7 ' 

976—660 ,, 
andy=— —-=46. 

Thus, the first pipe discharges 30 gallons per hoar, and the 
second 46. 

271. Let as now suppose that the first pipe running during 
3 hours, and the second during 7, filled a cistern containing 
190 gallons ; that afterwards, the first running 4 hours, and 
the second 6, filled a cistern containing 120 gallons. 

la this case, a=3, 6=7, c=\90, a'=4> 6'=6, c'=120 ; 
and, coosequeotly, 6'c-bc'=\U0— ^\^— ^^^ a\i— ^\i^\^ 



PRODUCING SIMPLE EQUATIONS. 209 

— 28= — 10, oc'— a'c=360— 760c= — 400, which will give x 
=—30, and y=40. 

In order to understand the meaning of these results, we 
must return again to the conditions of the problem, or what 
amounts to the same, we must try how these values of x and 
y satisfy the equations of the problem : 

Thus, if we substitute —30 for x, and 40 for y, in the^ 
equations 3a;+7y=190 and 4a;-t-6^=]20, resulting from the 
above problem, we find fijrst, that 3x= — 90, and 7^=280, 
consequently 3rc+72^=— 904-280, which in effect is equal 
to 190. In like manner 4x+6^ is found to be-~ 120+240, 
which Is equal to 120. 

Having, therefore, discovered howthe values —30 and +40 
of X and y answer the equations 3x+7^=l90 and 4a;+6^= 
1 20, we perceive at the same time how they would answer the 
conditions of the ^problem ; for since the use that has been 
made of the quantities 3a; and 4x, which express the quanti- 
ties of water discharged by the first pipe in the first and se- 
cond operation, was to subtract them from ly and from 6y, 
which express the quantities furnished in the same operations 
by the second pipe. The first pipe must be considered in 
this case as depriving the cisterns of water instead of fur- 
nishing any, as it did in the preceding problem, and as it was 
supposed in expressing the conditions of this problem. 

272. Hence, in almost every question solved after a gene- 
ral manner, we may always conclude that when the value of 
the unknown quantity becomes negative, the quantity ex- 
pressed by it, should be considered as being of an opposite 
kind from what it was supposed in expressing the conditions 
of the problem. 

What has been said with respect to unknown quantities, if! 
equally applicable to known quantities, that is, when a gene- 
ral solution ia applied to any particular case, if any of the gi- 
ven quantities a, 6, c, kc. in the problem, are negative. 

273. Let it be propo.^ed, for example, to find what should 
be, in the foregoing problem, the discharges of two pipes, 
that the first furnishing water during 3 hours, and the second 
4, may fill a cistern containing 320 gallons, and that the se* 
cond pipe afterwards furnishing water daring 6 hours, whilst 
the first discharges it during 3 hours, may fill a cistern con- 
taining 180 gallons. 

We have only to put in the general solution QArt« t1(^\^ a ^ 
a=3, 6=54, c=320, a'=— S, 6' =6, c =U0, ^tA. ^^«t^^^ 
result xsss40^ and y^M. 

From wjbwge it appears that tbe diagYvaLt^^ ^ifl^x^toN-^^^^^ 

1Q# 
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is 40 gallons per hoar, either to carry away the water at in 
the second operation, or to furnish it as in the first, and the 
discharge of the second, 50 gallons an hour, which it famish- 
es in both operations. 

Prob. 11. A certain sum of money put out to interest, 
amounts in 8 months to 297/, 12«. ; and in 15 months its 
amount is 306/ at simple interest. What is the sum and the 
rate per cent ? Ans. 288/, at 6 per cent. 

Prob. 12. There is a number consisting of two digits, the 
second of which is greater than the first, and if the number 
be divided by the sum of its digits, the quotient is 4 ; but if 
the digits be inverted, and that number divided by a number 
greater by 2 than the difference ef the digits, the quotient 
becomes 14. Required the number. Ans. 48. 

Prob. 13. What fraction is that, 4hose numerator being 
doubled, and denominator increased by 7, the value becomes 
§ ; but the denominator being doubled, and the numerator 
increased by 2, the value becomes | ? Ans. }• 

Prob. 14. A Farmer parting with his stock, sells to one 
person 9 horses and 7 cows for 300 dollars : and to another, 
at the same prices, 6 horses and 13 cows for the same sum. 
What was the price of each ? 

Ans. the price of a cow was 12 dollars, and of a horse 24 
dollars. 

Prob. 15. A Vintner has two casks of wine, from the great- 
er of which he draws 15 gallons, and from the less 11 ; and 
finds the quantities remaining in the proportion of 8 to 3. Af- 
ter they became half empty, he puts 10 gallons of water into 
each, and finds that the quantities of liquor now in them are 
as 9 to 5. How many gallons will each hold ? 

Ans. the larger 79, and the smaller 35 gallons. 

Prob. 16. A person having laid out a rectangular bowling- 
green, observed that if eac.h side bad been 4 yards longer, the 
adjacent sides would have been in the ratio of 5 to 4 ; but if 
each had been 4 yards shorter, the ratio would have been 4 
to 3. What are the lengths /of the sides ? 

Ans. 36, and 28 yards. 

Prob. 17. A sets out express from C towards D, and three 
hours afterwards B sets out from D towards C, travelling 2 
miles an hour more than A. When they meet it appears that 
the distances they have travelled are in the proportion of 13 
to 15 ; but had A travelled five hours less, and 6 had gone 2 
milea no hour morei thej would have been in the proportion 
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of 2 : 5. How maDj miles did each go per hour, aod how 
maoy hoars did they travel before they met ? 

Ans. A went 4, and B 6 miles an hour, and they tra?elle(2 
10 hours after B set out. 

Prob. 18. A Farmer hires a farm for 2451 per annuirij the 
arable laud being valued at 21 an acre, and the pasture at 28 
shillings : now the number of acres of arable is to half the 
excess of the arable above the pasture as 28 : 9. How many 
acres were there of each ? 

Ans. 98 acres of aiyible, and 35 of pasture, 

Prob. 19. A and B playing at backgammon, A bet 3s. to 2s. 
pn every game, and af\er a certain number of games found 
that he had lost 17 shillings. Now had A won 3 more from 
B, the number he would then have won, would be to the 
number B had won, as 5 to 4. How many games did they 
/ play ? Ans. 9. 

Prob. 20. Two persons, A and B, can perform a piece of 
work in i6 days. They work together for 4 days, when A 
being called off, B is left to tinish it, which he does in 36 days 
more. In what time would each do it separately ? 

Ans. A in 24 days, and B in 48 days. 

Prob. 21 . Some hours after a courier had been sent from A 
to B, which are 147 miles distant, a second was sent, who 
wished to overtake him just as he entered B ; in order to 
which he found he must perform the journey in 28 hours less 
than the first did. Now the time io which the £[rst travels 17 
miles added to the time in which the second travels 56 miles 
is 13 hours and 40 minutes. How many miles does each go 
per hour ? 

Ans« the first goes 3, and the second 7 miles an hour. 

Prob. 22. Two loaded wagons were weighed, and their 
weights wefe found to be in the ratio of 4 to 5. Part;^ of their 
loadd, which were in the proportion of 6 to 7, being taken out> 
their weights were then found to be in the ratio of 2 to 3 ; 
and the sum of their weights was then ten tons. What were 
the weights at first ? Ans. 16, and 20 tons. 

Prob. 23. A and B severally cut packs of cards ; so as ta 
cut off less than they left. Now the number of cards left by 
A added to the number cut off by B, make 50 ; also the num* 
ber of cards left by both exceed the number cat off, by 64^ 
How many did each cut off ? . Ans. A cut off l\^ ^tA^ ^» 

Prob. 24. A and B speculate wVVk tf\&t^tLV wsoa \ ^ >^»« 
J60f, B loses 501, and apw Vft ^VqcV\^ V) ^'^ %» ^ V^ *. «" 
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had A lost 50/» and B gained lOO/, then A^s stock would have 
been to B's as 5 to 9. What was the stock of each ? 

Ans. A's was 300/, and B's SSOl. 
Prob. 25. A Vintner bought 6 dozen of pott wine and 3 
dozen of white, for 12/. 12 shillings ; but the price of each 
afterwards falling a shilling per bottle, he had 20 bottles of 
port, and 3 dozen and 8 bottles of white more, for the same 
sum. What was the price of each at first ? 

Ans. the price of port was 2s. and of white 3s. per bottle. 

Prob. 26. Find two numbers in the proportion of 5 to 7, to 

, which two other required numbers in the proportion of 3 to 

5 being respectively added, the sums shall be in the propor- 
tion of 9 to 13 : and the difference of those sums =16. 

Ans. the two first numbers are 30 and 42 ; the two others, 

6 and 10. . 

Prob. 27. A Merchant finds that if he mixes sherry and 
brandy in quantities which are in the proportion of 2 to 1, he 
can sell the mixture at 788. per dozen ; but if the proportion 
be as 7 to 2, he must sell it at 79 shillings a dozen. Requir- 
ed the price of each liquor. 

Ans. the price of sherry was 81s., and of brandy 72d. per 
dozen. 

Prob. 28. A number consisting of two digits when divided 
^y 4, gives a certain quotient and a remainder of 3 ; when 
divided by 9 gives rinolhiT quotient and a remainder of 8. 
Now the value of the di^it on the lefl-hand is equal the quo- 
tient which was got vvhen the number was divided by 9 ; and 
the other digit i^ equal y^^th of the quotient got when the 
number was divided by 4. Required the number. Ans. 71. 

Prob. 29. To fiml three numbers, such, that the Jirst with 
^ the sum of the second and third shall be 120 ; the second 
with jth the difference of the third diadjirst shall be 70 ; and 
^ the sum of the three numbers shall be 96. 
^ Ans. 50, 66, and 75. 

^.{*rob. 20. There are two numbers, such, that 4 the great- 
er added to ^ the lesser is 13 ; and if ^ the lesser be taken 
from ^ the greater, the remainder is nothing. What are the 
numbers? Ans. 18, and 12. 

Prob. 3i. There is a certain number, to the sum of whose 
digits if you add 7, the result will be three times the lefl-hand 
digit ; and if from the number itself you subtract 18, the di- 
gits will be invented. What is the number ? Ans. 53. 
Prob, 32, A penon has two horses, and a saddle worth 
JO/; if the saddle be pat on the^rti horse ^VA% ^^Vae \ifeCoti\fe^ 
iiffu6/f that of ike second ; but if the wA^tt^ b^ ^xiX QulV^ t^ 
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cond hocBe, hit. valae will not amount to that of the first horse 
by 131, What is the value of each horse ? 

Ans. 66 and 33. 
Prob. 33. A gentleman beinj; asked the age of bis two sons, 
answered, that if to the sum of their ages 18 beadde.d, the re« 
suit will be double tbe age of the elder ; but if 6 be taken 
from the difference of their aji^es, the remainder will be equal 
to the age of the younger. What then were their ages ? 

Ans. 30 and 12. 

Prob. 34. To find four numbers, such, that the sum of the 
Ist, 2d, and 3d, shall be 13 ; the sum of the 1st, 2d, and 4tb, 
16 ; the sum of the 1st, 3d, and 4th, 18 ; and lastly the sum 
of the 2d, 3d, and 4tb, 20. Ans. 2, 4, 7, 9. 

Prob. 35. A son a^ked his father how old he was. Hii 
fkther answered him thus. If you take away 6 from my 
years, <and divide the remainder by 8, the quotient will be ^ of 
your age ;. but if you add 2 to your age, and multiply the 
whdle by 3, and then subtract 7 from the product, you will 
have the number of the years of my age. What was the age 
of the &ther and son ? Ans. 63, and 18. 

Prob. 36. Two persons, A and B, had a mind to purchase 
a house rated at 1200 dollars ; says A to B, if you give me f 
of your money; 1 can purchase the house alone ; but says B 
to A, if you will give me |th of yours, I shall be able to pur- 
chase the house. How much money had ea^h of them ? 

Ans. A had 800 alnd B 600 dollars. 

Prob. 37. There is a cistern into which water is admitted by 
three cocks, two of which are exactly of the same dimensions. 
When they are all open, five-twelftho of the cistern is filled 
in 4 hours ; and if one of the equal cocks be stopped, seven* 
ninths of the cistern is filled in 10 hours and 40 minutes. In 
how many hours would each cock fill the cistern ? 

Ans. EAch of the equal ones in 32 hours, and the other in 
24. 

38. Two shepherds, A and B, are intrusted with the charge 
of two flocks of sheep. A*s consisting chiefly ol ewes, many 
of which produced lambs, is at the end of -the year increased 
by 80 ; but B finds his stock diminished by 20 ; when their 
numbers are in the proportion of 8 : 3. Now had A lost 20 
of his sheep, and B had an increase of 90, the numbers 
would have been in the proportion of 7 to lu. What were 
the numbers ? An<). A*s 160, and B's 1 10. 

Prob. 39. At an election for Ivio m^toX^^t^ ^^ t«^^;^'»%^ 
three men offer themselves a« c^u^vdaVe^ \ >Jafe xjwai^^'t ^"v 
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yoters for the tivo successful ones are in the ratio of 9 to 8 ; 
and if the first had bad 7 more, his majonty oyer the secood 
would have been to the majority of the second over the 
third as 12 : 7. Now if the drst and third had formed a co- 
alition, and had one more voter, they would each have snc^. 
ceeded by a majority of 7. How many voted for each ? 

Ans. 369» 328» und 300> respectively, 



CHAPTER VI- 



OS 

INVOLUTION AND lEybLUTJON 

OF NUMBERS, AND OF ALGEBRAIC QUANTITIES. 

S74. The powers of any quantity^ are the auccetsive pro- 
ducts^ ariiingfrom unity, continuaHy mtdttplied by that quanti- 
ty. Or, the power of the order m of a quantity, m being a 
whole positive number, is the product of that quantity conti- 
nually multiplied m — 1 times into itself, or till the number 
of factors amounts to the number of units in that given 
power. 

275. Involution is the method of raising any quantity to 
a given power, Evolution, or the extraction of roots, being 
just the reverse of involution, is the method of determining 
a quantity which, raised to a propiosed power, will produce 
a given quantity. 

Note, — The term root has been already defined, (Art. 12). 

§ I. INVOLUTION OF ALGEBHAIG QUANTITIES. 

276. It has been observed, (Art. 13)» that the powers of 
algebraic quantities, are expressed by placing the index or 
exponent of the power over the quantity. 

Hence, if a proposed root be a single letter and without a 
coefficient^ any required power of it wiU be expressed by the 
satne letter with the index of the power written over it. Thus, 

the utb power of a is =a", n beiug wij ^ouUve number 

9r bat ever. 
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377. If the ^ropoud root bt ilulf a power, the required pow- 
er will bi lAlained by mutttplying the index of ike given power 
into that of the required poTser. Thus the rnth power of a'', 
or (a'')"=a"»; for since, (Art. 274), {ai-y =arXoJ'XaT, 

Jtc. =a^*'t«-=a^ (1) 

where the natnber of factors ar js equal to m. 

278. Also, tf a timple quantity be compoied of leveralfac- 
ton, it can be raited t6 any power by tnMtiplying the index of 
every factor in the ijuantUy by the exponvt of the power. Thus 
Uie mlh power of {afb^if), or (iwfc'e')" is = apwfcr'v™ ; for 
since (Art. 274), (a'i'e'')"=('''^''^)X('"*'0' ^'c. = a'a' 

. . . 6«6« . . . c'c' . . . =(«>)"• xt^j-xtO"; ■ • - • Cs) ; 

by obserTiDg that in each of these products, such as a''ar &c., 
or 6»i» &c., there enter m equal factors. 

Cor. Hence, if the proposed quantity has a numerical eotffi' 
ctent, it mutt also be involved to the required power. Thus 
the fourth power of 3a"t"is-- 3V' fc»-'=3X3X3X.3Xo'i' 
1=81 oV. For the numerica) coefficient is in this case the 
■ame as any other factor. 

ROOTS AND POWERS OF NUMBERS. 
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279. ^ny power of a fraction ii equal to the aamt power'of 
the numeiralor divided by the like power of the denominator. 

Thas the mlh power of ^, or (^)'"=^ ; for (Art. 274), 
; wbere the anmber of factors ^ is equal to m. 
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And ia like manner the mth power ^^'ZT^fi^ xZT') ^ 

280. Any even power of a positive or negative quantity ^ is ne- 
cessarily positive. Id fact, Soi beiog the fi^rmala of even 
nurobem, webaye(+a)'«=[(+o)»}«=(+a«)«=»+a»w . (4). 

281. JIny odd iower of a qvantity will have the same sign 
as the quantity itself For, the general formula of odd num- 
bers, (Art. Ill), being 2m+l, we bate (+^a)a«+»=: (+0) 2« 

The involuion of algebraic quantities is generajlj divided 
iDto two cases. ^ 

CASE I. 

To involve a simple algel^aic ^antiiy, 

RULB. 

28S. Raise (he coefficient, if any, to the required power» 
then multiply the index of each factor, or letter, by the index 
of the required power, and write their several products over 
their respective factors : Let the quantities thus arising be an- 
nexed to each other and to the same power of the coefficient, 
prefixing the proper sign, and it will be the power required. 
Or, multiply the quantity into itself as many times less one as 
is denoted by the index of the power, and the last product, 
with the proper sign prefixed, will be the answer. 

Ex. 1. Required the square, or second power of 2a&. 

Here, (2fl6)2=4Xa2X62=4cP6^ Ans. 

Ex. 2. What is the cube of -So^fc^? 

Here, (— 3a^6^f = (Art. 281),— (3a'&«y=— 81 Xo^-^Xi^*' 
= -81a«6«. Ans. 

Ex. 3. What is the 4th power of — 2oV ? 

Here, (— 2aV)*=(Art. 280). +(2aV)*=xl6Xo3-V.4=i6 
a^V. Ans, 

Ex. 4. What is the cube, or third power of a6c ? 
Here, abcXabcXabc^aXaXaXbXbXbXcXcXc^a^hW 

283. When the quantity to be involved is a fraction, raise 
both the numerator and denominator to the power proposed 
(Art. 279). 

-Ex. 5. JRe^uired the 4th powet of — ^. 
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' / h\. , /b\. b b h ,b b* 

Here, (-2^)*=+ (g^)*— X^^X^X^^^ 



2a 2a^2a 2a 16a* ' 






(2«)* 2*Xa« 16o« ■ 

Ex. 6. What is the 4th power of -|?? Ans.i^. 

3x 81x* 

Ex. 7. Whsct is the 8th power of 2a« ? Ans. 266a»». 

Ex. 8. What is the 7th power of —x ? Ana. — x'. 

Ex. 9. What is the 6th power of — =- ? Ans.^. 

X^ jpM 

Ex; 10. What is the 6th power of ^ ? Ans.-i—. 

'^ 5 3126 

Ex. 11. What is the 4th power of —- ? Ans. . 

^ 7 3401 

Ex. 12. Reqoired the cube of —-57- ? Ans.^ > 

Ex. 13. Required the square of +c^b^ ? Ads. c^b\ 



Ex. 14. Required the 9th power of — xy ? Ads. — «y. 
Ex. 16. Required the 0th power of xy ? Ans. 1. 

Ex. 16. Required the 4th power of ar^ ? 



Ads. a-®, or 



a» 



CASE II. 
To invoLvt a compound cdgebraie Quantify. 

RULE I. ' 

284. Multiply the given quantity continually into itself as niia- 
ny times minus one as is denoted by the index of the power, 
as in the multiplication of compound algebraic quantities (Art. 
79), and the last product will be the power required. 
Ex. 1. What is the square of a+26 ? 

a+2b 
a+2b 



a*+2ab 
+2a&+46» 

Square =o"+4afc+4ft^ 
%0 
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Ex. 2. What is the cube otaJ'^x' ? 



o*— aV 
o*-2aV4-a:* 



Cube =a»-3aV+3aV— x« 



Ex. 3. Reqaired the fourth power of a4-3&. 

Ans. a*+12a36-|-54o'6»+108aft3+ai^4 

Ex. 4, Required the x^tcare of 3x*+2x+6. 

Ans. 9x^+1 2a:'+34x^+20x+25. 

Ex. 5. Required the cuht of 3a; — 5. 

Ana. 27a:3— 136x2+226aj— 126. 

Ex. 6. Required the cuht ofap^~2a;+l. 

An8. a:®— 6ar^+ 16a;*— 20x^+1 Sr'—ex+l. 

Ex. 7. Required the/oiiWApowcr of2+3x. 

Ans. 16+96a;+216a;«+216x'+81a^^ 

Ex. 8. Required the^/A power of 1 — 2x, 

Ans. 1— I0x+40r»— 80r*+.80x*— 32a^ 

Ex. 9. Required the tquare of a4-6+c+J. 

Ans. o«+6^+c^+cP+2(a6+ac+aci+6c+W+id). 

286. in the involution of a binomial or residual quantity of 

the form o+6, or a — b ; the several terms in each successive 

power are tound to bear a certain relation to each other, and 

observe a certain law, which the following Table is intended 

tp explum. 
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TABLE OF THE POWERS OF O+b. 



Powers. 



Mode of ex- 
pressing them. 



Square. 



Cube. 



4th power. 



5th power. 



{a+by. 



{a+by. 



(a+by. 



{a+by. 



Powers expanded. 



aJ'+Zab+b^. 



a'+Sa'b+Sab'+b^ 



a*+4a36+6a^6»+4a63 
+ b\ 



I 



a^+ba'^b+ \0a^b^+\0a^ 
b^+5ab*+b\ 



6th power. 



{a+by. 



a''+6a'b+ 1 5a'b^+20a^ 
P+lba^'b^+eab'+b^ 
The successive powers of a— 6 are precisely the same as 
those o£a+b, except that the sis^ns of the terms will be al- 
ternately 4- and — . Thus, the^if^ power of a — b is a* — 5a* 
b+lOa^b^^lOa'P+bab^^bK 

286. In reviewing that column of the above Table which 
contains the powers of a+b expanded , we may observe, 

I. That in each case, the^r«^ term is raised to the given 
power, and the last term it* b raised to the same power ; thus, 
in the square, the Jirst term is a^, and the last b^ ; in the cube^ 
the^rs^ term is a^ and the last P ; and so on of the rest. 

II. That, with respect to the intermediate terms, the pow- 
ers of a decrease, and the powers of 6 increase, by unity in 
each successive term. Thus, in the 6fth power, we have 

In the second term, a*6 ; 

third, a^b^ ; 

fourth, a^b^ ; 

fifth a 6* ; 

and so on in other powers. 

III. That in each case, the coefficient of the second term is 
the same with the index of the given power. Thus, in the 
square, it is 2 ; in the cube, it is 3 ; in the fourth power, it 
is 4 ; and so on of the rest. 

IV. That if the coefficient of a in any term be multiplied 
by its index, and the product divided by the number of terms 
to that place, this quotient will give the coefficient of the next 
term. Thus, in the fifth power, Ibft co^®lc\^tv\. ^^ avoL^'t 
second term inaitiplied by iu index > wid ^vV\^%^>a^ ^^NfexsEsw^- 
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ber of terms to that place =——■=,— =10= coefficient of 
the third term* 

- . . , CoeiT^fa lntbe_4lb term . to MMfejf 20 X 3 

In the sixth power, nuinber of termt to tbac plac^" — 4 

— =:15=coefficieDt of \hejiftk term. 

Hence, we are farni^bed with the following general mfe ibr 
raising a binomial or residual quantity to any power, with- 
out the process of actual multiplication. 

RULE 11. 

287. Find the terms without the coefficients, by observing 
that the index of the first, or leading quantity, b^siiifl witli 
that of the given power, and decreases continually by }, in 
every term to the last ; and that, in the following quantity, its 
indices are 1,2, 3, &c. Then, find the coefficients, by ob- 
serving that those of the first and last terms are always 1 ; 
and that the coefficient of the second term is the index of the 
power of the first ; and, for the rest, if the coefficient of any 
term be multiplied by the index of the leading quantity in it, 
and the product be divided by the number of terms to that 
place, it will give the coefficient of the term next following. 

Ex. 1. Required the Bth power of a+b. 
Here the terms, without the coefficients, are 

a\ a'K a^h^, a^b\ a*b\ a^b', a*b\ ab\ b\ 
And the coefficients, according to the rule, will be 1,8,. 

z o 4 5 o 

28X2 _ 8X1_, 
_._=8,-jj 1. 

Then, the terms are thus : 

The^r*^ term is o'. 

seaondf Ba'b. 

third, .... — ^Xa«&3=28a«6^ 
fourth, . . , t^xa'i^=^bea'b\ 
jjgh^ .... 5£^Xa*M=70o*^^ 
sixth, . . . l^-y.rfb*=^b^d?V^^ 

r 
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wenih, . . . r2^xa»6«=28a25«. 

6 

eighth, , . .. Xa6^=8a6\ 

mnr^, . . . —s— X fc®= 6'» 
* 8 

And thus we have, {a+by^a^'+Sa^b+iQal^b'^+SGa^b^+TO 
a^M+66a'6'+28a26«+8a6-'+6«. 

288. From this example and the foregoing Table the whole 
number of terms will evidently be one more than the index 
of the given power ; after having calculated therefore as 
many terms as there are units in the index, of the given 
power, we may immediately proceed to the last term. And 
in like manner it may be observed, that when the number of 
terms in the resulting quantity is even, the coefficients of the 
two middle terms is the satne ; and that in all cases the coeffi- 
cients increase as far, as the middle term, and then decrease 
precisely in the same manner until we come to the last term. 
By attending to this law of the coefficients, it will be necessary 
to calculate them only as far as the middle term, and then set 
down the rest in an inverted order. 

Thus in the above example, the middle term is 70a^6S and 
we have, 

The^rs^ four coefficients, I, 8, 28, 56. 
The Zas^ four .... 66, 28, 8, I. 

289. But we are not yet arrived at the most general form in 
which this Ruler may be exhibited. Suppose it was required 
to raiie the binomial a-^b to any power denoted by the num- 
ber (n). Proceeding with n as we have done with the several 
indices in the preceding examples; it appears that. 

Theirs/ term would be a*». 
The second, . . . na'^^b. 

The third, . . . !!i'?=l^a'-26. 

2 

The/o«rrt. . . . <!iZl^"i:!}«»-R 



The nxri^. <'-0><i!^g)2i('^)X('?i:l)>wis, 

The last, ..... fc*. 

40* 



tii mvoLtmoN. 

Or, {a+by==€fl+m^'b+^^^^^-^h'+ 

n(n -l)X(ii^ g) n(n-l)X(n-g)X(ii^3) 

2.3 » ''T . 2 3^ 

a^-*b*kc +b\ 

By the same proceu, (a — fe)*=o* — iia*-^^+ 

2 . 2.3 

-i i — \ ^ — ^^ ia»-*6*— .&C. ; the sigDS of the terms 

being alternately + and — 1 ; and the sign of the last term 
is + or — 1, according as n is even or odd ; we have the last 
term in iht former ease, +6*, and in the latter — &*. 

This general and compendious method of raising a binomial 
qoftntity to any given power, is called from the name of its ce- 
lebrated inventor, Sir Isaac Newton's *' Binomial Theorem." 
The demonstration of this Theorem^ with its application to the 
finding the powers and roots of compound quantities, forms 
' the subject of another Chapter. Its present use will appear 
from the following Example. 
Ex. 2. Required the fifth power of x^+V- 
Substituting these quantities for a, by n, in the foregoiag 
general formula, it appears, that 
The first I , . 
term, J («'») • • • • {^Y 

2nd, . . {na'^'^b) . is 5X (jt'YXSf . . . =I5a:«t/-. 

3d, . ^ ^(^~^^ flii~2^a\ . bx^x{xyx{3fy==90xy. 

A.i. /n(n-l)X(n— 2) ,,A 4 3,,, 

4th, . ^-^ -Ij^ -tt^-^b'\ .isSX-X^Xix'fX 

{SfY =270a;y. 

/n(n—\)(n—2)Cn—3) „ \ . 4 3 2 

X(3y«)* =405xy. 

Last, . (6») . . is (3f)' . =243y^^ 

So that (a;2+33^)^=x"+16xy+?Oa:Y+270xV+*105a;V 
+243^». ^ 

290. By means of this Theorem, we are enabled to raise a 
trinomial^ or quadrinomial quantity to any power, without the 
process of actual multiplication. 
Ex. ^. i^equired the square of a-Vb-\-c*l 
Here, iocludiag «+6 in a parenlYiesia (joi-V^V ^'^'^^ co\i%v\^\:- 
°^ J^ «« one quantity, w^ should have (^tt-Vb-Vct=^\.V«'-VV>^ 
•<y / sad comparing them with tbe gemxaX fotraQX^ \ 



^* =x»^ 
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we have, (an)^(a+hy=^a^+2ab+b^ 

HcDce, {a+b+cy—{a+by+2(a+l) >(.c+c'=a'+2ab+b- 
+2ae+2bc+c'. 
£x* 4. Reqoired the seveDtb power of a— 5. 
Ans. a'— 7a''6+21 o5^- Sda^b^'+SSa'b* - 2 la^^^+Tafi^ - b\ 
£1. 5. Required the sixth power of 3x+2y. 
Ans. 729a"+2916a;''y-4860xy+4320xy+2160a;«y^+676 

Ex. 6. Required the square of x+y+3z, 

Ans. ar»+2xy+y2+6a:z+6y*f 9^^ 
Ex. 7. Required the fifth power of l+2a;. 

Ans. l + 10a;+40ar4-80x3+80x^+32a;\ 
Ex. 8. Required the cube of x" — Sxy-j-^- 
Ans. x^—6x^y+ 1 5xV— 20xy + 1 dar^y^^dxf+y^ 

§ II. EVOLUTION OF ALGEBRAIC 
QUANTITIES. 

291. The quantity which has been raised to any power is call- 
ed the root of that power : thus the mth root of a power, is 
that quantity which we must continually multiply into itself, 
till the number of factors be equal to m, m being a positive 
whole number, in order to produce the power proposed. We 
may conclude from this definition, and from the Articles in the 
preceding section, 

292. That t/ie mth root of a quantity such asaP^, pm being 
a multiple of p,is obtained by dividing the exponent pin of this 
quantity^ by the index oj the required root. Thus the mth root 

ptn 

- — S. 

of aP^=^a "* =a^ ; the square root of a^=a2 =a^, and the 

cube root of a^^=^a^=^a^, 

293. Also that the mth root of a product such as a^^b^"*^ is 
equal to the mth root of each of its factors multiplied together. 
Thus, the mth root of tt^«/»^» is =the mth root of a*»x the 

2m 8m 

mth root of 63'»=a"* Xb'^^a'P. 

294. And that the mth root of q fraction such a$ -rjjj, is equal to 

the mth r9ot of the numerator divided by the mth root of its 
denominator f 



m 



Thai the mth root of' ?-.=—=--. 

i»» m It' 



l.tri. 
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296. The square^ihe fourth root^ or any even root of an affir- 
tnative tjuantity may be either 4* or — I. Thus the square 
root of a^=a or —a ; for +aX+tt=+a^ and^aX — o=+ 
a\ in fact, the 2fnth root of a*"» is equal to +o or — o ; for 
(+a)^«=(+afXa'«=a3«(Art. 280). 

t96. Any odd root oj a quantity, will have the same sign as 
the quantity itself, Thu* the (2ii»+l)th root of +a^'^^^ is 
equal to ±a ; for (+a)2'«+» is equal to +a^'«+* (Art. 281). 

297. Evolution, or the rule for extracting the root of an j 
algebraic Quantity whatever, is divided into the four following 
Cases. 

CASE I. 

To find any root of a simple algebraic Quantity, 

RULE. 

298. Extract the root of the coefficient for the numeral 
part, and the root of the quantity subjoined to it for the literal 
part, by the methods pointed out in the above propositions ; 
then, these, joined tog^ether, will be the root required. 

Ex. I. It is required to fiml the square root of x*. 

Here, (Art. 296), the square root of a:*=+^yx'*=(Art. 292) 

Ex. 2. Required the cube root of — 21xV. 
Here, (Art. 296), the cube root of — 273:V=: - y 27a;V=: 
(Art. 293) — 3/27X?v/x3X3/a«=3Xa:Xa2=-3a-x. 

Ex. 3. Required the square root of t-Tr^. 

6V 

^ Here, the square root of aV=\/a^Xy/x^=ax, and the 

square root of 6V=^62x \/ c^=bc ; .-. (Art. 29t, 295), + 

ax 

r— is the root required. 

6c ^ 

Ex. 6. It is required to find the square root of 64aV ? 

Ans. Bnx^, or — Bax^. 
Ex. 6. It is required to find the cube root of 729 aV^ 

^ Ans. 9aV. 
Ex. 7. Required the fourth root of 25Ga*6^ 

Ans. 4a6^ or— 4fl6^ 
Ex. 8. Required the fifth root of 32aV. Ans. ^aar". 

r Q Ti ' A»u ' .u * -729a«6« ^ , Sab 
Ex. 9. Required the sixth root of-— .—-;=. Ans. H :.. 
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Ex. 10. Required the Diath root of ^. Ads. — ^. 

Ex. 11. Required the square root of . »^, . Ads.^^-^ — ' 

4apy 2x2/ 

64x^ 4x 

Ex. 12. Required the cube root of r ^ j. r-. Ads. -r-^- 

CASE II. 

To extract the iquore ro<st of a compound ^nantiiy. 

RULE. 

299. Observe io what mamuer the terms of the root may be 
derived from those of the power ; and arrange the terms ac- 
eordioglj ; then set the root of the first term io the quotient ; 
subtract the square of the root, thus found, from the first 
term, and bring down the next two terms to the remainder for 
a dividend. 

Divide the dividend, thus found, by double that part of the 
root already determined, and set down the result both in the 
quotient and divisor. 

Molt^ly the divisor, so increased, by the term ai the root 
last placed in the quotient, and subtract the product from the 
dividend, and to the remainder bring down as many terms -as 
are necessary for a dividend, and continue the operation as be* 
fore. 

Ex. 1. Required the square root of a^+2a6+^ ? 

c^+2a6+6« 
a' (a-H 



2a+b 



2a6+6« 
2ab+b^ 



On comparing a+b with a*+2ab+h^, we observe that the 
first term of the power Xo") is the square of the first term of 
the root (a). Put a therefore for the first term of the root, 
square it, and subtract that square from the first term of the 
power. Bring down the other two lertns 2a&4"^9*i^d double 
the first term (o) of the root ; set down 2a, and having divi- 
ded the firtt term of the remainder (tab) by it, we have ^, the 
other term of the root ; and since 2a6+6»=(2a4-6) X6, if to 
2a the term h in added, and this sua multiplied b^ 6^ the te- 
suit is iab^¥ ; which being &ublt%cle^ \t^m VIdl^ VKt^s^ 
broagbt down, ootbio|; remiiiiB. 1 
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Ex. 2. Required the square root of a*+2ab+l^+iae+Zhc 
a'+tab+h'+iae+2bc+c'{a+h+c 



o« 



Za+b 






2a+2b+e 



3ac+26c+r» 



On comparing the root a+b+c^ thus found with its power, 
the reason of the rule for deriving the root from the power 
is evident. And the method of operation is the same as in the 
last example. Thus, having found the first two terms of the 
root as before, we bring down the remaining three teroM 2a 
-f-26c-]-c^ of the power, and dividing 2(u: by 2a, it gives 
c, the third term of the root Next, let the last term (b) of 
the precedidg divisor be doubled, and add c to the divisor thus 
increased, and it becomes 2a4-2^^c ; mnltiply^ this new di- 
visor by c, and it gives 2ac+26c+c^, which being subtracted 
from the terms last brought down, leaves no remainder. In 
like manner the folfowing Examples are solved. 

89 
Ex; 3. Required the square root of 4:^+Gx^+ — x^+ 16a: 

+26 ? 

89 y 3 

4x*+ex^+ ^r»+16«+26 lix'+ -x+6 
4a;* 

89 



2 / 4 



4 



4a;^+3x+ 6)20a?'+ 1 5a:4-25 
20.r'+l6a;+26 



Ex. 4. Required the square root of x^+ia^+Zx'^+dx^ — 4x 
+4. Ans. x^+2r'—x+2. 

Ex. 6. Required the square root of ap*+4oap^+6aV+4a^a: 

+a\ Aus. x^+'iax+a^. 

Ex, 6, Requiied the square root of a* — 2a^-i-4a^— la+^y. 
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Ex. 7, Reqaired the square root of 4a*+\2a^x+lSa^a^+ 
GcufiP+x\ Ans. 2a^+3ax+oi^. 

Ex. 8. Required the square root of 9x*+i2x3+34x2+20x 
+26. Ana, 3ar»+2a;+6, 

Ex. 9. Required the square root of a^+2ah+b^+iac+ 
Uc+c'+^d+Zbd+^cd+fP. Ans. a+b+c+d. 

Ex. 10. Required the square root of o*+12a^6+54a^6^+ 
I08ab^+B\b*. Ans. a'+dab+db^. 

Ex. 11. Required the square root of a® — 6a^a:+l6a*a;^ — 
200^0:3+ 1 6aV- 6aa;S+a:«. Ans. a'-aa^x+Saar*— x^ 

Ex. 12. Required the square root of a* — 2aV+x*. 

Ans. a^ — ^ar*. 

CASE in. 

To extract the cube root of a compound Quantity, 

RULE. 

300. Arrange the terms as in the last case ; and set the 
root of the first term in the quotient ; subtract the cube of 
the root, thus found, from the first term, and bring down three 
terms for a dividend. 

Next, divide the firM term of the dividend by 3 times the 
.square of that part of the root already determined, and set 
the result in the quotient ; then, to 3 times the square of that 
part of the root^ annex 3 times the product of the same part 
and the last result, and ali^o the square of the last result, with 
their proper signs ; and it will give the divisor, multiply the 
divisor by the term of the root last placed in the quotient, 
and subtract the product from the dividend, bring down three 
terms or as many as may be necessary for a dividend, and 
proceed as before. 

Ex. 1. Required the cube root of a^+3a%+3ab^+b^ ? 

a^+Sa^b+Sab^'+b^ 
a» {a+b 

^a^'+Sab+b'y^a^b+Sab^+b^ 

Sa^b+Sab^+b^ 



The reason of the rule may be made evident from a com* 
parisoo of the roots with its cube. 

Or^ ihuB, if the quantity whose tool ia Vo \^^ «iXtA.fX<^^C^^^ub 
aa exact root, the root of the leiLd\ft% V^rm TonaXX^ ^^^ ^^^ 
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of its root ; (hat i8« the cabe root of a^, ifvhich U a, is one 
term of the root, and the remaining terms being brought 
down, the root of the last term b^ is consequently another term 
^of the root ; but as the root may consist of mere termd than 
two ; the next term (6) of the root is always found by dividing 

—-3-=^^ I the first term of the dtridend by tfarae times the 

square of the divisor,, and the two remaining terms of the di- 
vidend Sa6^+*3=(3aZi+6^)6 ; hetice 3a*+6« must be added 
to Sa^ for a divisor ; and so on. 

Ex. 2. Required the cube root of 0:"+ 60;^ — 40«^+96a: — 64. 
a:«+6a:*— 40x3+96*— -64 (a:«+2a;-4 



«« 



3a;*+6r^+4r»)6x«— 40a:' 

6x*+ 1 2a:*+ 8ar* 



3x*+ 1 2r'- 24a;+ 1 6)— 1 2x*—4Qx'^+96x — 64 

_ 1 2a;*— 4 80:'+ 96x— 64 



Ex. 3. Required the cube root of (a+6)'+3(a+6)^c+3 
[a-{-b)c^+c^. Ans. a+fe-f-c* 

Ex. 4. Required the cube root of x^ — 6x^+15x* — 20x3+ 
15x2— 6x+l. Ans. x^— 2x+l. 

Ex. 6. Required the cube root of x^+6x^y+ 15x^+20x3 
f+ 1 5xY+6xf+f, Ans. x«+2xy+y*. 

Ex. 6. Required the cube root of 1 — 6x+12x' — 8ar*, 

Ans. 1 — 2x. 

CASE IV. 

To find any root of a compound Quantity. 

RULE. 

301. Find the root of the first term, which place in the 

quotient ; and having subtracted its corresponding power 

from that term, bring down the second term for adividend« 

Divide this by twice the part of the root above determined, 

for the square root ; by three times the square of it, for the 

cube root ; by four times the cube of^t, for the fourth root, 

&c. and the quotient will be^the next term of the root. 

Involve the whole of the root^ thus found, to its proper 

powvjet% which subtract from ihe ^^eu ^'QL\I^j\^ ^ ^ti^ ^vsk^%>3^^ 

^acBt term of the reittaiiid«T \>y ik^ %%»a ^\v%^^ %% \M5s$t». 
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Proceed id the same manoer, for the next following term of 
the root ; aad so on, till the whole is finished. 

302. This rule may be demonstrated thus ; (d+fe)'»=a*-f 
na?^^b+' &c. (Art. 289). Here the nth root of a* is a, and 
the next term na*T-^b contains by (the other term of the 
root) na^"^ times ; hence, if we divide nO'^^^b by na^'-^y we 

iw* — '6 
have bf or — ;;zr^^^ ' ^°^ ^^ ^^y ^^^ ^°y compound quanti- 

tity, the root of which consists of more than two terms. 

Now, if n=2 ; then, the divisor na*-*=2a, for the square 
root ; 

if »=3 ; then, .... na*— *=3a", for the cube 
root; 

iff»=:4; then, . . , . «a*~*=4a^ for the 4th 
root; 

if n=§ ; then, .... fio»-'=5a*, for the 6th 
root. 

And so on for any other root, that is, involve the first term 
of the root, to the next lowest power, and multiply it by the 
index of the given power for a divisor. 

Ex. 1. Required the square root of a* — 2a^x+3aV— Saac^ 

■ o^— 2o3ar+3aV— 2aa:3+ar*{a»-aar+r» 
a* 



2a>)— 2a3a; 



(a*— ax)>=a*— 2o3x+a V 



2a^)+2aV 



Ex. 2. ReAuired the 4th root of 16a«-96a>a;+216aV— ' 
216ax3+81a:*. 

160*- 96a3«+2 16aV— 216a«3+81«*(2^— 3« - 
16a* 



4x (2a)3=-32a3)— 96a3x 



(2a— 3x)«=16a*— 96a^a:+216aV-316aa:3^81jB* 

303. As this rule, in high powers^ia oftftntoTwAV^X^'H^^ 

laborJoQS^ it may Be proper to obftetT^, ^iknl V^^^ twAs^^^^^^* 

tiia compound qoantitieft may some^meA >M ««k&i Qmr^^^^ 
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ed : thus, io the last example, the root is 2a— >dx, which is 
the difference of the roots of the first and last terms ; and so 
OD, for othpr compound quantities. 

Hence, the following method io such cases ; extract the 
roots of all the simple terms, and connect thpm together bj 
the signs + or — » as may be judged most suitable for the 
purpose,-; then involve the compound root thus found, to its 
proper power, and if it be the same with .the given quantity, 
it is the root required. But if it be found to differ only in 
some of the signs, change them from 4* to — ,. or Irom — to 
-l-« till its power agrees with the given one throughout. How- 
ever, such artifices are not to be used by leamert, because 
the regular mode of proceeding in more advantageous to them ; 
besides, a knowledge of those artifices which are used by .ex- 
periencec^ Algebraists, can only be acquired from frequent 
practice. • 

Ex. 3. Required the square root of o'+2a6+6^+2ac+26c 

a +^- 

Here, the square root of a*=^a ; the square root ofb^szb ; 

and the square root of c^=c. Hence, a+b+c, is the root re* 

quired, because (^a+b+cy^a^+^ab+b^+Zac+ibc^^c'^ 

Ex. 4. Required the fiilh root of 32x*—80x*+ 80x3-40x2 
+ 10x— I. . Alls. 2x — I. 

Ex. 6. Required the cube root of x® — 6x*+l6x* — 20x^4- 
1 6x2— 53.^ 1 , Ans. x^— 2x+ 1 . 

Ex. 6. Required the fourth root of a*— 4a^x+6aV-.4ax^ 
+x*. * Ans. a — x. 

Ex. 7. Required the square root of x'+2xy+y'. 

Ans. x*+y*. 

Ex. 8. Required the square root of x* — 2xy +y*. 

Ans. X* — y*. 

Ex. 9. Required the cube rOot of a'— Ca^x + lJox^ — Sx^. 

^ns. a — 2x. 

Ex. 10. Required the sixth root of x® — 6xM-16x* — 20x^+ 
ISr* — Ca:+1. Ans x — 1. 

Ex. n. Required the fifth root of x"+16xy+90xy+ 
270xy+405xY-^-24.V^ Ans x^+Sy^. 

Ex. 12. Required the square root of 2^+2xy+y''\'6x2+ 
63(2:+ 9^2. Ans. x+y-^Sz. 

§ III. INVESTIGATION OF THE RULES FOR THE EXTRACTION 
OF THE SQUARE AND CUBE ROOTS OF NUMBERS. 

304. It has been observeA, Qkrt. \04^^lW\^ a detkotin^the 
i^ug (ff a number, and h the uniXft, V^ie ionxiViX^ o^-V'Io^J'V^ 
froultl represent the aquare oC au> uuojtoc« <;wx««JCva%^l Vw^ 
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figures or digits ; thas, for example, if we had to square 25 ; 
pat a=s30 and &ss5, aod we shall find 

• o2=400 

2a6=200 

6»= 25 



(a+fty=(25)a=626. 

305. Before we proceed to the investigation of these RullBS, 
it will be necessary to explain the nature of the common 
arithmetical notati6n. It is very well known that the value 
of the fii^ures in the common arithmetical scale increases in a 
tenfold proportion from the right to the \e(i ; a number, there- 
fore, may be expressed by the addition of the units ^ tens^ hun^ 
4reds, £&c. of which itconnnsts ; thus the number 4371 muy be 
expressed in the following manner, viz. 4000+300+70+1, 
or by 4X1000+3X 100+7X10+1 ; also, in decimal arith- 
metic, each figure is supposed to be multiplied by that pow€r 
of 10, positve or negative, which |s expressed by its distance 
from the figure bef>re the point : thus, 672.63=6 X 1 0*+7X 
10*+2X10°+6XI0-*+3X 10-2=6X100+7X10+2 XI + 

^■i-+-i-=672+ i!^+-£-=672 ~. Hence, if the digits 
lO^lOi) 100 li)0 100 * 

of a number be represented by a, 6, c, d, e, &c. begiDning 

from the leA-hand ; then, 

A number of 2 fig^nres may be expressed by 10a+&. 

3 Hfi:ures ... by 100a+106+c. 

• 4 figures . by 1000a+1006+10c+^. 

Sic, &c. &c. 

By the digits ol a number are meant the 6gures whjch 

compose jt, considered independently of the value which they 

possess in the arithmetical scale. 

Thus the digits of the number 537 are simply the numbers 

5, 3 and 7 ; whereas the 5, considered with respect to its 

place, in the num^fation scale, means 500, and the 3 means 30. 

306. Let a number of three figures, (viz. 100a+106+c) 
be squared, and its root extracted according to the rule in 
(Art. 299), and the operation stands thus ; 

I. 10000a^+2000a6+ 1006^+200ac+20ic+c^ 
lOOOOa^ (lOOa+lOi+c 

200a+ 106)2000ai+ 1 006^ 
2000(i&+1006» 



2QDa+206+c)2O0ac+aObc^(? 

200ac +^Obc-V<? 
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i^Q-f ^^ the operatioD is traneformed into the 
J 1 foUowiDg oDe ; 

40()(J0+ 12000+900+400+60+1(200+30+ 1 
40000 



400+30)12000+900 



400+60+ 1 )400+60+ 1 
.400+60+1. 



III. Bat it 18 evideot that this operation would not be af- 
fected by collecting the several nambers which stand in the 
same line into one sum, and leaving out the ciphers which 
are to be subtracted in the operation. 

• • . . 

53361(231 
4 




Let this be done ; and let two figures be brought down at a 
time afler the square of the first figure in the root has been 
subtracted ; then the operation may be exhibited in the man- 
ner anneifed ; from which it appears, that the square root of 
53361 is 231. 

307. To explain the division of the given number into pe* 
riods consisting of two figures each, bj placing a dot over 
every second figure beginning with the units, as exhibited in 
the foregoing operation. It must be obseryd, that, since the 
square root of 100 ; is 10 ; of 10000 is 100 ; otl 000000 is 1000 ; 
&c. &c. it follows, that the square root of a number less than 
100 must consist of one figure ; of a number between 100 and 
10000, of two figures; of a number between 10000 and 
1000000, of tAree figures ; &c. &c., and consequently the num* 
ber of these dots will show the number of figures contained 
in the square root of the given number. Frero hence it fol- 
lows, that the^rs^ figure of the root will be the greatest square 
root contained in the first of those periods reckoning from the 
/^. - ... 

Thus, in the case of 53361 (wVioae ^5:^%!^ tc^oXK^^Tixwii- 



EVOLUTION. 233 

ber consisting of Ihree fiG;ares) ; since the square of the figure 
standing in the hundred's place cannot be found either in the 
last period (61), or in the last but one (33), it must be found 
in the first period (5) ; consequently the first figure of the 
root will be the square root of the greatest square number con- 
tained in 5 ; and this number is 4, the first figure of the root 
will be 2. The remainder of the operation will be readily 
understood by comparing the steps of it with the several steps 
of the process for finding the square root of (a+6+cy (Art. 
299) I for, having subtracted 4 from (5), there remains 1 ; 
bring down the next two figures (33), and the dividend ia 133 ; 
douMe the first figure of the root (2), and place the result 4 in 
the divisor ; 4 is contained in 13 three times ; 3 is therefore 
the second figure of the root ; place this both in the divisor 
and quotient, and the former is 43 ; multiply by 3, and sub* 
tract 129, the remainder is 4 .; to which bring down the next 
two figures f6l), which gives 461 for a dividend. Lastly, 
doable the last figure of the former divisor, and it becomes 
46 ; place this in the next divisor, and since 4 is contained in 
4 once, 1 is the third figure of the root ; place 1 therefore 
both in the divisor and quotient ; multiply and subtract as 
before, and nothing remains. 

308. The method of extracting the cube root of numbers 
may be understood by comparing the process for extracting 
the cube root of {a+b+ef, (Art. 300}, with the following 
operationSy in which is deduced the cube root of the number 
13997621. 



21* 
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13997621(200+40+1 
o'=(200)»=8000090 

1st remainder 6997521 




6^=40X40X40= 64000 



5824000 
Sod remainder 173621 



3(a+6W=(200+40)sx 1=172800 
3(a+6)c«=3(200+40) X 1= 720 

c»=lxlXl= 1 



173621 



3d remainder 000000 



Omitting the superflooas ciphers, and bringing down tbiee 
fignres at a time, Uie operation will stand thus : 

13997521)241 
2== 8 



6997 



300X2»X4=4800 
30X2X4'>= 960 

64 



•*' 



6824 

173621 

800X(24)"X 1 = 172800 

80X24X1*= 721 

1»= 1 



^ 
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309. Tbeie operations may be explained io the following 
manner ; 

1/ Since the cobe root of 1000 is 10, of 1000000 is 100, 
&G.; it follows, that the cube root of a number less than 1000 
will consist ofonsfigUK; of a number between 1000 and 
1000000 of teo figures, &c. &c. ; if, therefore, the given 
number be divided into periods^ each consisting of three 
figwreSy by placing ap dot over every third figure beginning 
with the units, the number of those dots will show the num- 
ber of figures of which the cube root consists ; and for the 
reason assigned in the preceding Article, (re>>pecting the first 
figure of the square root), the ^rs^ figure of the root will be 
the cube root of the greatest cube number contained in the 
first period. 

11. Having pointed the number, we find that its cube root 
consists of three figures. The Jirst figure is the cube root of 
the greatest cube number contained in 13 ; this being 2, the 
value of this figure is 200, or a=200, cooseqently a^= 
8000000 ; subtract this number from 13997521, and the re- 
mainder is 5997521. Find the value of Sa^ and divide this 
latter number by it, and it gives 40 for the value of 6, the se- 
cond number of the root ; put this io the quotient, and then 
calculate the value of Sa^-^Sab^+b^ and subtract it, and 
there remains 173521. Find now the value of 3X(a+&)', 
and divide 173521 by it, and it gives 1 for the value of c, 
the third member of the root ; put this in the quotient, and 
then calculate the amount of 3ia-|-6y*c+3(a+6)c'+c^, which 
subtract, and nothing remains. 

HI. In reviewing the first of these two operations, it Is 
evident that six ciphers might have been rejected in the va- 
lue of o*, and three in the value of 3a^b+3ab^+hr^, without af- 
fecting the substance of the operation ; having therefore sim- 
plified the process as in the second operation, we are furnish-^ 
ed with the following rule, for extracting the cube root of' 

numbers. 

■ 

Rule. 

310. Point off every third figure, beginning with the units ; 
find the greatest cube number contained in the Jirst period^- 
and place the cube root of it in the quotient. Subtract its 
€tUfe from the first period, and bring down the next three fi- 
gures ; divide the nomber thus brought dowu hi^ ^^ >c!CisiKk 
the sqnare of the first figure of l\ke looV.^ wi^\\.m(!\>B.^^'^^ 
aecoad Sgnre ; add 300 timeft ib^^c^^t^o^ ^^^\^\%^K^^ 
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30 times the product of the first and second figures, and the 
square of the second figure together, for a divisor ; then mul- 
tiply this divisor by the second figure^ and subtract the result 
from the dividend, an'd then bring down the next period, and 
so proceed till all the periods are brought down. 

The rules for extracting the higher powers of numbers, 
and of compound algebraic quantities, are very tedious, and 
of no great practical utility. • 

Examples for practice in the Square and Cube Roots of 

Ex. 1. Required the square root of 106929. 

106929(327 
9 

62 I 169 
124 



647 



4529 
4529 



Ex. 2. Required the cube root of 48228544. 

4*8228544(364 
27 



3276)21228 ' Divide by 300 X3^=270g 

19656 30X3X6= 540 

6X6= 36 

303136) 1572544 



1572544 Ist Pivisor=3276 



Divide iSy, (36)^X300=388800 

30X36X4= 4320 

4X4= 16 



2d Divisor 393136 
Ex. 3, Required the square root of 152399025. 

Ans, 12345. 
Ex. 4, Required the square root of 5499025. 

Ao8. 2345. 

£x, 5. Required the cube root of 389017. Aus. 7Si. 

J^r. 6. Required (he cabe TOOt of \m%m. Km^. \<)B. 
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CHAPTER VII. 



, ON 

IRRATIONAL AND IMAGINARY QUANTITIES. 

§ I. THEORY OF IRRATIONAL QUANTITIES. 

311. It has been demoostrated (Art. 392), that the mth root 
of aUfy the eiponeot p of the puwer being exactly divisible by 

p 

the index m of the root, is a*'*. Now in case that the expo-. 
Dent p of the power is not divisible by the index m of the 
root to be extracted, it appears very natural to employ still the 
same method of notation, since that it only indicates a division 
which cannot be performed : then the root cannot be obtain- 
ed, bat its approximate value may be determined to any 
degree of exactness. These fractional exponents will 
therefore denote imperfect powers with respect to the roots 
to be extracted ; and quantities, having fractional exponents^ 
are called irrational quaniitiet^ or surds. 

It may be observed that the numerator of the exponent 
.shows the power to which the quantity is to be raised,>Ddthe 

denominator its root. Thus, a " is the nth root of the tnth 
power of a, and is usually read a in the power ( — | . 

318, Id order to indicate any root to be extracted, the ra* 

dical sign ^ is used, which is nothing else but the initial of 

the word root, deformed^ it is placed over the power, and in 

the opening of which the index m of the root to be extracted 

is wntten. 

p 

We have therefore *l(/a^=a*. For the square root, the 
sign ^ is used withoat the index 2 ; thus, the square root of 
ai* is written ^of, as has been already observed, (Art. 18). 

Qjuantities having the radical sign }/ prefixed to them, are 
called radical quantities : thus, ^a, y/b, \/c^, -C^a?*, &c. are 
radical qmiuiiies : they are, also, commonly called ^r<iL%« 

313. From the two preceding aT\ic\^>^T\^ >^ \v\«k ^^ 
ID the second sectien of the forejo\iigC\vvg\«t^ ^^ 1fiw^^ ^^ 
general, have, 
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€. 1 1 

c"XA« 
Therefore, t/«'^=\/^^X?/*=«^ \/^=<»V^ ? 
^ and 1/ <''^<^_ t^^^'c'^ l/^" X yy X Vc» 
^x^z^X/ex^z %/ey,%/7^Y^\/xz 

tx\/xz ex xz' 

314. Two or more radical qnantiti^i, having the same in- 
dex, are said to be of'the same defwimnaiion. or kind ; and 
they are of different denomincUions^ wben they have different 
indices. 

In thfs last case, we can sometimes bring them to the same 
denomination ; this is what taJces place with respect to the 

two following, ^a^b^ and \/a^b*=a* X6*=o*'.6*=Va^^^^ 
i^a^b^. in like manner, the radical qunntities ^ia^b and \/ 
16a^, may be reduced to other equivalent ones, having the 
same radical quantity ; thuj», l/'ia^b==^'a^Xl/^b=a^^'ib, 
and 3/l6a36=3/8a3 . 26= 5/8 . ^ a^ . 1/ 2b='Zal/2b ; where 
the radical factor \/^b is common to both. 

315. The addition aid suhtraciion of radical quantities can 
in general he only indicated : • 

Thas, \/a^ added to, or niibtracted from y/b^ is written \/b 
+_l/^^ and no farther rf*duc tion car. be made, unless we assign 
numeral values to a and 6. But the sum of ^a^6, ^a'b, and 
^4a^b is =a^b+a^b+2ay/b=4a^b ; 3*/a6 — «/ai =2 
yab ; and y/ab^+ \/aPb* = b^^a+ab ^a^=zby/ a+ab^az=: 
(b+ab)^a, * 

316. Hence we may conclude, that the addition and sub- 
traction ot radical quantities, having the same radical part, 
are performed like rational quantities. 

Radical' quantities are said to have the same radical party 
when like quantities are placed under the same radical sign ; 
in which case radical quantities are similar or like, Jt is 
sometimes necessary to simplify the radical quantities, (Art. 
313), in order to discover this similitude, and it is independent 
of the coefficients. 

Thus, for example, the radical quantities 36^20^6^, 8av' 
^a^^^, and — 7abl^2a^b^, become, by reduction, 3063^20^^3, 
8ad^2a^b^^ ^nd — lah\/%(j^\^ \ wYacYi ^t^ ^vai^^\ ^^.TiJCxNA^'k^ 
and their sum is ==:4o6^2a*b?. 
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317. We hare demonstrated, (Art. 313), this formula, !y 
aP6«c'-=:!{/a''X!;/6«X:;/c'' ; from which the rule for the mul- 
tiplicatioD of radical quautities, under the same radical sign, 
may be easily deduced. ^ 

318. Let us pass to radical quantities with different indices, 
and suppose that we had to find, for instance, the product of 

p_ 1 

!J/a''by %/b9^ or that of a" by 6*^ : we can bring this case to 
the preceding, by reducing to the same denominator, (Art. 

162), the fractions -^, and -^ ; and we shall ha?e !J/aPX15/6« 

319. The rule for dividing two radical quarttities of the 
same kind, may be read in this formula (Art. 294.) 

%^o^ ^ I aP 

and it only remains to extend it to two radical quantities of 
different denominations. 

Let theref»re^aP be divided by «^ 6?: bypassing from 
radical signs to fractional exponents, we hare 

tiisof flih a«m' mm^^mf mm! t Qjpmf 

We may likewise suppose, under the radical signs, any 
number of factors whatever, and it«hall be easy to assign the 
quotient, (Art. 313). 

Let now o=fe in the formula 

it becomes, by passing frooi radical signs to fractional expo- 
nents. 

Pi. £i? ^+1 

Therefore the role demonstrated (Art. 71), with regard to 
whole positive exponents, extends to fractional exponents. 

320. In the same hypothesis 6=a, the quotient —-75 he- 



comes ^=V^=V«'^=« " =*" *"' 

aDotbe/rxtension of the rule si^eii V^t^•^^^A^V^^^^^^^^ 
positive exponents. 



240 IRRATIONAL QUANTITIES. 

32 1 . We may, id the preceding formala, suppose p=^o ; and 

t 1 1 ^1 

it becomes, (since a"*=a"'=o*=l)— =sa •*, a transformation 

demonstrated, (Art. 86), in the case of whole exponents, and 
which still takes place when the exponents are fnictional. 

322. if we now admit the two equalities, 

and if we multiply them member by member, we shall have 
the equal products, 

1 1 I m m •. m m 

— X-^=-£Y ; or a Xo =a 

It appears therefore evident, that exponentials, with frac- 
tional uegative exponents, follow the same rule in their mul- 
tiplication, as those with whole positive exponents. 

—J? —1 

323. The division of a"\ by a*", gives for the quotient 



p 


' 1 










m 


a 


!_ 


.p 


-P. 


fl 


^a^ 


m^ 


=a"* 


"». 


-1 


p_ 










a"* 


a** 











P 9 

Now the exponent of the quotient, namely "^m^m^ is the ex- 
ponent of the dividend, minus that of the divisor, which is 
still a generality of the rule (An. 86), relative to the division 
of exponentials. 

324. The rules that have been demonstrated in the pre- 
ceding articles may be extended to radical quantities having 

1 1^ 

irrational exponents : For instance a\/2, by/3y &c. since 
that the roots of ^2 and ^3 mi^ht be obtained with a suffi- 
cient degree of approximation, and such that the error may 
be neglected ; so that these exponents shall be terminated de- 
cimal fractions, which can be always replaced by ordinary 
fractions. 

325. The formation of the powers of radical quantities, is 
notb'wg else but the multiplication of a number of radical 

quaDtJties of the same denom\na\\on, iamVl^^ Vi^ VVk^ d^^jcee 

of the power ; so that it is BxifecienV. Vo wofc ^% QjQasvl\Vi 

fnder the radical aign to the proposed ipoNi«> «ft^ ^SXKtwwx^^ 
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to affect tbis power with the common radical sign. If the in- 
dex of the radical sign is divisible bjr the exponent of. the 
-power in question, the operation then is performed by divid- 
ibg that Index by the exponent of the power. Let us give 
two examples for these two cases, (I5/aP6«)»=!;/aF»6*» ; 

3S6. If the exponent of the power is eqaal to the index of 
the radical sign, the power is the quantity under the radical 
sign. In fact, the indication y^oi', shows that af is the mth 
power of a certain number ^a^.. which we can always assign, 
either rigoroutily, or by an approximation, so that (he mth 
power cli^aP is aP. In like manner, the square of ^a is 
a ; the cube of \/a is a ; the 5tb power of V(—^*) is— a^ ; 
and so on. ^ 

327. A rational quantity may be reduced U the form of a 
given 9urd^ by raising it to the power whose root the surd ex- 
pressesy and prefixing the radical sign. Thus a^i^^a^^^=^\/a* 

m 

=s^a', &c. and o+a:= («+*)**• 'n ^be same manner, the 
form of any radical quantity may be altered ; thus, ^(a+x) 

=4/(a+x)»=V(«^+^)'' ^c- or (a+a;)^=(a+a:)i=(o+x) 

^, &c. Since the quantities are here raised to certain powers, 
and the roots of those powers aqe again taken ; therefore the 
values of the quantities are not altered. Also, the coefficient 
of a surd may be introduced under the radicdl sign^ by first re- 
aucing it to the form of the surd, and then multiplying as in 
(Art. 318). Thus, a^ x-zi^y/a^X^x^^a^x ; 6^ -=^36 

. XyS^v'TS ; andx(2a-a;)*=(a:«)*X(2a— a:)*=v(2aa^- 
x»). 

328. Conversely, any quantity may be made the coefficient of 
a surd^ if every part under the sign be divided by this quantity^ 
raised to the power whose root the sign expresses. Thus, -v/(o^ 
^a'x)=^a^Xs/{a—x)=^ay/{a'-'x) ; -•60=-v/(4Xl5)=v' 
4X ^\S^2^ 16 ; and '^/'(.i'""— a"x»)=';^[o»»X(an— x«)]ss 

329. Let us pasM to the extraction of roots of radical qoan- 
' tities, afid let th^mth root of !{/a' be required, which we in* 

dicate thus, "^/^a*. We shall put %/ l^a^^Xy or !;/o'»ap, by 
making \^a<sa. Involving both sides to the power m, wt 
fin d a' or ^c^^sc%rn^ raising again to the power », we obtaift 
^f-.^m«. If (he ninth root of both sides be eitmoled, we have 
another enunciation of 9 ; namely. 
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Wd shall find, by a like calcalatioo, 

And, in fact, we make l«t, ?{/{/^/fl'=a , wbence !J/a'=ra:, and 
a'=yiJ/!l/a'=aJ"*; 2d, hy putting V\/«'=«". whence Vrt" 
=rx»», and a"=x"»'* ; 3d, making ^fi«=a'", whence (/a'"=x"»*, 

nnd o"'=V«'=af"*"'' ; and finally a'=x""M, .-.^1== V a*. 
Thus, for example, the 12th root of the number a can be 
transformed into %/%/^a. 

330. If, in the equality V a=ra^, where a is supposed to 

represent a number greater than unity, we make mssj", we 

shall have ^a=^of . Let now 9—0, and we shall be conduct- 
p 

ed to i^^a=^a^ =a«=l : Now 7 is equal to infinity, (Art. 165,) 
or it is the superior limft of numbers ; therefore unity is the 
limit of the roots whose index continvally increases, 

9_ 

If |)=o, we have ^^a=^a° . Therefore, from the index zero 
to infinity, the root passes from infinity to unity, • 

331. To the hypothesis p =9, corresponds 

So that, in passing from the index 1 to the index zero, the 
root runs over the digression of numbers, from the given 
number inclusively to infinity. 

f 
And, finally, let us suppose that;)=o, and 9=0 ; then a* 

=a'' , which is an indeterminate quantity ; since the expo- 
nent-is the mark of indetermination (Art. 201). 

332. It is to be objierved, that radical quantities or surds, 
when properly reduced, are subject to all the ordinary rules 
of arithmetic. This is what appears evident from the prece* 
ding considerations. It may be likewise remarked, that, in 
the calculation of surds, fractional exponents are frequently 
more convenient than radical signs. 
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§ 11. REDUCTION OF RADICAL QUANTITIES OR SURDS. 

CASE I. 

To reduce a rational quantity to the form of a given Surd. 

RULE. 

333. layolve the glvea quantity to the power whose root 
the surd expresses ; aud over this power place the radical 
sign, or proper ezpooeDt, and it will he of the form required. 

Ex. 1 . Reduce a to the form of the cube root. 
Here, the givea quantity a raised to the third power is a^, 
and pretixing the sign ^, or placing the fractional exponent 

Q) over it, we have a=3/a3=(a^)3 (Art. 312). 

334. A rational coefficient may, in like manner, he reduc- 
ed to the form of the surd to which it is joined ; hy raising it 
to the power denoted by the index of the radical sign. 

Ex. 2. Lct6-ya= v^^6Xv/a=v^25a (Art. 317). 
Ex. 3. Reduce — Sa^b to the form of the cube root. 
Here, {-'3a''by=^21a''b^ ; .\ -^l/ila^b^ is the surd re- 
quired. 

Ex. 4. Reduce — ixy to the form of the square root. 
Here,C-4xy)2=16xy ; •"• (Art. 116), -4a;y=-v^l6a;' 

Ex. 5. Reduce |x to the form of the cube root, 

Ans, (ix')^. 
Ex. 6. Reduce a-i-z to the form of the square root. 

Ans. (a2+2az+^?)^. ^ 

Ex. 7. Reduce 4x* to the form of the cube root. 

Ans. (V64a:*) or (64rc*)3. 

Ex. 8. Reduce — x^y^ to the form of the square root. 

Ans. — '^ xy. 
Ex. 9. Reduce — a6 to the form of the square root. 

Ans. — y/a^¥. 

CASE II. 

To reduce Surds of different indices to other equivalent ones, 

having a common index. 

RULE. 

335. Reduce the indices ol Ihe ^Wft^ Q^'Mi*C\NAft&\ft ^^■w:>cva^'^ 
having a common denominator) and '\unoVn^ e^Oo. ^^ 'C^exsvV 
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the power denoted by its namerator ; then 1 set o?er the 
commoD denominator will form the common index. 

Of) if the common index be gi?en, divide the indices of 
the quantities by the ^ven index, and the quotients will be 
the new indices for those quantities. Then over the said 
quantities, with their new indices, set the given index, and 
they will make the equivalent quantities sought. 

Ex. 1. Reduce ^a and ^b to surds of the same radical 
sign. 

Here, \/ a^^a*^ and \/b=^b^. Now* the fractions ^ and i 
reduced to the least common denominator, are f and | ; 

,-.a*=o*=(a3)V=:«/a3, and 6^=6*=(6»)^=V'^« 
Consequently ^d^ and \/h' are the surds required, 
Ex. 2. Reduce ^a and \/x to surds of the same radical 

sign y^« or to tl^ common index ^, ^ , 

(Art. 312), ^a=a^, and |/«=a:^ ; then ^-j.J=:|X6=3 ; 

and 1^1=1 X 6=} ; .\ \/a^ and ^x*,or (a^)*^ and («*)^, 
are the quantities required. 

Ex. 3. Reduce a' and b^ to the same radical sign \/. 

3 

Ans. \/a^^ and ^6^. 

Ex. 4. Reduce d^ and x^ to surds of the same radical sign. 

Ans. » \/c? and > y x*. 

Ex. 5. Reduce !^a and ^y to surds of the same radical 

sign. Ans. "•v/a'^ and ♦"!^2^. 

Ex. 6. Reduce o^ and 6^ to surds of the same radical sign. 

Ans. 'I^a« and '^/R 
Ex. 7. Reduce 3^2 and 2^ 5 to the same radical sign. 

Ans. .3«/4 and 28/126. 
Ex. 8. Reduce %/Ttj and \/7i.x to the same radical 9ign. 

Ans. » V' A* 2ind > yd?x^, 

CASE III. 

To reduce radical Cluantities or Surdsy to their most simple 

forms, 

RULE. 

336. Resolve the given number, or quantity, under the 
radica] aigUy if possible, into two iaclot%^ «o \.Yv%\. ^tk^ qC them 
majr be a perfect power ; then exlr^cX. Wke too\ q.^ VX>a\. v^'^' 
er, and preGjL it, as a coefficient to VYie\tT%JAOTi'A^«t\.. 
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Ex. 1. Reduce ^a^6 to its most simple form. 

Here V«^*=\/o' X \/^ =^ >< \/^=^v/^- 

Ex. 2. Reduce "*/a"*a7 to its most simple form. 



m 

tn J vy» 



Hqre !J/a'»x=!C/a"» xyx=a"*x:j/a;=aXV^. 
Ex. 3. Reduce \/72 to its most simple form. 
Here ^72= ^ (36 X2)= V 36 X V'2=6y2. 

337. When tbe radical quantity has a rational coefficient 
prefixed to it ; that coefficient must be oraltipUed by the root 
of the factor above mentioned ; and then proceed as before. 

Ex. 4. Reduce 6^24 to its simplest form. 

Here6y24=6^(8X3)=5y8Xy3=6X2XV3=^10^3. 

Ex. 5. Reduce ^a^6c and ^ 9Qa^x to their most simple 

form. Ans. a?y/hc and 7a^Stx. 

Ex. 6. Reduce ^^243 and ;^96 to their moat simple form. 

Ans. 3^3 and 2(/3. 
Ex. 7. Reduce^(a^+<^^^^) to its most simple form. 

Ans. 0^(1+6^), 

Ji-x, 8. Reduce tu C -^ jto its most simple form. 

a— 26 

Ans. " tJah, 

c 

Ex. 9. Reduce {a+b)^[{<p--byxr'] to its most simple 

form. Ans. (a^— 62)^ar». 

338. If the quanttiy under the radical sign he a fraction, it 
may be reduced to a whole quantity, thus : 

Multiply both the numerator and denominator by such a 
quantity as will make the denominator a complete power cor- 
responding to the root ; then extract the root of the fraction 
whose numerator and denominator are complete powers, and 
take it from under the radical sign. 

T» c a^ 

Ex. 1. Reduce -zX^-r-to 'du integral surd in its most sim- 
ple form. 

,. c a^ c a^b c a^ , c a , ca , 
Here, 2>/T='2^-V=d^W^^=d^b^'"^^^' 
Ex. 2. Reduce |^if to an integral surd in its simplest 
form. 

Kx. 3. Kedoce i^i to an integral «x»:^ vo. \Vk \stf^'«^ ««(»<;«> 
form. * • kwk.-l^'iV^ 



Ans. -V^and^j-j-v'Xa. 
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_ ^ b c" 

Ex. 4. Redace x^-and a\/ — to irUegral aurdfl in their 

most simple form. Aas. -^by and ^<?(i?. 

jf 

Ex. 5. Reduce \/^ and %y/\ to integral surds id their most 

simple form. Aps. ^ \/21 and iv^2. 

64 tt^ 

Ex. 6. Reduce 1/ — - and ^/^-j- to their most simple form. 

3 a 

-1/2 and- 

339. The utility of reducing surds to their most simple 
forms, especially when the surd part is fractional, will be rea- 
dily perceived trom the 3d example above given, where it is 
found that jv^f =?\v/I4, in which case it is only necessary 
to extract the square root of the whole number 14, (or to find 
it in some of the tables that have been calculated for that par- 
pose), and then multiply it by ^j ; whereas we must, other- 
wise, have first divided the numerator by the denominator, 
and then have found the root of the quotient, for the surd part ; 
or else have determined the root of both the numerator and 
denominator, and then divide the one by the other ; which are 
each of them troublesome processes ; and the labour would 
be much greater for the cube and other higher roots. 

340. There are other cases of reducing algebraic Surds to 
simpler forms, that are practised on several occasions ; for 
instance,, to reduce a fraction whose denominator is irrational, 
to another that shall have a rational denominator. But, as 
this kind of reduction requires some farther elucidation, it 
shall be treated of in one of the following sections. 

§ III. APPLICATION OF THE FUNDAMENTAL RULES OF ARITHME- 

TIC TO SURD QUANTITIES. 

CASE I. 

To add or subtract Surd Quantities. 

RULE. 

341. Redace the radical parts to their simplest terms, as 
Jn the last case of the pre€ediog section ; then, if they are 

Wiiiar, anoex the common nurd parlVo V\i^«v»ii^ q\ ^\^^\^^c.^ 
of the /ariaoaJ parts, and it wvW f^^e W^ ^^^% ^^ ^\^^\^\3A^ 
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Ex. 1. Add 4^/iCj y/x^ and hy/x together. 
Here the radical parts are already in their simplest tern^, 
and the sard part the same in each of them ; .*. 4^a;+\/a; 
+6^x=(4-H'l+6)X^ic=10^a: ihe sum required. 
Ex. 2. Find the zum and difftrtnct of y^ 1 6a^a; and y/\c?x, 
(Art. 313), yiea^-rrir^iea^X v/x=4a^a:, 
and ^4(;^x=\/4a^Xv/x=2tt^x ; 
/. the 5ttw==(4fl+2a) X ^x=6a yj x ; 
and the difference^ (^4a — 2a) X \/ x=^2 i^/x. 
Ex. 3. Find the sum and difference of ^108 and 9^32. 

Here VI08=V27XV4=3Xi/4=i/4, 
and 9^32=9^8X^4=18X^4=18^4, 
thesMm=(l8+3)XV'4=2iy4 ; 
and the difference=i{lS—S)Xl/A=\dy4. 
342. If the surd part be not the satne in each of the quan- 
tities, after havmg reduced the radical parts to their simplest 
terms, it is evident (Art. 315), that the addition or subtraction 
of such quantities can only be indicated by placing the signs 
-(- #r ^ between them. 

Ex. 4. Find the sum and difference of 3^a^b and b^c^d. 
Here ^a^b^S^a^ X y6=3a X ^b=3al/b, 
and b^c'd=:^byc^X^d=bcX^d^bc^d ', 
the sum=^3€i^b+LCy/d ; 
and the dij^erence^3a\/b^bc^d, 
Ex. 5. Find the sum and difference of v^^V ^"^ ^/i' 

«*► Ans. The »tini=j5g.^fj, and diJference=rJ~^G. 

Ex. 6. Find the sum and difference of ^27a*a; and ^3a'^x, 
Aiis. The sum=4o^V.'3a;, and difference^='^a?^^3x . 
Ex. 7. Find the sum and difference of |fv/a^6 and ^^iia;*. 

n^i. /2r^+3a\ . . ,.^ /2x2,3aV 

Ans. The«w//i=^ — j^/b, and dfference [^ — - — j 

y/b. 

Ear. 8, Required theswm and difference of 3^625 and 2^ 

135. 

Ans. The 5«rA=21ji/'5, and difference^=^^%/b. 
Ex. 9. Required the sum and difference of J^/ a®6^ and ^a;^ 

Ans. The 5ttm=5sa-v/a6+xiJ/a:y, and difference^=^ay/ab>rx 
\/xhf, 

CASE II. 

7b multiply or divide Surd Qtian<ities« 
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miQatioo, and then moltiply or divide both the rational and 
the irrational parts by each other respectively. 

The product or quotient of the irrational parts may be re- 
duced to the most dimple form, by the last case in the preced- 
ing section. 

Ex. I- Multiply y/a by %/h, ora^ by 6^. 
The fractions \ and \y reduced to common, denonUnaiors, 
are -J and f . 

.%a^«=a*=V^3 ; and b^^b^zsf^/b^ 
Hence^a X \/b=^a^X^b^=\/n^b^. 
Ex. 2. Multiply 2^3 by 3^4. 

By reducUon, 2^^3=2 x 3^=2 X f{/3^=2{/27 ; 

and 3V4=3X4*=3V4'=3^/16. 
.-.2^^3X3^4=2^27 X3V16«=.6V432. 
Ex. 3. Divide 8)^/312 by 41^/2. ^ 

Here 8^4=^2, and ?/512-s-)l/2=V266=4V4. 
.-.8^512^4^2=2X4^/4=8^4. 
Ex. 4. Divide Z{/bc by 3^ac. 

Now 2y6c=2x(6c)*=2X(6c)^=2*/6V, 

and 3v/ac=3X(ac)^=3X(ac)^=3»/aV ; 

"3y/ac 3 ^ aV 3^ a'c 3^ l^'^S^c^ ^ "" 
cK *■ 

344. If two surds have the same rational quantity under the 
radical signs, their product, or quotient, is obtained by making 
the sum, or difference, of the indices, the index of that quantity 
(Art. 319, 320). 

Ex. 5. IMultiply ^a* by ^a^ or a^ by a^. 

Here a^Xa^=a^'^^=a^^a^. Or ya*X^a^zs\/(a*Xa-) 
=.\/a^=a^, as before. 

Ex. 6. Divide {/a^ by s/a*, or a* by a^. 

Here a*-f-a*=o*"*=a^5"**=a"-^''==±=:iyjL. 

a 
34i5. //" compound surds are to be multiplied, or divided, by 
each other, the operation is usually performed as in the multi- 
pit'cation, or division of compound algebraic quantities. It 
frequently happens that the dimsion o^ com^Q\»^^ v\\^ ^^^w 
.only be indicated. 
^x. 7. Multiply v/3— V«^^J V^-VVo=' 
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i/fc-i/«^ I Since ^3 X ^3=3^ X 3*= 
l/^l/a 5 V'(3*X3*)=V^27X9)=: 

•V243 



^/243_yr3a3) 

+VC27a2)— a 

Product=V:i43— ^(3a2+:J/27a^-.a. 
Ex. 8. Divide y/bha-^-^ a%-~hc -^ahc by ^6c+^a. 



— be — ^abc 
— be — \/abc 



Q,uot.=:v^^ — v/6c. 



Ex. 9. Multiply 3/15 by ^10. Ans, ^226000. 

Ex. 10. Multiply iV^* by §^18. Ans. %/A. 

Ex. 11. Multiply yi8 by 3/4. Ans. 12^9. 

Ex. 12. Multiply |^6 by ^V^. An». iW^- 

vEx. 13. Divide 4^56 by 2^6. Ans. 2^10. 

Ex. 14. Divide Iv^f by \^^. Ans. fV'lO. 

Ex. 16. Divide (/a^tPb^ by y/d. Ans. V«^- 

* Ex. 16. Maltiplya3a:*byo^x*. Ans. a^^xl 

Ex. 17. Multiply ^a'^'c* by (/a^^^c*. 

Ana. o"6V. 

Ex. 18. Divide (o*+6')^ by (a^+ft^) ^. 

Ans. V(«*+^')- 

Ex. 19. Multiply 4+2^^2 by 2--v/2. Ans. 4. 

Ex. 20. Multiply ^/(a-^ (^-\/3)) by ^ ( a + ^ (6~ 

-v/3)). Ans. ^(d-6+v'3). 

Ex. 21. Divide c^^A— ai^c by a^+ay/bc. 

Ans. ab-^b^bc. 
Ex. 22. Divide a*+x* by o^+aarv/S+ar*. 

Ans. a^— axy^2 + x^. 

346. It is proper to observe, since tbe powers and roots of 
quantities may be expressed by negative exponents (Arts. 86, 
311), that any quantity may be removed from the denominator of 
a fraction into the numerator ; and the contrary^ by changing the 
sign of it$ ind^x or exponetit! which transformation is of fre- 
quent occurrence in several analytical calculations. 

1 a^ 

Ex. 1. Thus, (since —=6-3), Vj may be expressed h\ o? 

'^"■^Z aod (since ^^==--3), ^^ haye 1^=: ,., ■.* 



250 IRIiATiONAL QUANTITIES. 

Ex. 2. The qaaotitjr —5-5- may be expres^ by a^6^c^e~ '. 

Ex. 3. Let the deoominator of — r^ be removed ioto the 

etr 

I 1 

numerator. Ans. a^x'c—'ft— ^. 

Ex. 4. Let the numerator of — r— be removed into the de* 

6 

nominator. Ane. -* 



a-^sr^b 



Ex. 5. Let x^ifd^ be expressed with a negative exponent. 

Ans. . 

CASE III. 

7 (J involve or raiie Surd QuatUiiiet to any power, 

Rur.E, 

347. fnvolve the rational part into the proposed power, 
then multiply the fractiotial exponents of the surd part by the 
index of that power, aud annex it to the power of the ration- 
al part, and the result will be the power required. 

Compound surds are involved as integers, observing the 
rule of multiplication of simple radical quantities. 
Ex. 1. What is the square of 2^a ? ' 

The square of 2y^a=(2ah»=22Xa* *=4a. 
Ex. 2. What is the cube of \/{a^—b^+v^) ? 

The cube of ^(a»— *2+^3)=(a»-62+v/3)3 ''=a2— 6^+ 
%/3. 

348. Cor. Hence, if quantities are to be involved to a pow- 
er denoted by (he index of the surd root, the power requir- 
ed is formed by taking away the radical sign, as has been al> 
ready observed (Art. 326). 

Ex. 3. What is the cube of i^2ax. 

Here (^/=J, and (y2ax)'=t2aa;)^'^ =(2ax)^ 

=(2ax) X (?ax)* ; .% | X 2ax X (2ax)*= 
iaxy/2ax is the power required. 
I^x, 4. It is required to find the square of ^a — y6. 
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4/ a—^h 

a — y/ ah 
— y/ah -{-h 

The square a — 2v^a6+6. ^ 

Ex. 5. It is required to find the square of 3^3. 

Ans. 9^9. 
Ex. 6. Find the cube o{ y/a. Ads. a^a. 

Ex. 7. Find the 4th power o^—\/a\ Ans. a'^a^. 

Ex. 8. Find the 6th power of — \/ah, Ans. — ah. 

Ex, 9. Required the cube of a—^h. 

Ans. a^^^a^^h-^-Zah—hy/h. 
Ex. 10. Required the square of 3+v^5. 

Ans. H+ey'S. 
Er. 11. Required the cube of — ^{y/a^^/hc). 

Ans. y/hC" \^ a, 

CASE IV. 

To evolve or extract the Roots of Surd Quaniilies, 

RULF, 

349 Divide the index of the irrational part by the index of 
the root to be extracted ; then annex the result to the proper 
root of the rational part, and they will give the root requir- 
ed. 

If it be a compound surd quantity, its root, if it admits of 
any, may be found, as in Kvolution. And if no such root can 
be found, prefix the radical sign, which indicates the root to 
be extracted. 

Ex. 1. What is the square root of Sly/a. 

Here ^81=9, and the square root of v^ a or (f*=a 

r=a =a =^/tf ; .\\/{B\y/a)=9\/a, or 9a . 
Ex. 2. What is the square root of a^— 6a^ft+9^. 
a^—Qay/h+ma^ ^y/h 



2«— =3v^t)-6fl^5+9b 
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Ex. 3. Find the square root of 9^3. Ads. 3(/3. 

Ex. 4. Find the 4th root of\\l^/a\ Aos. f ^a. 

Ex. 5. FiDd the cube root of (6o*— 3«^*. 

Ana. v^(6tt2— 3x2). 

Ex. 6. Required the cube root of |a?6. Ads. jfn^b, 

Ex. 7. What is ihejifih root of 32iJ/ar*. Ans. 2^x. 

Ex. 8. What is the 4th root of \6a^^x» Ans. Zl/a'^x. 
Ex. 9. What is the nth root of !ya«a?. 

f 2 

Ads. a"*a^™^ 
Ex. 10. It is required to find the cube root of a^ — 3a^\/x+ 
Sax — x^x. Ads. a^^x, 

§ IV. METHOD OF REDUCllfG A FRACTIOITy WHOSE DRNOMINA- 
TOR IS A SIMPLE OR A BINOMIAL SURD, TO ANOTHER THAT SHALL 
HAVE A RATIONAL DENOMINATOR. 

350. A fraction, whose denominator is a simple surd, is of 

the form ^^ ; where x may represent anj rational quantities 

whate?er, either simple or compound ; thus, 

he a c — d » 

are fractions, whose denoouDalors are simple surd quantities. 

351. It \9k evident that, if a surd of the form !f/x be multi- 
plied by y/x"-"*, the product «»hall be rational ; since !J/xX 
n/x"-*=V(a:Xa:''-^)=ryj»'=a ; in like manner, if V(«+^) 
be multiplied by ^(«-f x)^, the product will be a+x. 

352. Hence, ij the nunierator and denominator of afrac- 

a 
lion of the form --- he multiplied by ly/x^"^, the result will be 

a fraction, whose denominator shall he rational. 

Thus, let both the numerator and denominator of fraction 

a a /x 

-— be multiplied by ^x, and it becomes ; and by mul- 

tiplying the numerator and denominator of the fraction 

ykfa+x)^ ^ 

— ^ — J — ^. Or, in general, if both the numerator and deao- 
o-f-x 

miaator of a fraction of the form —-be multiplied by ^x^\ 
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it becomes — , a fractioD whose denomiDator js a ra- 

X 

tional qaantitj. 

363. CompooDd sard qaaDtities are such as consist of ivro 
or more terms, some or all of which are irratiooal ; and if a 
qaantitj of this kind consist onlj of two terms, it is called a 
binomial sard ; and a fraction whose denominator is a binomial 

surd, is, in general, of the form ■ , . ^ ., » 
*• ^a+jyb 

354. If a maltiplier be required, that shall render any hi- 

Domial surd, whether it consist of even or odd roots, rational, 

it may be found by substituting the given numbers, or letters, 

of which it is composed, in the places of their equals, in the 

following general formula : 

Binomial, a/a+^6, 

MaiUplier , ^/a'^^ + V ^"~"^ + V«*^^'' + ^/a'^b^ +kc. , 
where the upper sign of the multiplier must be taken with 
the upper sign of the binomial, and the lower with the low* 
er ; and the series continued to n terms. This maltiplier is 
derived from observing the quotient which arises from the 
actual division of the numerator by the denominator of the 
following fractions : thus, 

I. ^-=a:'*-*+a;*-^+a:«-y+&c. . +y""^ to n terms, 

whether n be even ot oddj (Art. 108). 

II. -.J^L-=:a:»»-*— x"-^+a:"-y-&c. . . — JT** to n 
terms, when n is an even number, (Art. 109). 

x+y 
terms, when n is an odd number, (Art. HO). 

365. Now let a;"=:a, y'»=6 ; then, (Art. 116), acT=V*^» ^ 

a— 6 
=!^6, and these fractions severally become ^ — y^, 

yQ^V6 ' *°^ l/l+Z^b ' ^^^ ^^ ^^^ application of the rales 
in the preceding section we have a:"^*=!5/o*^ ; «*"^«I^# 
n-a ; a;*-3= :j/a«- 3, &c. also, ^=V*^ ? JT^^ V*' » ^^' » bence, 

n— 353 . ^^^ By substituting these values of «*•-*, ap"^, «i|^i 



ftc, in the seyera) qootieQt8,we ^ivi^-^j- ^v^^'''^'^** 
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n may be wiy wbolt namber whatever. And ~» .. =:y 

a»-J_»/a"-^+Vtf*-V-&c + V**^ *®;** *^""* 5 where 

the terms b aod !(/^"^ have the sign ^t when n is an odd 
number : and the sign — , when fi is an tv§n number.^ 

366. Since the diviior mnltiplied by the quotient gi?e8 the 
dividend^ it appears from the foregoing operations that, if a 
binomial iurd of the form y/o — ]J/6 be muUiplied by JJ/a*— *+ 
n/^v-a^^&c. . +V^*^ C* ^""^ ^^y ^hole number whate- 
ver), the product will be a— 6, a rational qaantity ; and if a 
binomial surd of the form ^a+^b be multiplied by !y/a«^^ 

— V«*"*^+V*~'*^-"*c* • • • ±V^^*^» ***« product will be 
a+b or a— 6, according as the index n is an odd or an even 

number. 

357. Hence it follows^ that, if the numerator and denomi' 
nator of the. fraction (Art. 353), be multiplied by the multipli* 
er, (Art. 354), it becomee another equivalent fraction, whose 
denominator Aall be rational. 

There are some instances, in which the reduction inay be 
performed without the formal application of the rule, which 
will be illustrated in the following examples. 

Ex. 1. Reduce ^^-j-^ — /^ *® * fraction with a rational dc- 

nominator. 

To find the multiplier which shall make y/5 — ^S rational^ 
' we have n=2, a=6, 6=3 ; /. (Art. 354), l/a'^+^'y/a^-^b 

=(8ince a-^=a«-«=a*=l) v^a+^3; /. ^^^ i^X 

y54V3^16+V15^3 

358. This multiplier, y/b+^S^ could be readily ascertain- 
ed, without the application of the formula, by inspection only ; 
since the $um into the difference of two quantities gives the 
difference of their squaree ; also the multiplier that shnll ren- 
der y/'a+V'^ rational, is evidently y^o — y/6. In like man- 
ner, a trinomial surd may jdso be rendered rational, by chang- 
ing the sign of one of its terms for a multiplier ; and a quad- 
rinomial surd by changing the signs of two of its terms, &c. 

2 

Ex» 2. Reduce -7—-; — rr to a fraction with a rational 

yo-f-\/j— ^» 

denominator. 
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2(%/5+v/3+^ ?) , . v/6+v/3+y2 — 3+V^15_ 

(v^-jV34V^X(-8+v/J5)^ .^ ^^^ ^^^^.^^ ^^^^^^^ 

Ex. 3. Redace — : -—-- to a fractioD with a rational de- 

)^/3— ^2 

notninator. 

To God the multiplier which shall make \/3 — \/2 ratio- 
nal, we have n=3, a=3, 6=2 ; /. ^/a^'-^+'^'^^b+yb'^^ 

Now(V3—y'2)(V9+y6+V4)=a— 6=3-2=1 ; .', the 
denominator is 1, and the fraction is reduced to ^O+V^'l" 
V4. 

359. Hence for the sum, or difference, of two cube roots, 
which is one of the most useful cases, the multiplier will be 
a trinomial surd consisting of the squares of the uvo gi?en 
terms, and their product, with its sign changed. 

Ex. 4. Redace — ;-,- —, - — r— to a fraction with a rational 

-y/loH-^5 

denominator. Ans. . 

2 

3 
Ex. 6. Reduce—;- to a fraction with a rational de- 

. 3v^6+3-/i» 
nommator. Ans^ — ^ ^2^—. 

5— X 

o 

Ex. 6. Reihice ^^ - — -— —- to a fraction whose denomi- 

-v/3+^2+1 

nator shall be rational. Ans. 4+2 ^ 2 — Zy/6. 

a 
Ex. 7. Reduce -- — .-r-r- to a fraction whose denominator 

shall be rational. 

• y 

2 
Ex. 8. Reduce ■ ■ to a fraction whose denominator 

shall be rational. Ans. \/* 25—^764-^46—^27. 

360. It may not be improper to take notice here of another 
transformation which binomial surd quantities may undergo 
by equal involution, and evolution. 

Ex. J. To tran-'form y/2+\/3 to a universal surd. 

Its square =5+2y^6 ; /. the tool =>/V^-V'i>/^* 

Ex. 2. To reduce -^27+-^ 4ft lo ^ \iw^^t^^^^i^^^^ 
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Hcre(v/27+v'48y=^27+8v'I296+48«147 ; .• V27+ 

Ex. 3. To traosform ^320 — ^40 to a general «artl. 

Here {\/9iO^\/40f^320—Sl/ 4096000+3 V^^^OOO 
—40=40; /. 1^/320- V40=2V6. 

361. This transformation is very useful, since, by means 
of it, we can always reduce the sum or difference of any two 
surd quantities, if they admit of the same irrational part, to a 
single surd. This may be proved, in general, thus ; if y^a and 
:(/b admit of the same irrational part, they must be of the 
' form '^a'^'m and y6'*m ; and (!J/a'»m+y6'*m)'»=a'"m+ny 



2 



"m 



*so'»i»+na*~*Xm6'*+&c b'*m .-. ;/o+:;/6=JJ/(a' 

+fMiwi'*-*6"'+&c 6''»m)= the nth root of a rational 

quantity.. Hence the product ot ^a by ^b is rational if 
v^aand ^b admit of the same irrational part ; aUo, l/a^X 
l/b^ or yaXX/h*, is rational, if ^a and \/b admit of the 
same irrational part ; and, in general, l^a^-'XlJ/ft, or!J/aX 
{/6*^, is rational, if !^o and ^b admit of the same irratio- 
nal part. 

362. It is proper to observe, that, for the addition or sub- 
traction of two quadratic Furds, the following method is given 
ID the BiJA Ganita, or the Algebra of the Hindoo?, translated 
by Strachey. Thus, to find the sum or difference of two 
surds J -y/a and \/b,for instance, 

RULE. . 

Call a+b the greater surd ; and, ifaXb is rational, (that 
is, a square), call 2^ab the less surd, the sum will be \/(tt+^ 
+2ya6), (=('v/a+\/A)'), and the difference ^{a+b-^^^ 
ab)» If a X^ is irrational, the addition and subtraction are 
impossible ; that is, they can only be indicated. 

Example. Required the^sum and difference of ^2 and -y/8. 
Here 2+8=10=> surd'; 2X8=16, /.vl6=4, and 2^/16 
=2X4=8=<»urd. Then 10+8=18. and 10—8=2;/. 
V^18= sum, and V^= difference. 

AXOTHER RULE. 

Divide a by b, and write ^ - \u Vsio ^\?icfe%. WlVxadcst 
place add 1, and in the second au\alr«icl \ \ VVv^ti ^^ ^TiJ\\i»i^ 
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^/'[(VJ+l)*X6]=^a+^/6,an<fV/[(VJ>-l)'Xt] 

m 

If V T is irrational, (that is, not a square), theadditionor 

subtractioQ can be only made by connecting the surds by the 
signs -f- or — 1, as they are. 

Sturmius, in his Matfiesis Enucleata, has also given a me- 
thod similar to the abo?e. 

£z. 4. To transform ^^+^3 to a general surd. . 

Ans.v'(6+V6)- 
Ex. 5. To transform y/a — 2^x to a uia?ersal surd. 

Ans. ^(a4-4x — 4v'o«)i 

Ex. 6. To transform 3\/^+l/12 to a universal surd. 

Ans. 3^9. 

§ V. METHOD OF EXTRACTING THE SQUARE ROOT OF BINOMIAL 

SURDS. 

363. The square root of a quantity cannot be partly rational 
and partly a quadratic surd. If possible, let y^n=a+<^ifi ; 
then by squaring both sides, n=«^+2a^m+fii, and 2ay/in= 

2 

n — a" — m ; therefore, ^m= — , a rational quantity ^ 

which is contrary to the supposition. 

A quantity of the form ^a is called a quadratic surd, 

364. In any equation ir-|-^y=o+'v/6» consisting of rationed 
quantities and quadratic surds, the rational parts on each side 
art equals and also tae irrational parts. 

If X be not equal to a, let x=a+f/i ; then a+m+y/y=^ 
+^h, or m+^y=^\/b ; that is, ^b is partly rational, and 
partly ft quadratic surd, which is impossible, (Art. 363) ; 
.•.a:=o, and \/y=^b, 

3^. If two quadratic surds y/x and y/y^ cannot be reduced 
to others ra,hiLh have the same irrational part^ their prodttct ^ 
irrationcd. 

If possible, letv^ a;y=rar, where r is a whole number or a 
fraction. Then xy=^f^x^y and y=r^x ; /. v^y=r^« ; that is, 
y/y and y/x may be so reduced as to have the same irrational 
part, which is contrary to the supposition. 

366. One quadratic surd, y/ rr, cannot be made up of iw 
9iherSy v^m and \/n, which have noiiht «amt\TTO\\^tvxkV^aT\.^ 
J f possible, Jet v/«=s-/m4-Vii\ VYifeu \J1 ^oj^smlv^ju^N^'sRcv 
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Unantity equtl to $d imtioiial. (Art 386)9 whkk h absonL 

S67. L$i (a+^} *^>+y» »A«rt c tt on eutm mmnber^ a a ra- 

Hmiat tmmUi^t b « «iaitff«iie aurd^ x mif y* mm or bothjftlum, 

I 

fiMMlralic turrfii liUii (a- *)* =x — y. 

Bj larolatiaD, a+t'«»«*+«c^*3f+«-— 5- «*"^+ to., tDd 
since e it e?eii, the odd terms of the series are rational^ and 
die e?eii teroH irratiooal ; .•.a=«*+c.— 5-«*'"^+tc., and 

5sBc«o-iy-|-c,__.,_-i-a5«>-y^. 4c., (Art. 364) ; hence, it— 6 

sa8«^— <«^^+c.— 5— »^y — &c. 5 and consequently, by 

1 

efolntion, (a — by =« — y. 

968. (jf e k on o</i< fnmn^m*, a end 6, one or froiA quadraiic 
ftfrdt, Oficf V aact y involve the mtne $urd$ that a and b do re- 

iptcHvelyt and al$o (a+6)r=»+yi then (a — ^)rs=af — y, 

c— .1 
By involatioo, a + *=«*+ c*^*y + c.-— — x«-^+to:., 

where the odd teroif involve the same sord that x does, be- 

eanse c is an odd number, and the even terms, the same surd 

that IT does ; and since no part of a can consist of y and its 

c— 1 
parts, (Art 368^, a=a;«+c.— — xo-y+ tc., and6-ca:^y+ 

*" "^f'+fcc, ; heoce, o— 6=«« — cjt^^y+c- "" 



1 

t?^— *c. ; /.by evolution, (a— .6)^5=«— y. 

369. Ti^ f^iiars root of a btnofnial^ one of whose term$ is a 
ptadratie eurd^ and the other rational^ may sometimes be ex- 
pressed by a binomiat, one or b th of whose terms are quadra- 
Ueswrde. ^ 

(jet a+v^ he the given biooiiiual, and supiiose ^ia-^^h) 
s=;ap+y ; wNre X and y are one or both quadratic surds ; then 
V^fo — ^y'6)=ap— y, (Art 367) ; /. by multiplication, ^ 

mImo, by squaring both sides of the first equation, 
it'h%/f=x'+2xg+f^ and a=5rf+^ (.Kjd. »^^ % 
• • iBr/r«dcfitiaa,«+y^(^a*-.ik)»fti^,%^biva\Ax%a^^ 
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(a»— 6)=8/; and the root *+9=y/[ia+i^(a'—b)]+y/ 
[l«~i^(a»-«)]. 

From this cooclusioD it appears, that the square root of a 
•^y/b can ooly be expressed by a bioomial of the form x-^y, 
0D9 or both of which are quadratic surds, when a^ — 6^ is a 
perfect square. ^ 

By a similar process it might be ^howo that the square root 
of or^V'^is v^[V+i\/(a^-^)]— •[ia-ix/(tt— 6)], sub- 
jec^ to the same limitation. 

Ex. 1. Required the square root of 3-f 2y^2. 

L«t ^(3+ V2)=^+y ; th«o ^/(3— 2v^2)=x— 2/; by 
OmUiplicatioOf v^(9 — 8)=ar'— y* ; that is, jr*— y"=l. 

Also, by sqaaring both sides of the tirst equation, 34*^%/^ 
=3cjc^+2a?y— ^, and ar*+^''=3, (Art. S!64) ; .-.by addition, gx^ 
=b4, aod %^='y/t. 

Again, by subtraction, 2i/^=2 ; .".^=1, and ir+y=\/2+l 
= the root required. 

Or, the root may be found by sub.^tituting 3 for a, ?y^2£= 
^8 for y/h^ or 8 for 6, in the above formula ; thus, 

Ex. 2. Required the square root of 19+8v/3. 

Ans. 4+^3. 
Ex. 3. What is the square root of 12— y^ 140 ? 

Ans. y^7 — y^5. 

Kx. 4. Find the square root of 7+4y^3. 

Ans. 24-V'3. 
Ex. 5. Find tlie square root of 7— .2y^lO. 

Ans. v^6 — ^2. 
Ex. C. Find the square root of 3l + r?y^— 5. 

Ans. 6+-y/ — 6. 
Ex. 7. Find the square root of 18 — 10^ — 7. 

Ans. 5 — y/ — 7. 

Ex. 8. Find the square root of — 1+4^/ — 5. 

Ans. 2+-v/— 5. 
370. T/ie cth root of a binomial, one or both of whose terms 
are possible quadratic iurrfi, may sometimes be expressed by a 
binomial of that description. 

Let A+B be the given tiinomia! surd, in which both terms 
are possible ; the quantities under the radical signs whole ^ 
aambers ; and A is {greater than B. 

Let V[(A+B)XV'Q]=rr+y ; 
thenV/[(A— B) X^Q]=x— ^, (^Tl. ^^1^ \ 

.% by muJfipJication, y^^^A?_B^^X^\=o?--^ \ t»js^ w 
^ hm^o aMomed, that {J^ -B*^XGt ta^^ >»^ ^ ^«i^^^^ *? 
power smfv, tLea «a-*.j^=:». 
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Again, by fiqaariqg both sides of the first two eqaatioof, 
we have 

Vf (A+B)«XQ]=r:r^+«xy+ y" 

V[(A- B)«x Q]=«*— 2«y+y" 

/. V[(A+B)«XQ]+Vt(A— B)«XQ]==2a:«+2^; which is 
always a whole Dumber when the root is a bioomial sard r 
take therefore 's and <, the nearest integer valaes of ^ 
[(A+B)*XQ3 and V[(A— B)"XQ3, one of which is greater 
and the other less than the true valae of the corresponding 
qaantitjr ; then since the sum of these sords is an ^integer, 
the fractional parts mu«t destroy each other, and 2s'4'^=« 
-{-r, exactly, when the root of the proposed quantity can be 
obtained. We have therefore these two eqaations, x*-—;^ 
=», and a:"+y*=i»-l:i* 5 /• hy addition, 2«"=fi+i*+l^« and 
x=^v^(2n+*+() ; and by subtraction, 2^=if+i< — n, and y 

Consequently, if the root of the binomial !^[(A+B)Xy^ 
Q] be of the form x+y, it is*iV'(^+»+0+f/(«+«— 2ii) ; 

and the cth root of A+B is^^-^ — r ■ ^ ^— I — ^-^ — ^, 

Ex. 1. Required the cube root of lO+v/IOd. 

In this case, y^lOe is > 10 ; /. A=v^l08, B=10, A«— B^ 

= 108-^100=8, and 8Q,=»^ Now, since Sis a cube number, 

Q, may be taken equal to 1 ; then 8Q=8=n^ ; ,% n=2. Also, 

^[(A+B)«3=7+/; V[(A— B)^]=l— /, where /* is some 

a/12+2 
fraction less than unity ; /. #=7, t=l ; anda:+y=-^^ — - — - 

=v/3+l. 

If therefore the cube of 10+v^l08 can be expressed in 
the proposed form, it is ^3+1 ; which on trial is found to 
succeed. 

Ex. 2. Find the cube root of Z6+\b^3. 

An8.^2+y^3. 
Ex. 3. Find the cube root of 0^/3 — 1 lv^2. 

Ans. v^3— -y/2. 
Ex. 4. Find the cube root of 4-^/5+8. 

Ans. -~. 

37 1 . In the operation, it is required to find a number Q, such, 

that (A^ — B)^XQ may be a perfect cth power ; this will be 

the case, if Q be taken equal to (A* — B^)*-' ; but to find 

a less n amber which wiU answeT\\iVft«owdv\\ou^ let A^— B' be 

divisible by a^ a, . . • \^n) \ b,b, . . . (n.^ \ A^d^ • • • VyS\%uc, 

BUGcemou, (hat is, let A*-B*=^aH*d' liw.- s^s^A^v. ^?==<».* 
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i»(f' Sec. T4en (A^— B2).Q,5=a'^+' X6«+y X(^+^ &c., which is 
a perfie.ct cth |)ower, if x, y, z, &c., be §o a^ftutned that m+x, 
A+y» ''+2^* &c. are respectively equal to c, or some moUiple 
of 6. T has, to find a number ^hich multiplied by 2250 will 
produce a perfect cube, divide 2250 a^ often as possible by 
the prime numbers 2, 3, 5, &c. and it appears that 2X3X3 
X5X5X5=2X3»X53=2250; if, therefore, it be multiplied 
by 2^X3, it becomes ^X^^Xb^y or (2.3.6)3 ;a perfect cube. 
See WooD*9 ALOEsaA. 

§ VI. CALCULATION OF IMAGINARr QUANTITIES. 

372. Id the Io?olutioQ of negative quantities, it wa$v ob- 
served, (Art. 2bO), that the even powers were all affected 
with the sign +, and the odd powers, (Art. 281), with — ; 
there is consequently no quantity whiih, multiplied into itself 
in such a manner that the number of factors shsll be even, 
can generate a negative quantity. Hence quantities of the 
form ^ — a^ i^/— 16, \/ — a\ ^— a*, and in general, "^ — a, 
have DO real roots ; and are therefore usually called imposn^ 
hie or imaginary. 

It is to be observed that all quantities, either positive or 
TiegcUive^ or eveu irrational^ are coD^idered to be r aL 

373. Although the values of imaj^iDary qaaDtities are un- 
assignable in numbers, they are yet of great use in some of 
the higher branches of analyt^i^, as well as in showing whea 
a resalt of this kind occurs, that the question, under the pro- 
posed conditions, is impossible 

Thus, if it should be required to find a nutnher whose square 
subtracted from 3, gives 7 Jor a remainder. We have for a 
translation 

' 3_aJ=7; .•.r»=r3-7=— 4. 

The unknown quantity x is therefore the square root of 
the number — 4, a root which is imaginary, (Art. 372) ; and 
in tact, the enunciation comprehend*^ an impossibility. If we 
had thus proposed the question, to find, a number 7»ho$e sauare 
aJded to 3, gives 7 for a sum, we should have had for the 
translation a-^4"3=7 ; /.x^=4 andx=2, which is a real root. 

Thus negative isolated results arise from the subtraction of 
a greater Duoaber from a lesser, and imaginary quantities are 
given by a new operation to be performed upon these kind of 
remainders. 

374. This being premised, it is onlv necessary farther to 
observe, that the method of adding; an^ %viV)Vt'd.Ol\\i'^\\!^^^'^"^ 
radices, id the same as for real quaii\\\!\%^< 
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Thus, V^— a+2V^— <i3=3V— fl ; 6+v/— 4+6— ^Z— 4= 
12 ; and 3 ^— aar+V — y— (v/-<m; -V'— y)=2^ — oa?+2 

V—y- 

375. Every imaginary radical quantity of the form y/ — a, 

can ht reduced to the form y/a X^/— ^U or <fi^ — 1. 

in order to denioDstrate this, let the ideotical equality be, 
(c — 6)a=(c — 6)a ; by extracting the root of both sides, wc 
shall have ^(c— 6)X^a=v^[(c— 6)a] ; which uoder the 
relation, A > c, or in the hypothesis, for instance, 6=c+ 1, be- 
comes */ — 1 Xv/o=\/ — ct ; and, in general, ^i{/— o=^!5/aX 
v/— 1. 

It may be demonstrated, io a similar manner, that V —^ 



m 



= V ~XV — * ; an J »Q general, that V ^= V — 

^ m mm 

37G. Hence, in the calculation ofimaglnary radicals, it is suf- 
ficient to demonstrate the rules for multiplying and involving 
the imaginary radical ^~ 1 ; since imaginary quantities can 
be always resolved into factors ; so that — 1 only shall remain 
under the radical sign. 

377. in the first place, then, it may be observed, when a^ 
is considered abstractedly, or without any regard to its gene- 
ration, then y/a^ may he either +« or -a (Art. 295), there 
being nothing; in the nature of the quantity so taken, to denote 
from which of these two expressions it was derived. 

378. But this ambiguity, which, in the above-mentioned^ 
case, arises from our b^ing unacquainted with the origin of 
the quantity whose root is to he extracted, will not take place 
when the sign of the quantity from which it was produced is 
known ; as there can. then, h« only one root, which must evi- 
dently be taken in plus or minus^ according to the state it ex- 
isted in before it was involved. 

379. Thus. v/[(+a) X(a)], or y/[i+a^)] cannot be of the 
ambiguous form -ha, as it would have been if a^ had been un- 
conditionally assumed, but it is sirpply a ; and, for a like rea- 
son, -y/[( a)X(-a')], or ^( -a}^is =— a, and not dta ; 
since the value ot the equivalent expression -{-^a*, or — ^a^ 
in these cases, is determined, from the circumstance of its 
L6ing known how a^ is derived. 

380. Hence the product o/ -y/—! 6y -^— 1 , or which is the 
same, (y/ — l ^^ i ^ = — <^ \ =: — \ . V Vi\* v* yj\\^\. •a.^v^^'^^ ^'^^- 

(leat from (Art. 326), since tVvaliu %c^w^tvck^ ^ ^jvi-jcoJoJc^ ^\^ 
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the radical sign ^, we have only to take it away, that is, to 
pass the quantity from under the radical sign. 

381. Also, if the factors, in this case, be both negative, the 
remit will be the same as beftre ; since — (^Z — 1 ) X —(x/ — 1 ) 
=+(v'' — iy=r _ I . bm iy QYi^ qJ the factors be positive and 
the other negative, we shall have +(\/- I) X — (\/ — \)= — 

SQi, All whole positive numbers are comprised in one of 
these four formula ; 

4n, 4n+l, 4n+2, 4fi+3, 
n being a whole positive number ; since that, if any whole 
number be divid<'d by 4, the remainder must be 0, 1, 2, or 3. 

If we designate y/ — I by x, the several powers of y/ — 1 
shall be therefore represented by one of these four formulae : 

V'—l)**=x*n=(a:')^=(+ 1 )"==+! ; 
y_l)4»+itr.x*«+*=x'*'».a:=.T=+-v/-l ; 

Thus, in order to know any given power of ^ — 1 , it is suffi- 
cientto divide the exponent of the power proposed by 4, and the 
power of y^ — 1 indicated by the remainder shall be that which 
is required, 

383. When one imaginary quantity is to be multiplied by anO" 
th^r, the result^ whether they be both positive or both negative, is 
equal to minus the square root of the product, taking them as 
real quantities. 

Thus, (-hv/-tt)X(+-v/— 6)=— -v/''^ ; since, (Art. 376), 

(+^-a)X(-hV'-6)= -v/aXv'— IXv^^X/-.!— v/aXV 
oX(vZ — \f= — 1 Xy/ah=^ — ^<i6. And,in a similar manner, 

it may be proved that ( — \/ — ";X( — y^ — 6;= — y/ab. 

384. And if one of the imaginary radicals be positive, and the 
other negative^ the result arising from their multiplication will 
be plus the square rout of their product, taking them as before. 

Thus, (+\/ — o)X( — y/ — 6)=+v^a6; since +v^ — a= 
+V'aXV'— l,and ~^-6=(-^V' l)Xv^6; /. {^aX^ 
-.1)X(— ^-l)X^/6)=[(+v^-l);— V^— l)lv^fl6=+l 
Xv/a6=+v^a6 (An. 381). 

386. When one imaginary radical is to be divided by ano* 
iher, the result, whether they be both positive or both negative, 
will be equal to plus the square root of their quotient, taking 
them as real quantities. 

Tu +-/— « —-/—a a +y/—a 
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386. And if one of the imaginary radieali he positive and the 
other negative^ the result arising from division^ will be nnuvtn 
the square root of their quotient, taking them as before. 

Thus, — -^ — r or -r-~ =— v^tJ aod — ^ or 

-j-y/ — a • 

387. //* an imaginary radical is to be divided by a real radi- 
cal, or a real radical by an imaginary one, the result will be 
equal to plus or minus the square root of their quotient ^ accord' 
ing as the radical is affirmative or negative. 



Tha»,5^--^or -iL--=+^— - j and -s:—-- or --r~— 
^/b ^ — 6 ^ 6 — ^a . ^' 



I'he several powers of imaginary radicals can be readily 
derived from the formulsB (Art. 382} ; it only now remains 
to illustrate the preceding rules by a few practical examplei. 

Ex. 1. It is required to multiply a — y^— 6 by a^^^'^b^ or 
to find the square of a — y^ - 6. I 

a y/ -^b 

a — y — b 

a^—ii^—h 
— ay^ — 6 — b 



a^^2a{y/—h)-^b Ans. 
Ex. 2. It 19 required to find the quotient of 1-f y^ — 1 divid- 
ed by 1—^—1. 

Here l + v-l^l+yZ-l l+^/-l^g^>U . , 

Ans. 

Ex. 3. It is required to multiply l + \/ — 1 by +^—1 ; 
or to find the square of 1 +y/ — 1 . Ans. 2 4/ — 1 . 

Ex. 4. It is rpqiiired to find the product arising from mul- 
tiplying \+\/ — » hy 1 — ^ — 1. Ans. 2. 
Ex. 5. It is required to find the square, or second power 
of a+^—b^. Ans. c?—b^+^ab^—\. 
Ex. 6. It is required to multiply 6+2^ — 3 by 2 — y'— 3. 

Ans. 16-^v^— 3. 

Ex. 7. It is required to find the cube, or third power, of a 

^y/—b\ Ans. o^— 3a6»+(6^-3a26V— 1. 

Ex. 8, It is^ required to ^nd iVi^ c^\xo\\^\it of 34-^—4 di* 

Tided by 3—2^—1 . K\a. -^^Vb-V^"^ >| -►Vi^ 

Ex. 9. It is reqaired to find tVke a^xiwce oi ^/^o.-V>>^/— v^^ 



[ f^5 ] 



CHAPTER VIII. 



OBT 



PURE EQUATIONS. 

388<r Eqaatioofl are considered as of two kinds, called sim- 
ple or jmre^ and ad/kded : each of which are differently de- 
oominated according to the dimensij^ns of the unknown quan- 
titj. 

389. If the equation, when cleared of fractions and radical 
fligps or fractional exponents, contain only the firti power of 
the QoknowD qnantitjr, it is called a simple equation. 

390. If the unkoown quantity rises to the second power or 
aquare^ it is called a quadratic equation. 

391. If the unknown quantity rises to the third power or 
c«6e,it is called a cubic equation, &c. 

392. Pur^ equations, in general, are those wherein only one 
complete power of the unknown quantity, is concerned. These 
are called pure equfuions of the Jirst degree^ pure quadratics, 
pure eubics, pure biquadratics^ &c., according to the dimension 
of the unknown quantity. ^ 

Thus; (e^^a+b is a pure equation of the Jirst degree ; 
x^ssa'^ab is a pure quadratic ; 
. ap3=a^4"<*'^+c is a pure cubic ; 
x^3sa*4*a^^+<3tc^+^i9 a P****« biquadratic. i &c. 

393. Mfected equations are those wherein different powers of 
^e ufdcnown quantity are concerned, or are found in the same 
equation. These are called adjected quadratics, adjected eu- 
bics, adjected biquadratics, &C. . according to the highest di« 
mension or power of the unknown quantity. 

Thus, ^^ar^b, is an adfected quadratic ; 

x^+«*"+Aa7=c, an adfected cubic ; 

3i^+agx^+bx^+ci»^d, an adfected biquadratic, 
lulike manner other adfected equations are' ^ettomiiiated 
to the highest power of the unknown quantities. 



§ I. 80L0TI097 or FURK B^UATIORS OF THB P1B8T DB6R&B 

«r uhrokuTiON. 
394. We ban already drtWewA, wdfct ^^ ^«tfs«ww^^j^ 

a4 
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of Simple Equations, the methods of resoWiog pure equations 
of the first degree, in all cases, except when tne quantity is 
affected with radical signs or firactional exponents, in which 
case the following rule is to be observed. 

RULE. 

395. If the equation contains a single, radical quantity, 
transpose all the other terms to thd contrary side ; then in- 
vol?e each side into the power denominated by the Index of 
the surd ; from whence an equation will.arise free from radi- 
pal quantities, which may be resolved by the rules p<rtnted 
out in Chap. III. 

If there are more than one radical sign over the quantity, 
the operation must be repeated ; and if there are more than 
one surd quantity in the equation, let the most complex of 
those surds be' brought by itself on one side, and then pro- 
ceed as before. 

Ex. 1. Given y'(4a:-f-l6)=l?, to find the value of x.- 
Squaring both sides of the equation, 4x+16=si44 ; 

by transposition, 4x=144 — 16 ; •'•x^^St. 
Ex. 2. Given V(«rr+3)+4=7, to find the value of ar. 

By transposition, V(2x+3)=7 — 4=3 ; 
cubing both sides, 2x-f 3=27 ; 
by transposition, 2a;=27-3 ; .•,x=l2. 
Ex. 3. Given v'(l2+x)=2+v^x, to find the value of x. 

By squaring, l2+x=4+4y^x+a; ; 
by transposition, 8=4y/x, or v^x=2 ; 

.'.by squaring, x=4. 
Ex. 4. Given y^(x+40)=10— -v/x, to find the value of x. 

By squaring, x+40=IOO — 20-y/x+x ; 
by transposition, 20y^x=60, or ^x=«3 ; 

.-.by squaring, x=9. 
Ex.. 6. Given ^(x— 16)=8 — y/x, to find the value of x. 
By squaring both sides of the equation, 

x-16a=64— 16^x+«; .-. 16y/x=64 + 16=80; 

by division, ^x=5 ; .*. x=26. 
Ex. 6. Given y^(«— a)=y'x — ^^/a, to find the value of x. 
Squaring both sides of the equation, 

.'.by transposition, ^{ax)=^^a ; 
. 'r . 26aa . 26a 

bjr squaring, ««=-j^ ; ••. ^^^^-fg- 
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Ef . 7. Gi?cn ^&Xy/(x+2)^y^B^+^, to find the value of a;. 

by squariDg, 6a:4-lO=6a:+4y^ox+4 ; 

by transposition, 6=4^5x, .*. ^5x=^^ ; 

by squaring again, 6a; =1 ; .*« a;=/^. 

Ex. 8. Given =^^> to find the value of «. 

y/X X 

Multiplying both sides of the equation by ^x^ 

X 1 

X — ax=-=^l, or (I — a)x=l ; .*. x=- . ^ 

X \ / » 1— a 

Ex. 9. Given \/^+^» =^^^, to find the value of x. 

Multiplying both sides by (^^+4) X(v/a;+6), 

we have x+34yx+l68=x+42v'aJ+l62 ; 

by transposition, 16=8^x, or 2=y^x ; 

.•. by squaring, x=4. 

Ex. 10. Given -rT=^ — ^,, to find the value of x. 

^ox-f-o Oy/ax+bb 

Multiplying both sides by (v/ox4-&) X(:5yax+66), 

3ax+2by/ax — bb^ — 3ax+b\/ax — 36*, 

.-. by transposition, by/ax=3li^ ; 

by division, <Vox=36 ; 

.•.by squaring, ax=96*, and x= — ^. 

Ex. If. Given y^(x+\/x) — \/(x — \/x)= 

5^^ I — ; — rr^ I » to find the value of x. 

Multiply both sides of the equation by v/(x4-\/5c)j x+^ 

.*. by transposition, x 9^~\/(^'~^) > 

and dividing by y/x^ ^x— |=^(x — I) ; 

.*. by squaring, x— y^x+i=x — 1 ; .*. ^x=J, 

25 
and by squaring, ^=To- 

Ex. 12. Given ^/(x — 24)=^x — 2, to find the value ofx. 

Ans. x=49. 
Ex. 13. Given v'(4a+x)=2^(64-x)-.v^x, to find the 

value ofx. ' Ana»x=^r — —-^ 

Ex. 14. Girenx+a+^^^ax-V^'i=^>V»^^'^^'^^'^'^'^^^ 
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> 

Ex. 16. GiFen ^^?5«v^^^ to find the value oi cr. 

/ ah \^ 

Ex. 16. Given-^-^a= l+ ^^f^ i , to find the value of 

x» Aof. x^^3» 

Ex. 17. GiveD x=\/ra'+^i/(^+«')]— «> to find the va- 

lae of X. Aqs. ap5= — ; — . 

4 
Ex. 18. GiTen ^(2+x)+\/x= -j^-j^ *<> ^^^ the va- 

2 
lue of a:. Ana. x=«. 

Ex. 19. Given ^(1 Ox +36)- 1=4, to find the value of a:. 

An«. x=^9* 
Ex. 20. Given V (9«— 4)+6=8, to find the value of x. 

Aos. xss4. 
Ex. 21. Given \/(x+16)=2+t/«» to find the value of x. 

Ans. x=9. 
Ex. 22. Given v'(x— 32)=16-t^x, to find the value of 
of. Ans. x=8]. 

Ex. 23. Given ^(4x+2l)=2^x+l, to find the value of 
X. Aas. x=26. 

Ex. 24. Given ^[l+x^{x^+\2)] = \+x, to find the va- 
lue of x. Ans. x=2. 

3fi 
Ex. 26. Given v^x + ^/(x— 9) =— — to find the va- 

lue of X,. Ans. x-=26. 

Ex. 2^. Given vyia+x)=^^(3r^+5ax+b^) to find the va- 

lue of X. Ans. x=— T— . 

3a 

Ex. 27. Given a/9^-4 ^2g±y^, to find the value of 

^x+2 v^x+40 
X. Ans.x=4. 

Ex. 28. Given ~^—r--^ ^ -~, to find the value of x- 

^6x+2 4v/6x+6 

Aos. x=6. 

Ex. 29. Given — ~-i; — 1 =- ^7" i to find the value 

^6x+3 2 

of X, K^^* «?=^^- 
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Ex. 30. Given ^f "", ^ =c+.^^ — , to find the ralue 

V ax+6 c 

ot X. Ans. x=-.( 6H rV. 

a \ c— 1/ 

§ II. SOLUTION OF PURE BC^UATIONS OF THE Sl^COND', AND 
OTHER HIGHER DEGREES', BY EVOLUTION. 

RULE. 

396. Transpose the terms of the equation in such a man- 
ner, that the given power of the unknown quantity maj be 
CO one side of the equation, and the known quantities on the 
Other ; then extract the root, denoted by the exponent of the 
power, on eacb side of the equation, and the value of the un- 
known quantity will be determined. In the same way any 
adfected equation, having that side which contains the un- 
known quantity, a complete power, may be reduced to a sim- 
ple equation, from wbich the value of the unknown quantity 
will be ascertained, by the rules in Chap. III. 

Ex. 1. Given x^— 17=130-^2x^ to find the values of x. 

By transposition, 3x^=147 ; 

.'.by division, x^=49, 

and by evolution, a;=±7. 

397. It has been already observed, (Art. 296), that ^a 
may be either + or — , where n is any whole number what- 
ever ; and, consequently, all pure equations of the second de- 
gree admit of two solutions. Thus, +7X+7, and — 7X — 7, 
are both equal to 49 ; and both, when substituted for x in the^ 
original equation, answer the condition required. 

Ex. 2. Given a:^+«*^=^^> to find the values of x. 

By transposition, 4x =a6 ; 
.'. 2x=4iv^fl6, and x=+^y/ah, 
Ex. 3. Given x^— 6x+9=o', to find the values of x. 

By evolution, x — 3=^+a ; .•. x=3+a. 
Ex. 4. Given 4r»-4ax+tf^=x^+l2x+36, to find the va- 
lue of X. 

By extracting the square root on both sides, we have 2x— 
4=x+6 ; 

••. by transposition, 2.=o+6 

Ex, 6. ^i^^^/+y^ J I to find the values of x and y. 

By addition, 2«"=18 ; .•. x=^±^9^±3- 
By subtraction, ^>f =^ \ •• . '^^'=•"^•7 V^-v?.. 
Ex. 6. €fiven 81a^aBS56» to fiiiiLVXx^iA^^"?^ ti^ ^> 

a4* 
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By ezttactiog the tquare root, dc^ssHhlfi ; 
By extracting again, 3x=jb\/+.I6s= 4^4, or ±\y/ — 1 ; 

.•. *=i4» or a:»+.|^— 1. 
Ex. 7. Giren or*— Sx^So:'— Is^ST, to find the faloes of a;. 
By eyolation, x^— 1=3 ; .•.a:«=:4, and g=^2, 
£x. 8. Gi?en 36x*=:«^, to find the Yalnei o{ x^ 

Ana. «=+J^. 
Ex. 0. Given r^^S?, to find the yalae of x. 

Ans. »=d^ 
Ex. 10. Giren r^+ex+O^aSS, to find the valnea of x. 

Ans. ««2, or — 8. 
Ex. 11. Given Sx*— 9=21+3, to find the valaes of x. 

Ans. x=+-y/ll. 
Ex. 12. Given x^ — x*+Jx — jV^*'» to find the value of x. 

A^. x=a+i. 
Ex. 13. Given x'+f^+i^o'^i to find the values of x. 

Ans. x=^a6 — 1. 
Ex. 14. Given x'-f-^^+i&'^^a'y to find the values of x. 

Ans. x= "jho— Ji. 
Ex. 1 6. Given x* — 2x^+ 1 = 9, to find the values ofx. 

Ans. x=a>-hg, or +V' — 2. 
Ex. 16. Given X* — 4x^+4=4, to find the values of x. 

Ans. x=+2, or "^y/Q* 
Ex. 17. Given 6x2—27=3x2+216, to find the values ofx. 

Ans. x=+.ll. 
Ex. 18. Given bx^ — 1=244, to find the values of x. 

Ans. 3?=+7. 
Ex. 19. Given9x2+9=3x'+63, to find the values of X. 

Aqs. x=+3. 
Ex. 20. Given 2ax2+6— 4=cx2— 6+d— ar», to find the 

values of x. Ans. x=: V -t: — . 

^ 3a-.c. 

Ex. 21, Given x*+y*=a and x* — y*=^, to find the values 
of X and y. 

Ans. JP=iV(±^%/(2a+26)) and y=+v/(±i\/(2a— 
2i)). 

^ III. EXAMPLES IN WHICH THE PRECEDING RULES ARE APPLIED 
IN THE SOLUTION OF PURE EQUATIONS. 

398. Whtn the terms of an equation involve powers of the 
wiks%own quantity placed under radical signs. 

Let the equation be cleared of radical signs, as in Sect. I ; 
Ihen, the value of the unknown quantity will be determined 
Jbjr eKtraciiag the root, as in Seel. V\. 
Amd by a similar procesBi anj e(\u«\!\ot\c.^i)X»LTra\%>^i^ Y^m* 
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era of a fanctioB of the anknoini qaantity, or cootaining the 
powers of two qdIcuowq quantities, may frequently be reduc- 
ed to lower dimenaions. 

Ei. 1. Gi?en ^x^=^^(a+b), to find the values of x. 

Cubing both sides, x^=a+^ ; 

.\x=±y/{a+b). 

Ex. 2. Gi?eD y(«^— 9)=^(x-.3) ; to. find the values of a;. 

Here, the given quantity may be exhibited under the form 

(jBa-.9)i=(x— 3)^ ; then, by squaring both sides, (ar*— 9)*^"* 

=(x-3)*^', or (ar»— 9)*=a;-r3 ; 

by squaring again, ar*— 9=x' — 6a;+9 ^ 
.%by transposition, 6a;=l8 ; and a;=3. 
. Ex. 3. Given x"-.j^=9, and x — y=l ; to find the values 
of X and y. 

Dividing the corresponding terms of the first equation by 
those of the second, we have a?+y=9 ; 

adding this equation to the second, 2j;=:10 ; 
.•.x=5, and y=9— a; ; .•,^=4. 
Ex. 4. Given ^x+^y=5 > ^^ g^^, ^^^ ^^^^^^ ^^ ^ ^^^ 

and y^x — \/y=l»i '^ 

Adding the two equations, 2^x=6, .',^x=3^ 

and by involution, xc=9. 
Subtracting the two equations, 2-^^=4, and y/y=2 ; 

.'.by involution, y=4. 

^"- '■ ^'r„3 ff+4=A \ *» ^-"^ '"« "^"«^ •'f ^ '"'^ y- 

By addition, a^+2xy+f=36 ; 

.'.extracting the square root, a;+y= Hh6. 

Now x^+xy=^x.{x+y)= + 6ar ; 

.•.Hh6x=l2, and_a:=+2 ; 

...^=+64.2=4-4. 

2a^ 

Ex. 6. Given x+\/(a^+a:^)= -7/-aT'"lF:» ^<^ fin<l the values 

^{a'^'i'x^) 

of X. 

Multiplying by v/(«^+^). we have x-v/(a^+^^)+a=+a;== 

by transposition, x<y(a'+ar^)=a' — x^, 
^nd squaring both sides, a^x''i'X*=a*'^2aV'-^x/^ ; 

.•.3aV=a*, and x=+ — -. 
Ex. 7. Given a:*+y'=-^ 




and xy = 

X — y 
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From the '1st equatioo subtracting twice the 3d. 
*«-«»j,-|V=(x-y)«=-i-...-. («-y)'=i, 

^ * Jf 

and X— y=l ; .•.ap^+y'sslS ; 

and 2x3^=12; 

••. by addition, «*+2a5y+y^=25, 
by extracting the sqaare root, y+y= -f 5 ; 

bat X — y=l ; 

.•.. by addition, 2a;=6, or —4 : and «=3, or — 2 ; 
by subtraction, 2y=4, or — 6 ; and y=2, or — ^3. 

Ex. 8. Given x'^+yi^lS, ) ^^ g^^ the^alues of x and y. 
andx*+y^=4, ) 
^ Squaring the second equatioo,4l^ +2x»y' +y*=26 

.but a:^ +y*=l3 

-1 i. 
.•. by subtraction, 2x^y* = 12. 

Subtracting this from the 1st equation, 

X3— 2x^y3-}-y3 3-:l 

.*. extracting the square root, x^— y^=±l 

J. ± 
buta;3+t/3=6 



.*. by addition, 2x^=6, or 4 ; 
and x3=3, or 2 ; .-. x=27, or 8 j 

.'. by subtractioj], 2y3=4, or 6. 

jt 
and 2/3=2, or 3 ; .'.^=8, or 27. 

Ex.9. Given x^+x^y*+if=9.13, ) to find the values of x 

and x*4-3fV+y*^^2*» > and 2/. 
Dividing the first equation by the second, x* — x^+t/* 

= 13; 

subtracting this from the second equation, 2x^y^=8 ; 

...x2y2=4; 

by adding this equation to the second, x^+2:^+y^ 

=26,; . .-. ^^+^=±5. 

Subtracting the equation xy^4, from «* — a:V+y*= JS^ 
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.-. by addition, t3^=^±Ji, and a:=±2, or ±2y— I ; and by 
subtractioo, iy^^^iiS, and y=+K or ±.\/ — 1. 

?x. 10. Giy^n i/(^+^)+^(^iO^^^ to 6nd the value 

of «. 
Multiply the nmaerator and denominator by ^ {a'^x)^y/ 

(«^).[.idd:'i±Vl(:iZf)r=:6, or 2«+V(«"-0= 
2te ; .*. v/(«^ — »')=6«--aa and squariog both sides, a'— x^= 

2a6 
.'. 6V+ar'=*5laoif, and ^^tstTi' 

loes of X and ]^. «i^^ 

Dividi^Mie second equation by the first, (x'+y") 
. (x+y)=l5xyi .-. x'+rhf-^xf+t/^-^lbxy , 
but from the tirst, a:^ - xhf — o^+f"^ 3xy ; 

.•. by addition, 2ir^+2y'=18afy, and ar^+f=9xy. 

But by subtraction, 2x^+2x^2= l2xy, and x+y=»6 ; 

.-. bjr cubing, x^+3x«y+3xy3+2^=2l6 j 

«* +y3=9xy; 

.•. by subtraction, 3x«y+3xy*=2l6— 9xy, 
or 3 • («+yVa;y=3.X6.afy=2l6— 9xy ; .-. 27x^=216, and xy 

=8. 

Now x»+2xy+y"=36, 
and 4«y =32; 

^i'. by subtraction, «* - 2xy+y'=4. 
and by exTractiug the square root, x— y=+.2, 

but x+y= 6, 

.•.by addition, 2x=8, or 4 ; and x=4, or 2 ; 
and by subtraction, 2y=4, or 8 ; .•. y=2, or 4. 

Ex. 12. Qivea^+^^ZSQ^^, to find the values of x. 
, / Ans. x=+^(2a6-^). 

Ex. 13. Given »*+Sa>-7«5a;+2+— , to find the values 

X 

of X. K\dk« «.^=5''i^«t. — "^^ 
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.-. X* : (18x)« : : 26 : 16, and 16«^=25(18— a:)% 

.*. ^xtractiBg the square root, 42=5( 18 — x), ana 

99=90 ; .*. a;=10, and the parts are 10 and 8. 

Prob. 3. What two nttmbera srd those WiiotetliflSBreDetiBivltipliid by 
the greater, prodbces 40, and by the less 15 ? 

Let x=the greater, and y=^ the lew ; 
.•. a^ — ^xy=40, and xy — y^=16 ; 
,*. by subtraction, x*— 2.xy+j^=26, 

and X - y^i.6. 
,'. from the first equation, x{x — y)=+.6«=40, 

and x=jf 8. 
From the 2d, y(a;— y)=±6y=15 ; .•. =±3. 

Prob. 4. What twoanmbers are thotfo whose differeace, maltipUed by 
the less, produces 42, and by their sam 133 ? ' 

Let xss the greater, and y=the less ; 
••• (aP— y)-y=42, and («— y).(ar+y)=133 ; 
.\ by subtracting twice the first from the second, 
a:*— 2ary+y'=49 ; .'.x — y=^ +.7 ; 
whence dt7y=42, and y=+6 ; 
but x=yHi:7 ; ,-. a=:+:6±7"=j+ IS. 

Prob. 5. What two nambers are those, which being; both multiplied 
Uy 27, the first product is a square, and the second the root of that 
square ; -but being both multiplied by 3, the first product is a cube, and 
the second the root of that cube ? 

Let X aud y be the numbers ; 

then y/'27x=^7y. and .-. x=Z7f ; 

also ^ST=^3y ; and ,\x=9tf^ ; 
whence 9f=^21y\ and y=3 ; .•.a:=9X 27—243 ; 

.*. the numbers are 243, and 3. 

Prob. 6. Two travellers, A and B, set out to meet each other ; A 
leaving the town C at the same time that B left D. They travelled the di- 
rect road, C D : and, on meeting, it appeared that A had travelled 18 
miles more than B ; and that \ could have gone B*s journey in 15 3-4th 
days, but B would have been 28 days in performing A*s journey. What 
was the distance between C and D f 

Leta;=the number of miled A has travelled ; 
.•. X — 18=the number B has tMrelled ; 
and X — 18 : x : : 16| : the nuoroer of days A travelled^ s= 

63x 
— rrr- i also X I X— 18 n 28 : to the number of days B tra- 

4.(x— 18j 

relied := L i . ... _^ ^-.— — .---^ «t \«;(i:-^ 
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A travelled 72, and B 54 miles ; and, the whole distance, CD 
126 miles. 

Prob. 7. Two partners, A and B, dividing their grc^in (60/.), B took 
2(M* A's money continued in trade 4 months ; and if the n amber 50 be 
divided by A's money, the quotient will g;ive the number of months that 
B^ money, whioh was 100/., continued in trade. What was A's money, 
and how long did B's money continue in trade ? 

Suppose A's money was x pounds ; /• — = the number ot* 

months B's money was in trade ; and since B gained ^0/. A 
gained 40/. 

60X100 ^ , ,, 10000 
,% 4x : : : 2 : 1, and 4x= ; 

X X 

... 4a5^= 10000, anda:^==:2500 ; .-. x=+60. 
•*. A's money was 502., and B's money was one month in 
trade. 

Prob. 8. A detachment from an army was marching in regular co< 
Inmn, with 5 men more in depth than in front ; but upon the enemy co- 
ming in sight, the front was increased by 845 men ; and by this move- 
ment the detachment was drawn up in five lines. Required the number 
of men. 

Let x:=the number in front ; 
,*. x+b=i\ie number in depth, 
and x(x-f 5)c=>the whole number of men ; 
also, (£+B45)X5=the whole number of men ; 
.-. a?2+6a;^6a;+4226, and x^=4226 ; .-. a=j;^66. 

And, consequently, 5a:+4225= 325 + 4225 s= 4550, the 
number of men. Here although (Art: 262), the negative 
value of x^ will not answer the conditions of the problem, 
yet it will satisfy the above equation ; for, if we substitute 
—65 for X, we shall have ( - 65)2+5(— 65)=5(— 65)+4225 ; 
that is, or 4225— 325 =-325+4225 ; .-. 4225=4225, or 
4225—4225=0, that is, o=^o, 

Prob. 9. It is required to divide the number a into two such parts, 
that the squares of those parts may be in the proportion of m to n. 

Let xacone of these parts ; then a— x^ the other ; and 
according to the enunciation of the problem, we shall have 
the equation, 

7 -5= — ; .'. =±V — , or (putting — =^) x=s-f (« 

^a-^^y^ n • o— X — ^ n ' '^ » ( 

•^x)\fm\ 

By resolving separately the two equations of the first deQ:^<^ 

comprised in the above formula, namfA^^ 

x=+{a — x)y/f[i , aud x=^— (j^— ^^J ^ > 
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we shall hare, from the fint, 

x=-rT^ — 79 and from the aecood «=- — ——7. 
1+v^m I — |/m 

By the first solution, the second part of the proposed nom- 
ber IS a — -r-r-'-m^T-, r; and the two parts, -^ r 

and --; 7, are, as was required in the enunciation of the 

1 +^/fn' 

(juestion, both less than the number proposed. 

By the second solution, we have 

fl— \ T^ r. I ^g+ t^ ? / =! rv > and the two parts 

^^^ 1 y^- '^'^^ 1 77v • 

1 — ^m I — ^m 

Their signs being contrary, the numhtr a is not, properly 
speakipg, their mm, but their diff'erence, 

400. When we make m^^^n, that is, if we suppose that the 
squares of the two required parts are equal, we have ^m 

=1 ; the first solution gives two equal parts ^, and ^, a re- 
sult which is evident, whilst the second solution gives two. in- 
finite results (Art. 166), namely,- — -or -^— * and or-. 

1 — i o 1 — 1 o 

These are proper results, according to the above enuncia- 
tion, since that the quantities required must be infinitely great, 
with respect to their difference a, if we can suppose the ra- 
tio of their squares equal to unity. 

Now, if a=:18, rn=25, and n=16 ; then substituting these 

values in the formula-—.- — -? and — ; r, we shall find 10 

1+^m 1+y^m' 

and 8 equal to the two parts required, the same as in Ex. 2., 

which is a particular case of this general problem. 

Prob. 10. What two numbers are those, whose sum is to 
the greater as 10 to 7 ; aud whose sum, multiplied by the less, 
produces 270 ? Ans. +21 and ±9. 

Prob. U. What two numbers are those, whose difference 
is to the greater as 2 to 9, and the difference of whose squares 
is 123? Ans. +18 and +14. 

Prob. 12. A mercer bought a piece of silk for 16/. 4s. ; 
and the number of shillings which he paid for a yard was to 
the number of yards as 4 : 9. How many yards did he buy, 
and whMt was the price ot a yard ? 

Au%. %1 >;^i^^> %\ V%%. ^ec yard. 
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Prob. 13. Find three numbers in the proportion of ^, |, 
and f ; the Rum of whose squares is 724. 

Ans. +12, +!6, and+18. 

Prob. 14. It is required to divide the number 14 into two 
such parts, that the quotient of the greater part, divided by 
the less, may be to the quotient of the less divided by the 
greater as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 16. What two numbers are those whose difference 
is to the less, as 4 to 3 ; and their product, mu)tiplie<l by the 
less, is equal to 504 ? Ans. 14 and 6. 

Prob. 16. Find two numbers, which are in the proportion 
of 8 to 5, and whose product is equal to 360. 

Ans. +24, and +_\6. 

Prob. 17. A person bought two pieces of linen, which, 
together, measured 36 yards. Each of them cost as many 
shillings per yard, as there were yards in the piece ; and their 
whole prices were in the proportion of 4 to 1. What were 
the lengths of the pieces ? Ans. 24 and 12 yards. 

Prob. 18. There is a number consisting of two digits, 
which being multiplied by the digit on the left hand, the pro-, 
duct is 46 } but if the sum of the digits be multiplied by the 
same digit, the product is only ,10. Required the number. 

Ans. 23. 

Prob. 19. From two towns, C and D, which were at the 
distance of 396- miles, two persons, A and B, set out at the 
same tine, and met each other, after travelling as many days 
as are equal to the difference of the number of miles they tra- 
velled per day ; when it appears that A has travelled 216 
miles. How many miles did each travel per day ? 

Ans. A went 36, and B 30. 

Prob. 20. There are two numbers, whose sum is to the 
greater as 40 is to the less, and whose sum is to the less as ». 
I'O is to the greater. What are the numbers ? 

Ans. 36, and 34. 

Prob. 21. There are two numbers, whose sum is to the 
less as 5 to 2 ; and whose difference, multiplied by the dif- 
ference of their squares, is 135. Required the numbers. 

Ans. 9, and C. 

Prob. 22. There are two numbers, which are in the pro- 
portion of 3 to 2 ; the difference of whose fourth powers is to 
the sum of their cubes as 26 to 7. Required the numbers. 

Ans. 6, and 4. 

Prob. 23. A number of boys set o^l lo x^Vi ^xw ^^^^w.^^ 
each carry iog aa many bags aa lYiet^ v>^t^ V»^* va ^i\^'*^^^ 
each bag capable of containiiig 4 \\ixi<^ «^ lawi'^ ^'^^^ 
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there were boys. They filled their bags, and foand the num- 
ber of apples wai 2916. How many boys were there ? 

Ans. H boys. 

Prob. 24. It is reqqired to find two numbers sach, that the 
product of the greater, and square of the less, may be eqaal 
to 36 ; and the product of the less, and square of the great- 
er, may be 48. Ans. 4, and 3. 

Prob. 25. There are two numbers, which are in the pro- 
portion of 3 to 2 ; the difference of whose fourth powers is 
to the difference of their squdres as 52 to 1 . Required the 
numbers. Ans. 6, and 4. 

Prob. 26. Some gentlemen made an excursion, and every 
one took the same sum. £ach gentleman had as many ser- 
vants attending him as there were gentlemen ; and the num- 
ber of dollars which each had was double the number of all 
the servants *, and the whole sum of money taken out was 
^3456. How many gentlemen were there f Ans. 12. 

Prob. 27. A detachment of soldiers from a regiment, be- 
ing ordered to march on a particular service, each company 
furnished four times as many men as there were companies 
in the regiment ; but those becoming insufficient, each com- 
pany furnished 3 more men ; when their number was found 
to be increased in the ratio of 17 to 16. How many compa^ 
nies were there in the regiment ? Ans. 12, 

Prob. 28. A charitable person distributed a certain sum 
among some poor men and women, the numbers of whom 
were in the proportion of 4 to 5. Each man received one- 
third of as many shillings as there were persons relieved ; 
and each woman received twice as many shillings as there 
were women more than men. Now the men received all to- 
gether 18s. more than the women. How many were there of 
each ? Ans. 12 men, and 15 women. 

Prob. 29. Bought two square carpets for 62i. U. ; for each 
of which 1 paid as many shillings per yard as there were yards 
in its side. Now had each of them cost as many shillings per 
yard as there were yards in aside of the other, I should have 
paid 17s. less. What was the size of each ? 

Ans. One contained 81, and the other 64 square yards. 

Prob. 30. A and B carried 100 eggs between them to mar-* 

ket, and each received the same sum. If A had carried as 

many as B, he would have received 18 pence for them ; and 

if B had only taken as many as A, he would have received 8 

pence. How many had each t Ans. A 40, and B 60. 

Frob. 31. The sum of two uumbetft \a b ^%^^«oA^«a \\^- 

duct 6 (p) : What is the sum of thevt bxYi ^o^%t% ^ ^ , ^ , ^ 
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(iUADRATIC EQUATIONS. 

401* Qoadratic equations, as has been already obserFed, 
(Art. 368), are divided into pare aod adfected. All pore 
equations of the second degree are comprehended in the for" 
mula x'stt, where n may be any number whatever, pontivt 
or negative^ inUgral or fractional. And the value of x is ob- 
tained by extracting the square root of the number n ; this 
value is double, for we have, (Art. 295), a;=±v^n, and in 
fact, (±^n)*=n. This may be otherwise explained, by ob- 
serving, (Art. 106), that x^ — »=(x+v^n).(a; — ^n)=o, and 
that any product consisting of two factors becomes nought, 
when there is no restriction in the equality to zero of that 
product, by making each of its factors equal to zero. 

We have, therefore, a;= — y^n, x=+v/»» ov a:= +^n. 

402. Now, since the square root i^ taken on both sides of 
the equation, x^=», in order lo arrive ata;=±v'« ; it is 
very natural to suppose that, x being the square root of 3^^ 
we should also afifect x with the double sign j^ ; and, there- 
fore, in resolving the equation x^ssn, we would write +,x=±: 
<y/n ; but by arranging these signs in every possible manner, 
namely : 

— ar= — y^n, — x=+y/n, 
we would still have no more than the two first equations, that 
is, +x=±'v/n ; for if we change the signs of the equations 
— a;= — v/n and -a:=+v^n, they become +x=+^n and 
+x= — y^n, orn=±v^n. 

403. If, in the formula a:^=n, n be negative, or which is 
the same thing, if we have x^=^^n, where n is positive;, 
then , tr= ± ^— »=+-/» X y/— 1 , and in fact (±^/n)2 X ( xT^ 
— 1)'=«X — 1 =— n ; therefore, the two roots of a pure 
equation are either both real or both imaginary. 

404. All adfected quadratic equations^ aftec he\SL% ^^x^^^x* 
If reduced according to the ruVea ^oVdI^^ ^\sX \^ >^3k^^^\'(x«:2KN5^^v 
of simple equations, may be exViv\AV<&\ '^'iAfc^ >^^ V^«««»s! 

ab» 
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general forms ; namely a^+nx^o^ and 7^+nx^=nl ; where n 
and n may be any numbers whatever, positive^ or nMgaiivtt 
integral or fractional. 

405. The solution of adfected quadratic equations of the 
form x^-^-nx^s^Of is attended with no difficulty ; for the equa- 
tion x^-h^^^o, being divided by x, becomes a+n^^o, from 
which we find «= — n, though we find only one value of «• ac- 
cording to this mode of solution, still there may be two values 
of », which will satisfy the proposed equation. 

In the equation, x'=3a:, (or example, in which it is requir- 
ed to assign such a value of s, that as' may become equal to Sx, 
this is done by supposing x=3, a value which is found by di- 
viding the equation by x ; but besides this value, there is also 
another which is equally satisfactory ; namely, x=o ; fov 
then a:'=o, and Sx=:o. 

406. An adfected quadratic equation is said to be complete* 
when it is of the form a^+nx=^n ; that is, when three terms 
are found in it ; namely, that which contains the square of 
the unknown quantity, as x ; that in which the unknown 
quantity is found only in the first power, as nx ; and lastly, the 
term which is composed only of known quantities ; and, as 
there is no difficulty attending the reduction of adfected qua- 
dratic equations to the above form by the known rules : the 
whole is at present reduced to determining the true value of 
X from the equation x^+t^x^^n'. 

We shall begin with remarking, that if ar^-f-na: were a real 
square, the resolution would be attended with no difficulty, 
because that it would be only required to extract the square 
root on both sides, in order to reduce it to a simple equation. 

407. But it is evident that x'+nx cannot be a square ; 
since we have already seen (Art. 288), that if a root consists 
of two terms, for example, x+a, its square always contains 
three terms, namely, twice the product of the two parts, be- 
sides the square of each part, ihat is to say, the square of 
jc+o is a:'+2aa:-|-a'. 

408. Now, we have already on one side a^-^-nx ; we may, 
jLherefore, consider x^ as th«^ square of the first part of the 
root, and in this case nx must represent twice the product of 
X, the first part of the root, by the second part : consequent- 
ly, this second part mu»t be jn, and in fact the square of x-f- 
Jn is found to be x"+«a:-f-i^^» 

409. Now x^+nx+^n^ being a real square, which has for 
j/s root '»'-/-i», ii we resume our equation x^-V«3:=n\ we have 
onljr to add /u^ to both sides, wbvcVi %vve% xx% 3?-VT^x-V\t^'=^^ 

-^^n^, the iirBt side being actually a 4c^\i^ic»^iA VXi^ ^'Oaa^ 
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containing only known quantities. If, therefore, we take the 
square root of both sides, we find a;+^n=^(|n'+n'} ; and 
as every square root mav be taken either affirmatively or ne- 
gatively, we shall have for x two values expressed thus ; 

410. This formula contains the rule by which all quadra- 
tic equations may be resolved, and it will be proper, as Euler 
justly observes, to commit it to memory, that it may not be 
necessary to repeat, every time, the whole operation which 
we have gone through. We may always arrange the equation 
in such a manner, that the pure square r* may be found on 
one side, and the above equation have the form 3^^= — nx+n ^ 
where we see immediately that ar= — IwJtv/Ci'^^+n). 

411. The general rule, therefore, which may be deduced 
from that, in order to resolve a:^= — nx+n\ is founded on this 
consideration. That the unknown x is equal to half the co- 
efficient or multiplier of x on the other side of the equation, 
plus or minus the root of the square of this number, and the 
known quantity, which forms the third term of the equation. 

Thus, if we had the equation a;^=6x+'^» ^e should imme>- 
diately say, that x=34^y(9-f7)=3iL4 ; whence we have 
these two values of x ; namely, x=7, and «= — 1. 

412. The method of resolving adfected quadratic equa- 
tions will be still better understood by the four following 
forms ; i|p which n and n' may be any posUive numbers what- 
ever, integral or fractional. 

I. In the case x^+nx=*n\ where x= — i«+-v/(ift*+»')» ^^ 
— i«— S/(4'*''+'*')> 1**® fi'''*t value of x must be positive, bC" 
cause ^{in^+n) is > v^jn', or its equal ^n ; and its second 
value will evidently be negative, because each of the terms 
of which it is composed is negative. 

II. In the case x^ — fw;=fi', from which we find x=in+-y/ 
{{n^+n'), or Jn— v^(jn^+n'), the first valu^of x, is manifest- 
ly positive, being the sum of tv?o positive terms ; and the se- 
cond value will be negative, because v'CJn^+w) is >\/(i»*)^ 
or its equal |n. 

III. In the case x^— nx= — n', we have x=i»+-^(J»* — »'), 
or ->-n — v^(Jn^ — «') ; both the values of x will be positive, 
when ^n^ is >fi' ; for its first value is then evidently positive^ 
being composed of two positive terms ; and its second value 
will also be positive, because v^(i«^ — »') is lesi than \/(in^» 
or its equal ^n. But if i-»^, in this case, b^ V^%% \3kw^ tl^\i^^^^ 
the values of x will be imaginary ; >aec^w^^>Xi^ ^"^^oSCNXr^^V^ 
-«', under the radical sign, is iVieu ^^^^'^v^^N ^^^. ^^^ 

queDtlv^(jn^^n') wilj be im«Lg\ii«LTy ,ot qIu^^'^^^^^'^'^"*^ 
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IV. Also, in the fourth case, x"+»w= — n\ where «=-• 
In+y/Hn* — n')t or -in— v/(J»' — n'), the two valaes of « 
will be both negative, or both imaginary, according as \i^ ia 
greater or leea than »'• 

413. Hence we may conclude, from the constant occur-, 
rence of the double sign before the radical part of the pre- 
ceding expressions, that every quadratic equation must have 
two roots ; which are both real, or both imaginary ; and 
though the latter of these cannot be considered as resd qaaa- 
tilies, but merely as pure algebraic symbols, of no determi- 
nate value, yet when they are submitted to the operations in« 
dicated by the equation, the two members of that equation 
will be always identical, or which is the same, it shall be al- 
ways reduced to the form 0=^0. 

414. It may here also be further observed that, in some 
equations involving radical quantities of the form ^(ax-t-6) 
both values of x, found by the ordinary process, will not an- 
swer the proposed equation, except that we take the radical 
quantity with the double sign + • Leu for example, the values 
of X be found in the equation a:+y^(6x-f-10)«=8. 

Here, by transpositiou, y^(6x-l-10)=8 — x ; 

therefore by squaring, 5r+10=64— 16x-|-ap*> 

or ac^— aJlx=-54 ; and /.xsclS, or 3. 

Now, since these two values of x are found from the reso- 
lution of the equation ar*— ;ila;— — A ; it oecessariiK follows, 
(Art. 413), that each of them, when substiiuted for x, must 
satisjfy that equation ; which may be veritied thus ; in the drst 
place, by subBtituting 18 for x, in the equation ar* — 2ix= — 54, 
we have (18)^-21 X l<j=-64, or 51'4— 378=— 64 ; that is, 
— 54= — 64, or 0=0. 

Again, substituting 3 for x, we have (3)^ — 21X3= — 54, 
or 9 — 63= — 64 ; — o4= — j4, or 51 — :)4=0; /.0=0. 

416. And as the equation x^ — ilx= — 64, may be deduced 
from the equation -t-v^(6x+ iO;^8 — ^x, or — y^(6x-f- I0) = 
8 — X ; it is evident thai the radical quantity v^(6x+10), must 
be taken, with the double sign +, m the primitive equation, 
in order that it would be saiirQed by the values, 18 and 3, of 
X, above found ; that is, 18 answers to the sign — , and 3 to 
the sign -{-. Bui if one ot the^e i^igns be excluded by the 
nature of the question ; then only one of the values will sa- 
tisfy the original equation ; for instance, if in the equation x 
4-v^(6x-f-10)=8, the sign — be excluded from the radical 
quantity^tben the square vooi )f Gx-^-lO umi^t be considered 
as a positive quantity •, and beodMi^ \\.u ^^^Ji \a ^i — ^^ % >Jsi^ 
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value of x, since both are positive, which will answer the pro-' 
posed ec^uation, must be less than 8 ; therefore, 3 is the value 
of a:, which will satisfy the equation x+y(6a;+10)=8, which 
can be readily verified thus ; substituting 3 for x, we have 3 
+-v/(l6-f I0)=8, or 3+6=8. And for a similar reason, 18 
is the value of x, which will answer the equation a:— Y/(5a;4- 
10)=8;for 18— y (90+ 10)= 1 8— 10=8; /.8=8,or 0=0. 

416. It is proper to take notice here of the following me- 
thod of resolving quadratic equations, the principle of which 
is given in the Btja Ganita, before mentioned : thus, if a 
quadratic equation be of the form 4oVjL4a6a:=+4ac. it is 
evident that, by adding b^ to both sides, theleO-hand member 
will be a complete square, since it is the square of 2ax±b ; 
and, therefore, by extracting the square root of both sides, 
there will arise a simple equation, from which the values of it- 
may be determined. 

417. Now, any quadratic equation of the form a3^+bx=^ 
+c, fto which every quadratic may be reduced by the known 
rules), by multiply iug both sides by 4a, will become 4a V+ 
4abx=±4ac. From which we infer, that if each side of the 
equation be multiplied by four times the coefficient of x^, and to 
tack side there be added the square of the coefficient of x^ the 
quantity on the left-hand side of the resulting equation will al- 
ways be a complete square ; from which , by extracting the 
square root^ the values of x will be determined. If the coeffi- 
cient a=l, then both sides of the equation is multiplied by 4, 
and the square of the coefficient of x is added^ as before. 

§ I. SOLUTION OF ADFECTED QUADRATIC EQUATIONS, INVOtV- 
ING ONLY ONE UNKNOWN QUANTITY. 

418. Rule. I. Let the terms be arranged on one side of 
the equation, according to the dimensions of the unknown 
quantity, beginning with the highest ; and the known quanti- 
ties be transposed to the other ; then, if the square of the 
unknown quantity has any coefficient, either positive or nega- 
tive, let all the terms be divided by this coefficient. If the 
square of half the coefficient of the second term be now add- 
ed to both sides o^ the equation, that side which involves the 
unknown quantity will become a complete square (Art. 409) ; 
and extracting the square root on both sides of the equation, 
a simple equation will be obtained, from which the values of 
the unknown quantity may be determined. 

419. RifLE II. The terma of iVife e^>i?k^\Q\3w\iW^«^»»»^^ 
as above, let each ^ide be inuU\p\\^AV>^ fcv« ^Lwofc'^^^ ^^^^s^- 
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cient of x^, and to each Me add the square of the coefficfeat 
of X ; then the left-hand member, being a complete power 
(Art. 417), t>.xtract the square root on each side of the equa- 
tion, and there arines a !*imple equation, from which the va- 
I'jos of X may he determined. 

4J0. It rtiixy be observed, Ihat all equations may be solved 
ag quadratic:*, hy completing the square, in which there are 
two term:* involving the unknown quantity, or any function of 
it, and the eKp.)nei)t of one is double that of the other. 

Thus, x''+/)ar*=9, x="-/)x'*=7, x^+af^=rt, aV+ar=;6, x 

+ax ^= ,pV'»— /?x*»=£/.(x^+/>x+9)'+(ar'+/'ic+9)=r,*.(« 
+axy+bx.{x^+ax)=-d, are of the same form as quadratics^ 
and the values of the unknown quantity may be determined 
in the ^ tme manner. 

4x! 1 . Many equations also, in which more than one un- 
known quantity are involved, may, ina similar manner, be re- 
duced !0 lower ditncnsions by completing the square, as x^ 
+pxy-=^, {x^+y''/+fj.{x'+i/)=-r. instances of this kioid 
will oc^ur in the tmiLi sioction. 

422. And many adfected equations of the third, and other 
higher degrees, may be exhibited under the form of a quad- 
ratic from which, by completing thii square, the value of the 
unkn wn quantity will be determined. The biquadratic equa- 
tion .r' — Sar-'+Sa^x'-f-SSa'a^rf, for instance, may be reduc- 
ed to the form (x^ — 4ax)'^— 8tr(x^ — 4ax)=d. Thus the two 
first terms (x^ — 4ax) of the square root of the left-hand mem- 
ber being found according to the rule (Art. !299), and the re- 
mainder — 8aV-l-32a'x, being evidently equal to — Sa\x^ — 
4ax) ; therefore x**— Sax-^-f 8a=x-+3>a'x=(x-— 4axy-8a= 
(x- — 4ax)=c/. Hence it follows, that if the remainder, after 
having found the first two terms of the square root (Art. 299), 
can be resolved iirto two factors, so that the factor containing 
the unknown quantity, shall be equal to the terms of the 
root thus found ; the proposed biquadr atic may always be re* 
duced to a quadratic form. 

433. In a similar manner, the cubic equation ac^-f-Sax*^-)- 
6a-x-}-4o^=o, may be reduced to the form (x^-^-axyyCia^^ar 
4-ux)=o ; thus, multiplying every term of the proposed 
equation by x, it becomes x^+iaxi^+rxr'x +4a^x=0, which 
can be reduced to the above form, a;) in the precedmg article. 
There are a variety of other artifices for reducing equations 
to lower dimensions, which will be illustrated in the following 
examples* 
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£x. U Giveo r'+Sx^SO, to find the values of x. 
Completing the square, a:*+8x+ 16=36 ; 

and extracting the root, 3c4-4=4-6 ; 
Whence, by transposition, x— 2, or — 10. , 
Ex. 2. Given a:* — 8a:+6=l4, to find the values of x. 

By transposition, ar*- 8a:=9 ; 
and completing the square, x^ — 8x+16=25 ; 
/. extracting the root, x — 4= ±6, 
and *=9, or — 1. 

Ex. 3, Given "^"^^5^""^; =(a:— 2)% to find the values 

of x. 

Moltiplyiqg the numerator and the denominator of the fraction 

by a:+\/(ar'-.9), ^ \ ^/-=:(x_2)a; /.--^~ ' 

s=+(a: — 2) : Taking the positive sign, x+^^x' — 9)=3a:— 6, 
or i/(a:*— 9)=2a:-6 ; /.x^— 9=4r^— 24a;+36 ; by transpo- 
sition and division, x'— 8x^^ — 15 ; .*. completing the square, 
&c. x=5, or 3. 
But, by taking the negative sign, rc+y^(a5" — 9)=— 3*+6 ; 

/. by transposing and squaring, x^— 9=160^* — 48x+36, and 

I f* 

by transposition and division, x^ x^= — 3 ; completing the 

, 16 . 64 11* , ,. . , ,, 

squaring, x*—-r-x+—-=—~ ; .*. taking the root andtrans- 

5 25 25 

posipg, x= ^r- . 

o 

17 

Ex. 4. Given x*H x^ — 34j:=16, to find the values of x. 

2 

17 
By transposition, ;c^H x^=34x+16 ; completing the 

square, x*+— x3+^i^xy=^-^xy+34x+16 .-. extract- 

17 /I7 \ 

iog the root, x^H — x=^ I —x+4 1 . ' 

Let the positive root be taken ; then, by transposition, x^=4 : 

.-. x=2, or — 2. 

17 17 

' But if the negative value be taken, x*H — xa« — j- x — 4 ; 

... x'+^x=-'4 ; and x^+^x+— =— -4— -^ % . .^^- 
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17 15 
tractiDg the root, *+— s^i-r-i and by traDspoaition, «= — 8, 

or — J. 
£x. 6. Given 4a^ — 3jcb85, to find the valaet of x, 
(Art. 417). Moltiplying by 16, 642^— 48x=: 1360, and, 

adding the square of 3, 64a^-— 48xHhd=1369 ; 

,-. extracting the square root, Sx — 3= + 87 ; 

by transposition, 8a;=40, or —34, .•.a;3B5, or — 4^. 

Ex. 6. Given 6x-| =44, to find the valaes of x. 

X 

Multiplying by «, 6a:"+36— 3a:=44x ; 
.'.by transposition, 6a:' — 47«= — 36 ; 

and by division, a^ — -.xs— — ; therefore completing the 

, 47 , /47\, 2?09 3d 1369 , . 

square, x'--a:+J^-j«c=-_---=-_; ... extracUng 

.1. . 47 _^37 

the root, «— ^z^^tj^f mo flp=7, or f . 

Ex. 7. Given 5« s~2a:-i ^, to find the values 

ap— -3 z 

of x. 

Multiplying by 2a:— 6, we have lOac^ — 36ac+6=4ar'— 12.r 

+33^*— 15X+I8; ^ 

.'. by transposition, Soi^ — 9x=12 ; 

and bv divisioo, a^ — 3x=4 : 

.*. completing the square, a^ — 3a;+}=4+J?=^, 

and extracting the root, x— j=+| ; 

,«. x=4, or — I. 

Ex. 8. Given 3x— ^l?=2+5^-=:l-, to find the va- 

9— 2x 2x — 1 

lues of X. 

Multiplying by 2.r — 1, 

6x«— 3x -^--X-r=4x— 2+6x»-.40, 

6x2— 23X+10 
or 7x+— g-^^^ =42 ; 

.-, 63x— 14x2+6x=— 23x+lO=378— 84x ; 
by transposition, 124x — 8x^=368 

and X — V^= — 46 ; .•. by completing the square, 
^ 31 ,961 961 ,^ 225 

2 ^ 16 16 16 ' 

.-. extracting the reot^x — t^jLrz \ 
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and therefore 3;=-2-f or 4. 

* ■• • 

Ex. 9. Given v/x'+v/«*=6y/a:, to find the values of x. 

Dividing by ^x^ x^+a:=6 : 
. •. completing the square, x*+a:+i=6-}-J=\? ; 
and extracting the root, a;+i=Hh| ; 

.". a;=2, or— 3, 

« 

' Ex. 10. Given x"^ — 2ax^=6, to find the values of x, 

n n 

Completing the square, x — 2ax^+a^=a"+6 ; 

n 

.' . extracting the root, x^'^a=^±:^ (o'+&) » 

andx^=a±-v/(a2+&) ; .-. a:=(«±-v/(a«+&))". 

Ex. 11. Given x«— 2ir+6v/(.T^— 2x+6)=ll, to find the 
values of X. ,^ 

Adding 5 to each side of the'equation, 
(a:«-2x-f 6)+6v^((r»— 2x+6)=16 ; 

•'. by completing the square, 

(x»— 2x+6)+6y/{ar»-.2x+6)+9=26 ; 

ana extracting the root, ^/{oi^ — 2x+6)+3=±6 ; 

,.. ^(r*— 2x+6)=2, or -. 8 ; 

.•• squaring both sides, x" — 2x+6=4, or G4 ; 

whence x^— 2x+l=0, or 60 ; 

and extracting the root, x — 1=0, or ±^^60 ; 
.-. x=l,or 1+\/60. 

ScHOL. It is proper to observe, that the equation, x^— 2x 
4-1) has two equal roots, although x appears to have only one 
value ; but it is because x is twice found ^1, as the common 
method of resolution shows ; for we have x= 1 4-^/0^ that is 
to say, X i&in two ways=s]. 

Gx. 12. 6ivenx*+4x^+l2x^+16x=a, to find the values 
of X. 

Here the two first terms of the square root of the left-hand 
member (Art. 299), is found to be* x^-f-^^* and the remainder 
is 8x^-1- 16x which can be readily resolved into the factors 8 
and x*+2x, since (8x^+l6x)-f'(a:'+2«) gives 8 for the quo- 
tient. Consequently the proposed equation may be exhibit- ^ 
ed under the quadratic form (x*+2xy+8(x^+2x)=o ; 
.•.by completing theiquare, (x2+2x)*+8(x=+2x)+ 16=04- 
16 ; and extracting the root, x^+2x+4«±^(a 4-16) 

Now by taking the positive sign, 

x«.f2x+4«-f^(a+16); 
by transposition, x'-f-2x=— 4Hr-^QDi-V V^^ \ 
V'. completiog the square, x'+ftai-Vlss— ^"VV^"^^^ ""^ 

26 
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and extracting the root, «+ 1 = ± • (— 3+^(a+ 16)); 

... a:=— 1 ±-v/(^-3+'v/(«+ 16;)- 
Again, by taking the negative sign. 

x«+2«+4=-v^(a+16) ; 
.-. a;>+2a:=— 4 - -v/(«+l6) ; and 
completing the square, »+2x+l=— 3 — %/(«+! 6) ; 
.-. extracting the root, x+l=+v^(-3— -/(a+ie)) ; 

and x=— 1 4;.v^(— 3— -v/(a+16)). 
Ex. 13. Given 3x^—2x4- 12= 16—4, to find the values 

of X. 

By transposition, 3x" — 12x=16 — 4—12=0 ; 

and by division, x^-r4x=0 ; 

.'.by completing the square, x*— 4x+45=4, 

and extracting the root, x — 2=4-2 ; 

.•.x=4, orO. See (Art. 405). 

Ex. 14. Given x^ — 4x*4-6x=4, to find the values of x, 

(Art. 423), multiplying both sides by x, x* — 4x'+6x*— -4x 

^0, 

(Art. 422) /.(x^— 2x)«+2(x^— 2x)=0. 
/.x*— 2x4-1=+ 1, and x=l+.V±:l ; 
.'.the three roots of the proposed equation,- are 1, l+y^ — 1, 
and 1 — >/— 1 . The other value of x, which is equal to 1 -1 1 , 
or 0, belongs to the equation (x* — 2x)^4-2(x^ — 2x)=0 ; hence 
there are four rootiii, or four values of x, which will satisfy 
this last equation. 

^r.^1 841 . 17 232 1 . 
Ex. 16. Given 27x^---+-=-g_-g^+5, to find the 

values of x. 

Multiplying every term by 3, 

81x^^^-+17=_-~ + 15; 
.•. by transposition, 81x^+17+— =—^—| [-15. 

XT X % 

Adding unity to each side, in order to complete the square ; 

o . « . 1 841 , 232 , ,^. 
31^+18+ -=_+_4.16; 

t 1 29 

\ and extracting the root, 9xH — =+( 1-4). 

X — ^ X ' 

Let the positive value be taken ; then by transposition, 9x 

28 „ 

-4— — , and .•. Dr'— 4x=28 j by completing the square, &c., 

X 

14 
we shadl baive x=2, or — -. But if the ae^Uve value be 
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taken, 9x^4'4x=— 30 and completiDg the square, &c., x^ 

9 • 

Ex. 16. Given 3^^+201;— 9=^76, to find the valaes of x. 

Ana. a;=:6, or — — -. 

_ , ... 8— a; 2x — 11 x — 2 - , , , 

Ex. 17. Given -,r ^="~2— ^^ find the sVaiues 

2 X— 3 o 

■r 

of a?.' Ans. x=6, or i- 

17 .« n- 3a:+4 30«2.'c 7a:— 14 , . ,,. , 

£x. 18. Given r-= — 7- — , to find the values 

6 a; — 6 10 

of X, Ans. a?=36^ or 12. 

Ex. 19. Given — = — ^-rir^^^ — 3, to find the values of a:. 

X — oafT-y 

Ans. x~l, or — 28. 
Ex. 20. Given v/(«+6)Xv/(a;+12)=12, to find the va- 
lues of ar. ' Ans. a;=4, or — 2K 
Ex. 21. Given 2a:»+3ar— $-v/(2ac?+3a;4-9)+3=0, to find 

the values of t. Ans. x=3, or - -, or — ==^JH — . 

2 4 

Ex. 22. Given 9a:+v'(16a;^+36x=0 = 16ar»-4, to find the 

values of x. Ans. a?=-, or — - ; or -==~^ . 

3 3 60 

Ex. 23. Given— — f.-~ - 49=9+-, to find the values 

4 ar a; 

of x. » 'Ans. a:=2, or — =, or =^5- — . 

7 7 

Ex. 24. Given a;*— 2a;'+x=132, to find the values of x. 

A A o l+\/(-43) 
Ans. a?=4, or — 3, or — ^ ^, 

Ex. 26. Given a5*+a:*=:766, to find the values of x. 

Ans*. a;=243, or (—28)^, 

Ex. 26. Given a:^— a;^=66, to find the values of x. 

I, Ans. ac=4, or ( — 7)3 . 

Ex. 27. Given x+6= ^ (x+D)+6, to find the values of a;. 

Ans. a:=4, or — 1 . 
Ex. 28. Given «+l6-r7v'('c+16)=10— 4v'(a;+16), to 
find the values of a;. Ans. x=^G^t^T — vi, ^ 

Ex. 29. Given x+4-| =:\^Ao«ku^Vyifi^^Nve^^^ -s^- 

X « 
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■ . , _ — ■■^+x+9, to find the valoei 
Ah. x=:4, or— 4{.- 
Ex. 34. GiTen v'(4x+6)Xv'(7x+l)a:30, to fiad the n- 
loet of *• Ant. x=6, or — 6)^- 

Ex. 36. Giren (-— r-r==T7. to find the Tilaea of r. 

a: x+lt lb 

Ani. x^s, or — 1& 
K.S. 36. Qina s^-i-ls^^U, to find the rolaei rf x. 

Am. x=±S, or ±(- 1 1)*. 
Ex. 37. Giren 4x^+x^=39, to find the nlnei of x. 

Ex. 38. Giren Sx*+42r'=3321, to find the values of 3C. 
Am. a:=3, or — (/*'• 

ft IT 

Ex. 39. Gir 

" ■ x» 

Am. x=4, oi^V3. 
Ex. 40. Giren »'+Il+V'Cx»+ll)=42, tofindthe values 
of St. Aq8. 3;= +.5, or +^^38. 

Ex. 41. Giren x'—I2x+6O=0, to find Ibe valaeii of i. 

Adb. *=6±.^(— 14). 
Ex. 48. Gireo 3* — Jx'=10, to find tbe values of x. 

AB9.a:=6±v'-4- 

Ex. 43. Given r°~«x^=48, to find the value* of x. 

Am. x=i, OT V -^■ 

Ex 44 Girenx'+2x'— Tr"— 8x=— l«,to findtheralnes 
of:e. Ans.2, or-3,or I.or— 2. 

Ex. 46. Giren x*— 10x'+35i=— fi0x+24=0, to find the 
values of x. Am x= 1 . 8. 3. or 4. 

Ex. 46, Giren i^-ax^+Vfix— W»0, to find «» vahies 

0f^_ hM.'B=\>^,«t*'- 
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Ex. 47. Giyeo , = — : — , to fiad the values of x. 

. «—- y^a? 4 

Ads. x=4, or 1, or Ull\/— 7. 
Ex. 48. Gi?eB 4af*+|=34«3+3S, to find the values of x. 

3 l±-v/(-43) 

Ans. 35=2, or —-- ; or ^-7 -. 

2 4 

§ II. SOLUTION OF ADFECTED QUADRATIC EQUATIONS, 
INVOLVING TWO UNKNOWN QUANTITIES. 

424. When there are two equations containing two unknown 
quantities, a single equation, involving only one of the un- 
known quantities, may sometimes be obtained, by the rules 
laid down for. the solution of simple equations ; from which 
equation the values of the unknown quantity may be found, 
as in the preceding Section. Whence, by substitution, the 
values of the other may also be determined. In many cases, 
however, it may be more, convenient to solve one or both of 
the equations first ; that is, to find the values of one of the 
unknown quantities, in terms of the other and known quanti- 
ties, as beiore ; when the rules for eliminating unknown quan- 
tities, (§ I. Chap. IV)^ may be more easily applied. 

The solution will sometimes be rendered more simple by 
particular artifices ; the proper application of which shall be 
illustrated in the following examples. 

Ex. 1. Given af+2f/=:7, ? , /• j .1 1 e j 

and x»+3xi/-Y=23, j ^^ ^°^ ^^"^ ^^^"®' ^^ ^ *"^ ^• 

From the 1st equation a;=7 — 2y ; 
.•.a;'=49 -28^+4^ ; 
Substituting these values for x and x^ in the 2d equation, 
then 49— 28y+4y>+2ly— 6jr*-Y=23, 

or 3T/=-}-7y=49— 23=26. 

(Art. 417),36y'+84y+49=312+4e=361 ; 

.'. extracting the square root, 6y 4-7= 1 9, 

and 6^=19-7=12 ; y«=2, 
and a;=7— 2y=7 —4=3. 
Ex. 2. Given 4x^=96 — 0:^, and X'\''^^=^^y to find the va- 
lues of X and y. 

From the first equation a:'y'+4ary+4=100, 
and extracting the root, yy+2="H0 ; 

.•.a:y=8, or — 12. 
Now squaring the second equation, 

but ^xaj =^^^> ^^ — '^^ 
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.*. bj iubtractioD»«' — 2apy+2^^4f or 84 ; 
and extracting the root, s-^^^Jt^ or ±v^84 ; 

batap+y= 6; 

•'. bj addition, 2«=8, or 4, or 6± v^84 ; 
whence, «=4, or 2, or 3jt- 

and by subtraction, Sy==:4, or 8, or 

.•. ^=2, or 4, or3^v^2]. 
Ei. 3. Given x'+x+yaslB — j^, and xys^St to find the va- 
lues of X and y. 

Bj transposition, s'+^4^+y^=18 ; 
and from the second equation, 2a^ =12 ; 

••. bj addition, a:^+2apy+jf*+a:4:y=5S0 ; 
and completing the square, 

(a^+y)*+(«+y)+J=30+i=iji ; 

.*. extracting the root, «+y+i=±V> 

and «+y=6, or — 6 ; 
whence, from the Ist equation, x'+y'^lS, or 24 ; 

but 2xy=12; 

.'. by subtraction, a^ — 2xy+y"=l, or 12 
.-. extracting the root, a; — y= + l, or«f-2y^3 

Now a;+y=6, or— *G 
.♦. by addition, 2x=6, or 4, or — 6Hh2y/3 

.-. fl;=3, or 2, or — 3jiv^3 
and by subtraction, 2y=x4, or 6, or 6fx^3 

.• y=2, or 3, or — 3zf^2. 
Ex. 4. Given x— Jy'xy+y — v'a; -f-^y =0, and -\/ap+y^t/ 
^ 5, to find the values of x and y. 
Completing the square in the first equation, 

(yx-^yy^{^x^^y)+i^i } 
and extracting the root, y/x — y^y — t~+i I 

.-. -v/x— v'y, =1 orO, 
but from the second equation, \/x+y/y^5 ; 

.•.by addition, 2y'x=6, or 5, 

6 23 

and y'x=3, or~, .*. x=9, or—-. 

26 
By subtraction 2y'y=4, or 5 ; .*. y==4, or—-. 

Ex. d. Given a:»y*=:2t^*, and ^x^— -^^^W^ V^ ^\k\ 'C^v^ 
Fa/ues of Of and y. 
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From th. l.t e<|aation. J=iyi ; nnd ,. ^x^^yi ; .ab- 
stituting this yalae m the second equatioo, 

8a?*-i«»=sl4 ; and /, IGx^— x^=28 ; 

or. by changing the signs, x^— > 16x3=: — 28 ; 

completing the square, x^^ 16x^+64=::36 ; 

and extracting the root, a a — 8 =+6 j 

.«, a;s=14, or 2, and a:=2744, or 8. 

Ex. 6. 6i?en x^+y*=3x, and «^+y'«ap, to find the ?a- 
laei ofo^andy. 

By squaring the second equation, x+2a;^y3+y3=x' j 

but X* +y^— 3x ; 

.% by subtraction, x — x^+2x^y^=ij^ — 3r ; 

but from the second equation, ^3=x— >a;^ } 
Let this value be substituted in the preceding equation ; 

then X— x*+2a;^— 2x=x*— 3x ; 

/, by transposition, 2x=ar' — x« j 

and dividing by x, 2=x— x^ ; 

completing the square, x — ^x*+J=2+J=} ; 

and extracting the root x» — J=lhl > 

^ .*• x^=2, or — 1 ; and x=s4, or 1. 

By taking the former value of x, we have y^^x-^x'^ 
=4—2=2 ; .\y=B. 

and by taking the latter value, y3=x— x^=I + ls«=2, 

I X 

(since x^=-- 1, — a;«=+l) ; ,\ ^=8. 

1 1 J. 

Kx. 7. Given y* — 64=s8x^y, and y-^4=2y^x" to find the 

values of x and y. 

From the first equation* ^ — 8x«y=64 ; 

completing the square, y^— 8x^y+i6x=lCx+64; 

I. 
extracting the root, y — 4x'*s=+4y'(x4-4) ; 

and /. 3^»4x2+4V^«"V^^' 
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Also, from the secood equation, y — ^2y'x*=4 ; 
,•. completing the sqaare, &c. y^ =a:*i.\^*+*) » 
multiplying by 4, 4y*=4jp^+^-y/(x+4) ; 

••.»=4y% andy=l6. 
I M — 4 12 3 
But, from the second equation, x^ =i' — ; "=-5=5 J 

V 9 

.'.by involution, 0?=-. 

425. When the equations are homogeneous, that is, when 
^9 y't or xy, is found in every term of the two equations, they 
assume the form of 
a3^'{-bxy'{'Cj^=dy 

a'x'+b'xy+c'y^sacd ; and their solution may be effected 
in the following manner : 

Assume x=vy^ then x'=i^ ; by substituting their yalnes 
for a^ and x in both equations, we have 

a^y^+b^+cy'^air.f^^^-^^. / • C^' 
a'.Y+B'.y^+c'y=d;r.f==^^^,^^^^ .. (2). 

Hence -^ — r — =:-j-^--^-—^ ; 

.-. (a'd — ad!)v^'\-{b'd — bd)v=cd'^cd; which is a quadratic 
equation, from whence Ihe value of v may be determined. 
Having the value of -», the value of y may be found from ei- 
ther of the equations (I) or (2) ; and then the value of a:, 
from the equation x=vy. 

Ex. 8. Given '2x^+3xy+f=20, and 6x^+41/^=41, to find 
the values of x and y. 

Let x^vy, then 2v^y^-{-Svy^+y^=20 ; 
20 

^41 20 41 

.*. ^^=rT"i-r ; Hence — -^—5 r — = ^ » . — , or 6t;^ — 4h' 

^ 5i;2+4 2i;-+Ji;+l bv^+'k 

=—13. 

.-.by division, completing the st[uare, 8cc. v=y or \. 

41 369 

Let ^=1, then t/^^ ___;=__= 9 ; /.y=3, or —3, 

and x=^vy=^ 1 , or — 1 . 

Again, let v=— ; then !/=:*l^/^■'^^ ^^^ x^-Vi^n/ -^^-^« 
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Copaequentlj ihere are four valoes, both of x and y, which 
satisfy the proposed eqaations. 

426. When the unknown quantities in each equation are 
similariy invoked, the operation may sometimes be shorten- 
ed, by substituting for the unknown quantities the sum and 
difference of two others. 

Ex. 9. Given —+^=18, ( ^q^^ ^^ ^^^^^ ^{^ ^^ y^ 

and a:+y= 12,7 
Assume x'=2+v^ and y=^z — v ; /. «+ys=22f=12 : 
or 2=6 ; .'. x=6+v, and t/=6— v. 

Also, since — 4-?L=si8, x^+f+lSxy ; 

.-. (6+v)'+(6-i^)»=I8(6+d)X(6— i;) ; 
or 432+36©»=:648— 18©3 ; 
and by transposition, 54i^s;2i6 ; 

A v*=s4 ; and v^±2 ; .•.a=6±.2=8, or 4 ; 

and y==6+2=4, or 8. 

427. In all quadratics of this kind, in which x may be 
changed for y, and y for x^ in the original equations, without 
altering their form, the two values of one of the quantities 
may be taken for the values of the two quantities sought. 

Ex. 10. Given a;+ys2a, and jr'+^^&y to find the values 
of X and y> 

Let X — y=2ar ; then x==a^z^ and y=a— r ; 

/•. by substitution, (a+2r)*+(a— ir)*s»6, or, by involution and 

addition, 2a5+2()aV+lOaz*=6 ; 

h — 2a' 64-8a* 

... ^+2aV=-.j^~,and 2=±^[-^-±^q^)]. 

''^x:^±^/i-^±^/f''i^)h and y=aqF^[-a«± 

Nowi Ut«+y=9, and »*+y'«=^066 ; then by substituting 
3 for a, and 1066 for 6, in the formulas of roots, the values of 
X andjf will be found ; that is, «=34:1, or S+jy/ — 19 ; and 
yssXf:\y or 94- v^ — 19. Or, by substituting the above va- 
lues of a and h in the equation lOasr^ — 20a j^4-ta^s=6, it be- 
comes 30«*4-540j+486s=1066 ; from which the values of z 
maybe fiwind ; whence, by substitution, the values of x andy 
will be determined,- at before. ^"- 

Ex. 11. Given »+4y=s 14, and y"+4«=2i|-V 1 1 ^ <.^ fe.4^^ 
values of x and «• ^ 
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Gz. 12. Gi?eD tx+3y«118, and &E>-.79'=43dS, to find 
the values of x and y. 

3899 3fl68 

Ans. «=36, or — - ; and y=16, or . 

Ex. 13. Giren «*+V=266-4a:y, and 8^— a:«=39, to 
find the ? alaes of x and y. .<-:^ 

Ans. «=+6, or ±.102 ; and y=»+5, or +59. 

Ex. 14. Given x'^+y^^^^ aad a:y=c', to find the valaes 
of X and y. 

»=[a ±^{a —c )]^ ; 
Ans. ^ c' 



Ex. 16. Given a:«+2iry+y"+2a;=120--2y, and a;y~2r*=8, 
to find the values of a; and y. ' 

Ans. x=6, or 9, or— 91p\/6 ; and y=4, or 1 , or — 3+. 
V'6. 

Ex. 16. Given a:*+y"—» — y=78, and a:y+af+y=39, to 
find. the values of x and y. 

Ans. a:—9, or3 ; or — 64+i^*/-.89 ; and y=3, or 9, or— 

6^ TV— 39. 

• x^ 4wt7 85 ^ 
Ex. 17. Given^+~=~*f t^fiQjjjjg^gj„gs^^fa.andi/. 

aud X — y=2, 7 

17 3 

Ans. a;=5, or — ; and y=3, or — —. 

Ex. 18. Given r*— 20:^+^2—49^ i ^^ g^d the values of x 
and a?*— 2xy+y*— a;*+y»=20, J and y. 

Ans. JC=+3, or_+ v/6, or ±iv/(30+.6^5) ; 
and y=2, or— 1, or K^dt^^/S).* 

Ex. 19. Given a; — x^'=3 — y, and 4-^x=y— y*, to find the 
values of x and y. Ans. a;=4, or J ; and y=l, or 2^. 

Ex. 20. Given «*+x— 4a;^s=y'+y+2, and a;y=y'+3y, to 
find the values of x and y. 

Ans. a:=4, or 1 ; andy=l,or — 2. 
Ex. 21. Given a:3+a:y=56, and ary+2y>=60, to^ find the 
values of x and y. Ans. a;=_+4y'2, or H- 14 ; 

and y=j+3v'2, or±10. 
Ex. 22. Given 3:^y=15, and xy=s2y^, to find the values 
of X and y. Ans. a;=il8, or 12^ ; and y=3, or- 2J. 

Ex. 23. Given 10x+y=3ary, and 9y--9a;=18, to find (he 
values of x and y. Ans. x=*l» ot — \ \ ^tA -vj^^^^^ ^t \ 

* Tiierw are four other v»lua», boili oi « «oA n, isliiOci w^ iJ^Vsn^v 
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Ex. 24. Given x+y : x — y : : 13 : 6, ^ to find the yalaes 

and j/'+a;=26. \ o£ x and y, 
Ans. x=9, or — 14^^ ; and y=4, or — 6^, 
Ex. 26. Given aY—7xy*= 1710, and a:y— y=12, to find 
the values of x and y, 

Ans. a:=6, or |, ory;^^-—--- ; and y=3, or— 15, or— 

Ex. 26. Given a:y+a:y*=12, and «+xy^=l«, to find the 
values of x and y. 

Ans. a:=2, or 16 ; and y=2, or j, 
Ex. 27. Given x+y+^^^x+y):=e, and «»+jia--iQ^ ^^ g^^ 
the values of x and y, . ^ 

Ans. x=3, or 1 ; or 4j+|^v< — 61 ; and y=l, or 3, or 

''Ex*. 28. Given a:'+4v'(ar'+3y+5)=55— 3y, and 6a;— 7y 
=^16, to find the values of x and y. 

r ..63 — 9-Hv'3896 

%a;=6, or—-— ; or =~ . 

Ans < 7 ' 7 

• ) 46 — 704--V/3896 
(y=2,or-y;or =- . 

Ex. 29. Given ar'+2ar^y=441 — xY, and a:y=3+a;, to find 
the values of x and y. 

An« Ja:=3,or-7,;or— 2+^-17, 
^"*** ^ y=2, or 4 ; or f+^y^— 17. 
Ex. 30. Given (ar+y)^— 3y=28+3a;, and 2apy+3a:=35, to 
find the values of x and y. 

Ex. 31. Given ir^+3a:4-2/=73— 2xy, and y»+3y+a:=44, 
to find the 'values of a; and y. 

C aF=4, or 16 ; or— 124:-v/^8, 
'^°«- i y=5, or— 7 ; or— l+y'SS. 

Ex. 32. Given-+^=136J— 2xy. andx+y=10, to find 

the values of x and y. 



Ans ^ "^^^^ or 4 ; or 6±b^{^\\y 



or 6 ; or sqpSv/'— (f|). 
Ex. 33. Given y*— 432=1 2jy», and j/'=12+2a:y, to find 
the values^ x and y. 

Ans. x=2, or 3 ; and y=i6, or \^(21)+3. 



r. 
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THE SOLUTION OF PROBLEMS, 

PRODUCING QUADRATIC EQUATIONS. 

§ I. SOLUTION OF FROBLEMS FRODUCINO QUADRATIC EQUATIOITS, 
INYOLTINO ONLY ONB UNKNOWN QUANTITY. 

428. It may be observed, that, id the aolotion of problems 
which iDVolve quadratic eqaations, we sometimet deduce, 
from the algebraical process, answers which do not corres* 
pond with the conditions. The reason seems to be, that the 
algebraical eipression is more general than the common lan- 
guage, and the equation, which is a proper representation of 
the conditions, will express other conditions, and answer other 
suppositions. 

Prob. 1. A person bought a certain number of oxen for 80 ^ineas, 
and if he had bought four more for the same sum, they would have cost 
a guinea a piece leas ; required the number of oxen and price of each. 

80 

Let x= the number ; then — = the price of each ; 

80 80 
.*. — i-;= 1, by the problem, 

and by reduction, x^+4a;=S20 j 
.-. x*+4a;+4=324,anda;+2=±I8; 

.•. «=16, or — 20. 

And — =--=6 gumeas, the price of each. 

The negative value (—20) of rr, will not answer the con- 
dition of the problem. 

Prob. 2. There are two numbers whose difference is 9, and their ram 
multiplied by the greater produces 266. What are those numbers 1 

Let «= the greater ; .*. ar — y= the less. 
andar.(2a;— 9)=s266 ; ... a^*— |.xs5|5. 
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9 47 
completiDg the square, &c. x — 7=+ — ; 

4 4 

.*. x=14, or — 9^ ; andac — 9=5, or — 18|. 

Here both values answer the coDditions of the problem. 

Frob. 3. A set out from C towards D, and travelled 7 miles a day. 
After he had g;one 32 miles, B set out from D towards C, and went every 
day one-nineteenth of the whole journey ; and after he had travelled as 
many days as he went miles in one day, he met A. Required the distance 
of the places C and D. 

Suppose the^iiistance was x miles. 

X 

.•. — = the number of miles B travelled per day ; and also 
= the number of days he travelled before be met A. 

3> Tx 

by transposition and completing the square, 

x^ 12a? 

extractiog the root, Tq— ^6=4^2 ; 
.-. — =8, or 4 ; and a;x=]52, or 76, both which values an- 

1 o 

swer the conditions of the problem. The distance therefore 
of C from D was 1 5i, or 76 miles. 

Frob. 4. To divide the number 30 into two such parts, that their pro- 
duct may be equal to eight times their difference. 

Let x=i the hsser part ; .•. 30 — x= the greater part, and 
30 — X — Xf or 30 — 2a:== their difference. 

Hence, by the problem, a: (30— a:) =8 (30 — 2«), or 30j: — ar* 
— 240— I6x; .-. ar»— 46a?=— 2K>. 

Completing the square, 2^— 46a;+^29=289 ; 

.-. x=23jf:l7=40, or 6= lesser part ; 

and 30 — ^x=30 — 6=:24s: greater part. 

In this case, the solution of the equation gires 40 and 6 

for the lesser part. Now as 40 cannot possibly be a part of 

SO, we take 6 for the lesser part, which gives 24 for the great- 

er part ; and the two numbers, 24 and 6, answer the condi* 

tions required. 

Prob. 5. Some bees had alighted- upon a tree ; at one flight the squan 
root of half of them went away ; at another eight-ninths of them ; two 
bees theu remained. How many then alighted on tk<b \x^%X 

Let lia^=tbe number of beea •, x^ — —^^ta^jL-s^^ 
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or 9jr+16a^+18=18a" .'.Jar'— 9j;= 18 j 

(Art. 417), Maltipljing by 8, 16x^-72x=144 ; 

adding 81 to both sides, leor* — 72ar+8 1=286; 

.•.4x=9jlil£)=:24, or —6 ; and a;=6, or — 1|. 

/.2ar«=72, or4i. 
Bat the negative valae — 1^ of x, is excluded by the na- 
ture of the problf'm ; therefore, 72= number of bees. 

439. If, in a problem proposed to be solved, there are two 
((uantities sought, whose sum, or difference, is equal to a gi- 
ven quantity, for instance, 2a ; let half their difference, or 
half their sum, be denoted by x ; then .T+a*will represent 
the greater, and x^a the lesser, (Art. 102). According to 
this method of notation, the calculation will be greatly abridge 
cd, and the solution of the problem will often be render^ 
Tery simple. 

Prob. 6. The sum of two numbers is 6, and the sum of their 4th pow- 
en is 272. What are the numbers f 

Let x=^ half the difference of the two numbers ; then 3+ 
x= the greater number, and 3— x= the lesser. 

/.by the problem, (3+ar)*+(3~a:)*=272, 
or 162+108x^+2«*=272 ; from which, by transposition and 

division, x*+^'J^=^fi • 

.•. completing the square, a:^+54.r-+729=^784, 

and extracting the root, a;-+27=j+28 ; 

...x2=— 27:f 28, and ^7=+.!^ or ±v^— 66. 

Now, by taking the positive value, -|-J, for a:, (since in this 

i:ase, it is the only value of a: which will answer the problem) ; 

we shall have 3+1=4= the greater, anil 3— I =2= the 

lesser. 

Prob. 7. To divide the number 5G into two such partS; 
ih:)t their product shall be 640. Ans. 40, and 16. 

Prob. 8. There are two numbers whose difference is 7, 
:ind half their product plus 30, is equal to the square of tht^ 
lesser number. What are the numbers ? 

Ans. 12, and 1.9. 

Prob. 9. A and B set out at the same time to a place at the 
distance of 160 miles. A travelled 3 miles an hour faster 
than 13, and arrives at his journey's end 8 hours and 20 mi- 
nutes before him. At what rate did each person travel pe r 
hour ? Ans. A 9, and B 6 miles an hour ? 

Prob. 10. The difference of two cumbers is 6 ; and if 4 7 
be added to timet the sguare of the lesser ^ it will be equal to the 
square of the greater. What are the numbers ? 

kw8>.\1^^^d II. 
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Prob. 11. There are two numbers whose product is 120, 
if 2 be added to the lesser, and 3 subtracted from the great- 
er, the product of .the sum and remainder will also be 120. 
AVhat are the numbers ? Ans. 15, and 8. 

Prob. 12. A person bought a certain number of* sheep for 
120Z. If there had have been 8 more, each would have cost 
him ten shilUngs less. How may sheep were there ? 

Ans. 40. 

Prob. 13. A Merchant sold a quantity of brandy for 39/. 
and gained as much per cent as the brandy cost him. What 
was the price of the brandy ? Ans. 30/. ^ 

Prob. 14. Two partners, A and B, gained 18/. by trade'. 
A*s money was in. trade 12 months, and be received for his 
principal and gain 26/. Also, B's money, which was 30/. was 
in trade 16 months. What money did A put into trade ? 

Ans. 20/. 

Prob. 15. A and B set out from two towns which were at 
the distance of 247, miles, and travelled the direct road till 
they met. A went 9 miles a day ; and the number of daysf 
at the end of which they met, was greater by 3 than the 
number of miles which B went in -a day. How many miles 
did each go ? 

Ans. A 117, and B 130 miles. 

Prob 16. A man playing at hazard won at the first throw, 
as much money as he had in his pocket ; at the second 
throw, he wob 5 shillings more than the square root af what 
he then had ; at the third throw, he won the square of all 
he then had ; and then he had 112/. 16s, What had he at 
first ? Ans. 1 8 shillings. 

Prob. 17. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum multiplied by 2, and the product divided by the 
number itself, the quotient will be 4. Required the number^ 

Ans, 6. 

Prob. 18. There is a field in the form of a rectangular 
parallelogram, whose length exceeds the breadth by 16 
yards ; and it contains 960 square yards. Required the 
length and breadth. Ans. 40 and 24 yards. 

Prob. 19. A person being asked his age, answered, if you 
add the square root of it to half of it, and subtract 12, there 
will remain nothing. Required his age. Ads. 16. 

Prob. 20. To find a number, from the cube of which, jf 
19 be subtracted, and the remainder caulU^l\&^ V) ^^<:^i^'^N 
the product shall be 2 IG. K\i%. "^^ ^'^ — "^^ 



J04 SOLUTION OF PROBLEMS 



1 



Prob. 21. To find n number from the double of which if 
you subtract 12, the square of the remaindei:, minus 1, will 
be 9 times the number sought. Ans. 1 1 » or 3|. 

Prob. 22. It is required to divide 20 into tivo such parts, 
(hat the product of the whole and one of the parts, shall be 
equal to the square of the otiier. 

Ads. 10 v^ 5 — 10, and 30 — 10^6. 

Prob. 23. A labourer dug two trenches, one of which was 
6 yards longer than the other, for 17/. IGs., and the digging of 
each of them cost m many shillings per yard as there were 
yards in its length. What w,h the length of each ? 

Ans. 10, and 1 6 yards. j 

Prob. 24. A company at a tavern had 8/. 16s. to pay, but 
before the bill was paid, two of them sneaked off, when 
those who remained had each \0s, more to pay. How many 
were there in the company at first ? Ani. 7. 

Prob. 25. There are two square buildings,that are paved with 
stones, a foot f*qunre each. The side of one building ex- 
ceeds that of the other by 12 feet, and both their pavements 
taken together contain 2120 stones. What are the lengths 
of them separately ? Ans. 26, and 3G feet. 

Prob. 26. In a parcel which contains 24 coins of silver 
and copper, each silver coin is worth as many pence as there 
are copper coins, and each copper coin is worth as many 
pence as there are silver coins, and the whole is worth 18 
f>hillings. How many are there of each ? 

Ans. 6 of one, and 18 of (he other. 

Prob. 27. Two messengers, A and B, were despatched at 
the same time to a place 90 miles distant ; the former of 
whom riilins: one mile an hour more than the other, arrived 
at the end of his journey an hour before him. At what rate 
did each travel per hour ? 

Ans. A went 10, and B miles per hour. 

Prob. 28. A man travelled 105 mile.«, and then found that 
if he had not travelled so fast by 2 miles an hour, hcshnnld 
have been 6 hours longor in performing the journey. Ilow 
many miles did he go per hour. . Ans. 7 miles. 

Prob. 29. Bought two flocks of?heep for C5/. IHs., one con- 
taining 5 more than the other. Each shcop cost as ninny 
shillings as there were sheep in the flock, lloquircd the 
number in each flock. * Ans. 2J, and 28. 

Prob. 30. A regiment of soldiers, consisting of 1066 men, 
is formed i'lto two squares, one of which has 4 men more in 
a side thdn the other. What n^TO\>^t o^ \iv^w v\t^ \a «. *wle of 
each of the squares ? K\\^.^\,'\tv^^\>. 
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Prob. 31. What aamber is that, to which if 24 be added, 
and the square root of the sam eitracted, this root shall be 
less than the origioal quantity by 18 ? Ans. 25. 

Prob. 32. A Poulterer going to market to buy turkeys, m^t 
with four flocks, la the second were 6 more than three 
times the square root of double the number in the first. The 
third contained three times as many as the first and second ; 
and the fourth contained 6 more than the square of one-third 
the number in the third ; and the whole number was 193$. 
How many were there in each flock ? 

Ans. the numbers were, 13, 24, 126, and 1770, respec- 
tifely. 

Prob. 33. The sum of two numbers is 8, and the sum of 
their 5th powers is 1056. What are the numbers. 

Ans. 4, and 2. 

§ II SOLUTION OF PROBLEMS PRODUCING Q,UADRAT1C EQ,UATI0NS, 
INVOLVING MORE THAN ONE UNKNOWN QUANTITY. 

430. It is'very proper to obserre, that the solution of a 
problem, producing quadratic equations, involving two un- 
known quantities, will sometimes be very much facilitated by 
ussumiog X equal to their half sum, and y equal to their half 
diflcrence ; tbeii (Art. 102;, x-^-y will denote the greater, 
and X — y the lesser. The solution, according to this method 
of notation, will in general, be more simple than that which 
would have been found, if the two unknown quantities were 
1 epresented by x and y respectively. 

Problem. 1. Required two numbers, such, that their Bum, tbeir pfo- 
duct, aud the diAereace ot their squares, may be all equal. 

Let a:+y=the greater ; and x— y= the lesser ; 

From the 2d equation, y=^ ; •'•^^4 • 
JN'ow by substiiutiug this value of ^, in the first, we have 
2x'=afJ- - ^ ; .-. x^_s!a;=J, &ud x= l±i\/^' 

431. 1 he preceding problem leads also to (he solution of 
the following. 

Frob. 2. To find two numbers, such, that their buzd, their product, 
and the sum of their squares, may be all equal ? 

Let, as in the last problem, x+y=ihe greater, and x^-^^ 
the lesser ; then, by tbe^irgblem, 

2x^:ri^'y', and 2d?=(a;+y)«-f (a?— y)=2a;»+V i 

but a!a:=ur^— ^ •, ' 

ST * 
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.'.by ailiiihon, 3j;s=:2a:^ and x=^^ ; 
.•. by eubfttiriition, ■|=J+»^ ; and y=j!i^ V* — ^ f 
.-. x+y=^i±iy/—'3, and x— y=f 4:^^/ - 3. 
Hence it follows, that no tn*o numbers cnn be found to answer 
the conditions ; and (Art. 373), therefore, the problem is 
impossible : Although the above valaefl of x and y are ima- 
ginary^ still they will satisfy the equations, 2x=3c^ — jf^t and 
2x=5z^+2y^, which may be readily verified by Fubstitution. 
4S2. It is sometimes more expedient to represent one of 
the unknown quantities by x, and the other by xy, (Art. 425). 
The utility of this method of notation for eliminating one of 
the unknown quantities, will appear evident, from the solu- 
tion of the following problem. 

Prob. 3. What two numbers are those, whose sum multiplied by the 
gpreater is 77; and whose difference, multiplied by the lesser, is«qual 
to 12 ? 

y Let xy={\]0 greater, and x=the lesser ; then by the pro- 
[U blem, arY^-[-^=77, and a'y — r*=12 ; 
/ 2 77 . ^ 12 12 77 

f+y y—^ y-' r+y 

and dealing of frnctions, 12^+12y=77y ~ 77 ; 
, by transposition and division y" — 75!/= S' 

.'. completing the square, and extracting the root, ^^= V, or 
-^-. Either value of^ wilf answer the conditions of the prob- 

12 

Jem ; Let y=J ; then «== — ^=16 ; .•. ar = + 4, and j:y= 

y — 1 

4-7. Hence the numbers, by taking the positive values, arc 
4 and 7. Let alsoy=y 5 then x^^| ; .-. a:=+_^y/5>, and 
a:y=u X + |v^2=+.y-v/^* Hence the irrational numbers, 
|\/2 and V v/2, will also answer the conditions of the prob- 
lem. 

433. When a problem expresses more than two distinct 
conditions, which require to be translated into as many equa- 
tions ; the solution cannot be obtained by moans of quadra- 
tics, unless that some of the equations arc ol the first degree ; 
for the final equation resulting from the elimination of the 
unknown quantities will, in general, be of a higher degree 
than the second. There are, however, some particular caseB 
in which the unknown quantitieitmay be eliminated by certain 
artifices, (which are best learned by experience), so as to 
Jiare the 6aal equation of sl (\|iaAx%X\« {()t\a. 

S 
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Prob. 4. It is required to find three numbers, sacb, that the product 
of the first and second, added to the sum of their squares, sbaU.be equal 
to 37 ; the product of the first and third added to the sum of their 
squares, shall be equal to 49 ; and the product of the second and third 
added to the sum of their squares, shall be equal to 61. 

% 

Let a;=the first number, ^"s^the second, and z=ihe third. 

Then, ar»+2^+xy=37 ; 1 

x^+z^+xz=49 ; y by the problem. 

and f+r'+yz-Gl ;) • 

By subtracting the Brst equation from the second, 2r^ — ^y^-}' 

12 
(z— y)a?=12 ; /. x+y^x=^ (a). 

By subtracting the second equation from the third, y^— -a; ^+ 

• >2 12 ^ o . 

.'. = , andy— x=z— y ; .'. 2y=a;+z. 

By substituting 2y for x+z, in equations (a) and (6), wc 

12 12 
find 3y= , and 3y= ; 

z — y ^ y — « 

/. zy — y^=4, and y*— yx:*4 ; 

.-. 3'=^ ,and ar=^ ; .*. r^=:( I . 

y y . \ y y 

Now, by substituting these Yalues of x and x^ in the first of 

the original equations, it becomes 

r- \ +y'+y7-^ — --=37 ; .-. by reduction, 

49 
y*— ---y^=— 16 ; and, by completing the square, 

, 49-,/49\' 2401—192 • 49.47 

and, by taking the positive sign, y^+4 ; 

^ — 4 1(5 — 4 
.*. by taking y=4, x=- = — - — ==S, and 

1/2+4 16+4 20 , 
z=i =2 = — =5' 

y 4 4 

Hence the three numbers sou<iht afe 3, 4, and 5, which are 
in arithmetical progression. This relation appears also evi- 
dent from the result 2y=sx+2, found in the beginning of the 
solution. 

Prob. 5. Then ore three Mmberv\3a%^^««^^^^^ "^'^^^^^*^^^' 
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ces U b ; their aum u 41 ; aad.the sum of their ff^aares 099. What are 
the Dumbin ? 

Let x-= the second namber, 
and i/=the difference of the second and least ; 
.•. X — y, ar, and x+y+8 are the numbers, 
and their 8am^dx-|-8s=4t ; .*. 3x^=33, and«=ll ; 
.-. (11— y)'+121+(l9+y)»=669, or j/»+8y=48 ; ' 
.-. completing; the square, and extracting the root, 
y+^=±Q, and y=4, or — 12, both which values ansiver tke 
conditions ; and the numbers are 7, 1 1, and 23. 

Prob. 6. What number is that, which being divided bj the 
product of its two digits, the quotient is 2 ; and if 27 be add- 
ed to it, the digits will be inverted ? ' Aos. 36. 

Prob. 7. There are three numbers, the difference of -whose 
differences is 5 ; their sum is 44 ; and continual produ^ is 
1950. What are the numbers ? Ana. 6, 13, and 25. 

Prob. 8. A farmer received 7/. 4b. for a certain quantity of 
wheat, and an equal sum at a price less by Is. 6d. per bushel, 
for a quantity oi barley, which exceeded the quantity of 
wheat by 16 bushels. How many bushels were there of each f 

Ans. ti*i bushels qf wheat, and 48 of barley. 

Prob. 9. A poulterer bought 15 ducks and 12 turkeys for 
five guinea!^. He had two ducks more for 18 shillings, thau 
he liad of turkeys lor 20 shillings. What was the price of 
each ? — Ans. the price of a duck was 3s. and of a turl^cy 58. 

Prob. 10. There are three numbers, the difference of 
whose differences is 3 ; their sum is 21 ; and the sum of the 
^squares of the greatest and least is 137. Required the num- 
bers. Ans. 4, 6, and 1 1. 

Prob. 1 1. There is a nunnber consisting of 2 digits, which, 
when divided by thu sum of its digits, gives a quotient greater 
by 2 than the tiist digit. But if the digits be inverted, and 
then divided by a number greater by unity than the sum of 
the digits, the quotient is greater by 2 thap the preceding quo- 
tient ? Required the number. Ans. 24. 

Piob. 12. What two numbers are those, whose product is 
24, and whose sum added to the sum of their squares is 62 i 

Ans. 4, and 6. 

Prob. 13. A grocer sold 80 pounds of mace, and lOQ 
pounds of cloves, for 65/. ; hut he sold 60 pounds more of 
cloves for 20/. than he did of mace for 10/. What was the 
price of a pound of each ? 

Ans, the mace cost lOa. auA iVve c\o^^^ b%. '^^x ^^^x^i^. 
Prob. 14. To divide the wum\)eT V^^ \^\.^ VVt^^ ^s^v^ ^v\\Si 
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that once the first, imce the second, and three times the third, 
added together may be equal to 278 ; and that the sam of the 
squares of the three parts may be equal to 6036. 

Ans. 40, 44 » a^d 50, respectively. 

Prob. 15. Find two numbers, such, that the square of the 
greater minus the square of the lesser, may be 56 ; and the 
square of the lesser plus one-third their product may be 40. 

Ans. 9, and 5. 

Prob. 16, There are two numbers, such, that three times 
the square of the greater plus twice the square of the less is 
110; and half their product, plus the square of the lesser, is 
4. What are the numbers ? Ans. 6, and 1. 

Prob. 17. What number is that, the sum of whose digits is 
15 ; and if 31 be added to their product ^ the digits will be in- 
verted ? Ans. 78. 

Prob. 18. There are two numbers such, that, if the lesser 
be taken from three times the greater, the remainder will be 
35 ; and if four times the greater be divided by three times 
the lesser plus one, the quotient will be equal to the lesser 
number. What are the numbers ? Aps. IS and 4. 

Prob. 19. To find two numbers, the first of which, plus 
3, multiplied into the second^intntis 3, may produce 1 10; and 
the first minus 3, multiplied by the second plus 2, may pro- 
duce 80. Ans. 8, and 14. 

Prob. 20. Two persons, A and B, comparing their wages, 
observe, that if A had received per day, in addition to what 
he does receive, a sum equal to one-fourth of what B receiv- 
ed per week, and had worked as many days as B received 
shillings per day, he would have received 488. ; and had B 
received 2 shillings a day more than A did, and worked for a 
number of days equal to half the number of shillings he re- 
ceived per week, he would have received 4/. 18s. What 
were their daily wages ? Ans. A's 5 shillings, and B^s 4. 

Prob. 21. Bacchus caught Silenus asleep by the side of a 
full cask, and seized (he opportunity of drinking, which he 
continued for two-thirds of the time that Silenus would have 
taken to empty the whole cask. After that Silenus awoke, 
and drank what Bacchus had left. Had they drunk both toge- 
ther, it would have been emptied two hours sooner, and Bac- 
chus would have drunk only half what he leA Silenus. Re- 
quired the time in which they could have emptied the cask 
separately. Ans. Silenus in 3 hours, and Bacchus in 6« 

Prob. 22. Two persons, A aadB»\.^\>LU\» ^l ^«vx tsisj;^^ 
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A lays to B, if I had as many dollars at 58. 6d. cacb» as I 
have shiUiDgs, I should have as much money as yoa ; bat, if 
the number of my shillings were squared, I should have twjce 
as much as you, and 12 shillings more. What had each ? . 

Ans. A had 12, and B 66 shillings. 

Prob. 23. It is required to find two numbers, such, that if 
their product be added to^tbeir sum it shall make 62 ; and if 
their sum be taken from the sum of their squares it shall leave 
86. Ans. 8, and 6. 

Prob. 24. It is required to find two nurabent, 8ucb» that 
their difference shall be 98, and the difference of their cube 
roots 2. Ans. 125, and 27. 

Prob. 25. There isa numl^er consisting of two digits. The 
left-hand digit is equal to 3 times the right-hand digit; and if 
12 be subtracted from the number itself, the remainder will 
be equal to the square of the left-hand digit. What is the 
number ? Ans. 98. 

Prob. 26. A person bought a quantity of cloth of two aorts 
for 7/. 1 8 shillings. For every yard of the better sort be gare 
as many shillings as he had yards in all ; and for every yard 
of the worse as many shillings as there were yards of the bet- 
ter sort more than of the wor8<^ And the whole price of 
the better sort was to the whole price of the worse as 72 to 7, 
How many yards had he of each ? 

Ans. yards of the better, and 7 of the worse. 

Prob. 27. There are four towns in the order of the let* 
ters, A, B, C, D. The difference between the distances, from 
A to B, and from B to C, is greater by four miles than the dfs- 
tance from B to D. Also the number of miles between B 
and D is equal to tvvo>thirds of the number between A to C. 
And the number between A ami B is to the number between 
C and D as seven times the number between B and C : 26. 
Required the respective distances. 

Ans. AB=42, BC=6, and CD=26 miles. 
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CHAPTER XII. 



THE BINOMIAL THEOREM. 

434. Previous to the investigatioD of the Binomial Tlieorem, 
if is necessary to observe, that any two algebraic expressions 
are said to he identical , when they are of the same value, for all 
values of the letters of which ihey are composed. Thus, a: — 1 • 
=:x — 1, is an identical equation : and shows that x is indeter- 
minate ; or that the equation will be satisfied by substituting, 
for ar, any quantity whatever. 

Also, (a:+^) X (x — a) and 3^-^a\ are identical eipressions ; 
that \9j(x+a)X{x^a)=a^^a^ ; whatever numeral values 
may be given to the quantities represented by x and a.. 

435. When the two members of any identity consist of the 
same successive powers of some indefinite quantity x, the coeffi- 
cient of all Hie like powers of x, in that identity, will be equal to 
each other. 

For, let the proposed identity consist of an indefinite num- 
ber of terms, as, 

Then since it will hold good, whatever may be the value 
of X, let x=0, and we shall have, from the vanishing of the 
rest of the terms, a^a'. 

Whence, suppressing these two terms, as being equal to 
each other, there will arise the new identity 6«+ca^Hh<ia^+ 
3tc. = 6-+cV+^*^+&c. which^ by dividing each of its terms 
by X, becomes 

b+cx+dx^+kc. = 6'+c'x+crr»-f &c. 

And, consequently, if this be treated in the same manner 
as the former, by taking x=0, we shall have 6=6', and so on ; 
the samo mode of reasoning giving c=c\ d=^d, &c., as was 
to be shown. • 

§ 1. INVESTIGATION OF THE BINOMIAL THEOREM. 

436. Newton, as is well known, left no demonstration of 
this celebrated theoreni^ but appears, as has already \a«.^T^ 
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obseryed, (Art. 163), to have dtdaced it merely from an in- 
duction of particular capes, and though no doubt can be en- 
tertained 01 its truth from its having been found to succeed in 
all the instances in which it has been applied, jet, agreeablj 
to the rigour that ought to be observed in the establishment 
of every mathematical theory, and especially in a fundamen- 
tal proposition of such general use and applicatioD, it is ne- 
cessary that as regular and strict 'a proof should be given of 
it as the nature ol the subject, and the state of analyaia will 
admit. 

437. In order to avoid entering into a too prolix investiga- 
tion of the simple and well-known elements, upon which the 
general formula depends, it will be sufficient to observe, that 
it can be easily shown, from some of the 6r8t and most com- 
mon rules of Algebra, that whatever may be the operations | 
which the index {in) directs to be performed upon the ex- 
pression (a-|-x)''S whether of elevation, division, or eatrac- 
tion of roots, the terms of the resulting series will necessari- 
ly arise, by the regular integral powers of x ; and that the 
lir&t two terms oi this series will always be a^-f-tnam-^x ; so 
that the entire expansion of it may be represented under the 
form 

Where B, C, D, &c. are certain numerical coefficients, 
that are independent of the values of a and x ; which two 
latter may be connidorcd aft denoting any quantities whatever. 

438. For supposing the index m to be an integer, and tak- 
ing a=l, which will render the following part of the investi- 
gs.tion more simple, and equally answer the purpos^e intend- 
ed ; it is plain that we shall have, according to what has been 
shown (Art. 289), 
{\+xY':=\+mx-\'bx^+cx''+dx^+ kc (1). 

439. And if the index m^ of the given binomial, be nega- 
tive, it will be found by division, that (l+a;)~"», or the equi- 
valent expression 

(l+x)*'* l+mx+bar-^cx^kc. 

where the lavt' of the terms, in each of these cases is similar 

to that above mentioned. 

m 

440. Again, let there be taken the binomial (l+x)n , hav- 
ing the fractional index — ; where m and n are whole positive 
numbers. % 
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Then, since (l+«)'" is the nth power of O+a;)* ; and, as 
above shown, ( 1 +*)"= 1 rl-o«-f'6*+crc^+ilap*+ iic. , such a se- 

m 

ries Quist be aasumed for (l+^)ir, that, when raised to the nth 
power, will give a series of the form l+(Mc+6j^+car*+^a^+ 
&c. 

But the nth or any other integral power of the series 1 4* 
|)x+9x'+rar*+w*+&c. will be found, by actual multiplication, 
to give a series of the form here mentioned ; whence, in this 
case, also, it necessarily follows, that 



m 



And if each side of this last expression be raised to the 
nth power, we shall have (l+a:)^=[l-f^p»+ja5^+»^'+*a;* 
+ &c.)]" ; or, by actual involution, 
\+mx+bx^+cx^+ &c. =l+n(px4'9a5*+ &c.)+ &c. 

Whence, by comparing the coefficients of x, on each side 
of this, last equation, we shall have, according to (Art. 435), 

nD=m, or 0= -^ ; so that, in this case, 

n 

^ m 
(l+x)« =1+ x+qx^+r3iP+sx*+ &c (2) • 

where the coefficient of the scscond term, and the several 
powers of x, follow the same law as in the cdse of integral 
powers. 

441. Lastly, if the index — be. negative, it will be found 

n 

by division as above, that (1 +x)'*'^ or the equivalent ex- 
pression, 

(1+ac) » iH — x-f ox^&c. 

n 

where the series still follows the same law as before. 

442. And as the several cases, (1,2, 3), here given, are of the 
same kind with tho^e that are designed to be expressed in uni- 
versal terms, by the general formula ; it is in vain, as far as 
regards the first two terms, and the general form of the se* 
ries, to look for any other origin of them than what may be 
derived from these, or other similar operations. 

443. Hence, because (a+x)*»s=a«^l+-\'", if there be 
assumed (a+»)■'=ca'"^-ma~-*x+B«f+Ca?-V^'^ V.'C.^ ^'t 
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which will be more commodious, and equally aoswer the de- 
sign proIHWed, 

(1+3 =1+A. Q+a:9'+A3Q.+ &c (4). 

it will only remain to determine the yalues of the coefficienti 
A, , A,, A,, &c. and to show the law of their depeDdence on 
the indei (m) of the operation by which they are produced. 

444. For this purpose, let m denote any number whate- 

ver, whole or fractional, positive or negative ; nnd for — , in 

the nbove formula, put y+z ; then, there will arise I 1-| — j ■ 

^[^+(y+'?)]"*=[(,l+y)+i']'"» which being all identical ex- 
pressions, when taken according to the above form, will evi- 
dently be equal to each other. 

445. Whence, as the numeral coefficients A,t A,, A,, &c. 
of the developed formulas, will not change for any value that 
can be given to a and 9c, provided the index (m), remains the 
same, the two latter may be exhibited under the forms 
ll+(y+^)r=l+A.(y+^)+A,(y+r)^+&c. 
•(l+y)+^]«=(l+y>+A,^(l+y)-»-*+A,^»(l+y)'«-^+ • 

And, consequently, by raising the several terms of the first 
Qf these series to their proper powers, and patting 1+^=^ 
in the latter, we shall have 

itc.=/)»«+A,p"»-*2:+A2p'«-V+A3p"»— V+ &c. 

446. Or, by ordering the terms, so that those which are 
nfTected with the same power of z may be all brought toge- 
ther, and arranged under the same head, this last expression 
will stand thus : 

*^+A3 

+4A^y 
+ 10A,y' 

&c. 
=:p» +A,p"— 'r+A,p'"-V+A3p»'-^2'+ kc. 
\n which eqiiatioD it is evident, that both y and z are inde^ 
tcimiiiate, and independent of the values of A,, A,, A.,, &c. ; 
since the result here obtained arises solely from the siibstitu- 



1+A, 

A,y+2Ay 

A:!,'^+3A3y» 

iiC. 



z+A' 

+6A,y' 
+ 10A,y' 
iic. 



z'+lic. (5). 



X 



'i'cn r.f the sura of these quantities for - in equation (4\ 
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447. Hence, as the first terms and the coefficients, or tool- 
tipliers of the like powers of z, in these two expressjpos, are, 
in this case, identical, (Art. 435), we shall ha?e» by comparing 
the first colamn of the left-hand member with tho< first term of 
that on the right, 

\+A,y+A^f+A^f+A^i/'+ &c. =;>«. 
which is an identity that verifies itself; since, by hypothesis, 
(l+y)"*^^"*, and, according to the general formula, (1+2;)"* 
= 1+A,y+A,y«+A3j^+ &c. 

448, Also, if the second of these colamna be compared in 
like manner, with the second on the right, there will arise the 
new identity, 

A,+2A,y4'3A5y«+4A^^=A,jp«--*; which will be suffi- 
cient, independently ot the rest or the terms for determining 
the Talaes of the coefficients A,, A, , A3, &c. 

For since A,p«-^=A,^=-j^(l+A.2/+A,2r'+A3y^+ 

&c.), the equating this series with the last, and mnHiplyiog 
the left-hand side by 1+y, will give 

[A,+2A3y+3A33^+&c.](l+y):=A,+A,A,y+A,A,2^+A, 
A,2^+&c. 

And, therefore, by actually performing the operation, ami 
arranging the terms accordingly, we shall have 



A,+2A, I y+3A^ 
+A. I +2A3 



!^+4A, 
+3A3 



y»+&c. 



=A,+A,A,y+A,A,y'+A,A3y3+ &c. 

449. From which last identity, there will obviously arise, 
by equating the homologous terms of its two members, th# 
following relation^ of the coefficients : 



A,=A, 
2A2^^Aj Aj ""Aj 
3A3=A,Aa— 2A. 
4A^=A,A3— 3A 



or 



3 



A,=A. 
A _A,(A.-.I) 

A ~ A,(A.-2) 

• 3 

A _A,(A, -3) 



_ A^t-{A.-(n— 1) I 

An 



nA„=A,A«-i-(«-*)A»-i I 

And, consequently, as the coefficient A^ ^t^^ %^<t.^'^\K^xsv 
«f the expanded binomial> hasbeeik %\i^^tk\o\i^ ^ra^iik.^'vx'^ 
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rases, to the iodev (m) of the propoied binomial, the last of 
these eipressiona will become of the form 

Aj=m 

A _m(fii — 1) 

* 2 

. _^ m(in — l).(m— 2) 

^» 2:5 

_m(m- l).(m — 2) (ti i^-3) 

^ 2xr 

A _ ^»("^ — l). (m— 2). (m— 3) . . , . [m^(n— 1)] 

" 2.3.4.6 - . . . . . . n ' 

where the law of the continuation of the terjns, from A^ to 
the general term A^i is safficiently evident. 

450. Whence it follows, that, whether the index m be in- 
tegral or fractionai J positive or negative, the proposed bino- 
mial (a+x)*^i when expanded, may always be exhibited under 
the form 

&c.] ; 

or (a+x^^ss 
, , 171 (iw — 1) ^ „ fii(fn— I)(m— 2) ^,00- 

Anj if — .^ be substituted in the place of -| — , the same for- 
a 'a 

tnula will, in that case, be expressed as follows : 

2.3 \o/ ^ 

or (a— T)'«=a«— ma'^-^'rr^ ^-r — ^a'^^-^x^— 

m(m-jM!!llI?),,.-3^ &c. 
2.4 
Where it is to be observed, that the series, in each of these 
cases, will terminate at the (m+l)th term, when m is a whole 
positive number ; but if m be fractional or negative, it will 
proceed ad infinitum g as neither the Aictors m— 1, m — o^ 
m-^S, Sic. can then become =0. 
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451. To this we .may add, that in the two last iostanc*^ 

here meDtioned, the second term f-j of the biuomial mast 

be less than 1, or otherwise the series, after a certain number 
of terms, will diverge, instead of converging. 

452. It may also be farther remarked, that when a and x 
in these formulae, are each equal to 1, we shall have, agree- 
ably to such a substitution, (a+«)*'«=(l + l)*"=2"^=l+m+ 
m{m — \) m(m — 1) . (m — 8) ^ ffl(m — 1). (m — ft) • (in — 3) 

2 " "* 2^3 ^ 2 Ja 

&c., and 

(a-a:)"*=(l — l)'*=0«s=0=s| ~m+ 
f/i(m— n fn(m— 1) . (m— 2) . m(m — lym — 2) , (m — 3) 

2 2.3 ^. 2,3.4 

•From which it appears, that the sum of the coefficients 
arising out of the developement of the mth power, or root of 
any binomial, is equal to 2"* ; and that the sum of the coeffi- 
cients of the odd terms of the mth power, or root of a resi- 
dual quantity j is lequal to the sum of the coefficients of ib^ 
even terms. 

453. Finally, let in=:0 ; then (a-f-a;) ^a + oX a x Hf- 

0(0—0 ^* ^, , *! ..* I />a^ , .. 

— ^ a X +&c.,e^a +0.- +0.— + kc. 

2 a a* 

where it is evident that the series terminates at the first terra 
(a^) ; since the coefficient of every successive term involves 
for one of its factors ; therefore (a+aF)'s=a°=al, (Art. 8G). 
And, if a=x ; then (a— x)°=:a«=l, that is, 0'=1. Hence, 
it follows, that aoy quantity, either simple or compound, rais- 
ed to the power is equal to unity or 1 ; and abo that 0® is, 
in all castes, equal to unity or U 

454. Although it has been observed (Art. 167), that 0° ap- 
pears to admit of an infinity of nunierical values ; because it 
is equal to |, which is the mark ^ indetermination ; yet it is 
plain, from what is above shown, that 0^ is only one of the 
values of |, which, in that particular case (Art. 167), where 

0"* 

r-=0*=-, i§ equal to unity. The intelligent reader is re- 

fcrred to Bonnycastlb's Algebra, 8vo. vol. ii. Also, La- 
orargb's T^eorte dts fWa'aiM Analytiqu^s^ wcA Lg/i<^r\A v^ It. 
CAlctd des Fimctians^ 
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§ II. APPLlCiTIOir OF THE BINOMIAL THEOREM TO TI1R 

EXPANSION OF BBRIES. ** 

455. The method of expaDding any binoini:il of (he form 
(a-<-x)"». when m is any whole namber whatever, has been 
llready pointed out, (Art. 289) ; and it has also been observ- 
ed (Art. 460), that the series will always termiDatey when fA 
is a whole aamber : Bat when m is a negative nambery or a 
fraction^ then the series expressing the value of (a-{-x)«> does 
not terminate. 

Let m=7, and substitute r for m^n the series (Art. 450) 
then 

fa+xf—ar+ra'' x+^-^-a" a«+ &c. 

+ ~-r — i-a")+ *^Cm which is a general expression for find- 



i4 



iog the approximate value of any binomial surd quantity, T 
being either positive ornegativt, n and r any whole numbers 
whatever. 
Ei. 1. Find the approximate value o( ^(b^+tP) ov ib^+ 

Here a=6^ { .-. a»^=3/63=6 ; 

n(ri--r).(n-2r) /g»\ 1(1— 3). (l-«) /g^\ 5c^ 

a.Sr" ^a^*' 2.3.3» V^ 3*6" ' 

&c. >=: &c. 

Hence V(6='+c»)=6(I+^r-^,+3rr.7. &c.) 
Ex. 2. Find the value of ,, . .o Qf 1^+^ I 10 a series. 



Here a^ 
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—3 



. . 1 



c=x n/x\ 



9c 



n=-3 I 



b 



_____ ^_.; _ vp-;- 



3£^ 



Hence _-=:_Vl__+-p-p-+*c.;. 
466. Now let »=1, (a+«)r'=(a+fl:)r =v^(a+flp) j aod a 

n 

7=\/a ; henca the series (Art. 454) is trmsformej into %/ 

+&C.) (A). 

Let a=l, 6=1 ; then V.2=l+^+ '^ I ^^ 's'"^ 

+ &c (B). 

Thus, if r=2, then ^2=1+J.-L+1__^+^^ |lJ 

+ &c. And if r=3, 

.u ,^« . . 1 1 . S 25 , 2.11 2.7.11 , 
then ^2=l+--_+^-._+_=^_.+l,c. 

By means x>f the series marked A, the rth root of many 
other numbers may. be found ; if a and x be so assumed, that 
ic is a small number with respect to a, and y/a^ a whole num- 
ber. 

Er. 3. It is required to convert y^5, or its equal ^(4+1), 
into an inOnite series. 

Here a=4, a:=.l, a'=2 ; the V^=*\/45c2,.and we hare 

^(4+l)»2(l+i -ij+jl.- J^+tc.) 

El. 4. It is required to convert ^9, or its equal ^(8+l)> 
into an inBnite series. 

Here a=8, x= 1 , r=3 ; then ^a=-^8=2, and we obtain 

457. The several terms of these series are found by sub- 
stituting for a, x^ and r, their values ici l\\% %«^«tA ^vrsftftk 
marked (A) or (B), and then Tejecl\t\^ IV^ ?«cVot% ^wdsciw^v^ 
both the Dumeraton aod denominaVot^ of \>ciie lt%c!CvQ^\« 
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Thus for instaoce, to find the 5th term of the aeries ex- 
presfling the approiiinate valut of ^9, we take the 6th term 
of the general series marked (A), which is 
(1— r).(l— 2r).(l-3r) /af*v , « , j o 

' /.theTalaeofthefractionis.|li;L? 

2*52.5 

In this maoner each term' of the 



aeries is calculated ; and the law which they observe is, that 
the numerators of the fractioos consist of certain combinatioM 
of prime numbers, and the denominators of combinations of 
certain powers o£ a and r. 

Ex. 5, Find the value of (c^— x")* in a series^ 

(33^ 3x* 6x^ \- 

Ex. 6. It is required to convert ^6, or it« equal V(^ — ^>- 
into an infinite series. 

Ex. 7. It is required to extract the square root of 10, in 
an infinite series. An,. 3+^~-?^3+^i^,~ kc. 

11%. 8. To expand a\or — x) ' in a series. 

2Va/^2.Va-'/^2.4.6Va*/^* 
Kx. 9. To find the value of ^(a*+x^) in a series. 

Ans. olA — 1 ^— &c. 

FiX. 10. Find the cftbe root of I — a;\ in a series. 

, x^ «« 6x» 10x»^ « 

Ans. i — occ. 

3 9 81 243 
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oir 

PROPORTION AND PROGRESSION. 

§ I. ARITHMETICAL PROPORTION ANB FROGRBSSIOir. 

458. Arithmetical Proportion is the relation which two 
numbers, or quantities, of the same kind, have to two othen, 
when the difference of the first pair is equal to that of the se- 
cond. 

459. Hence, three quantities are in arithmetical proper- 
tion, when the difference of the first and second is eqnai to 
the differepce of the second and third. Thus, 2, 4, 6 ; and 
a, a+b, 0+36, are quantities in arithmetical proportion. 

460. A^ four quantities are in arithmetical proportioDy 
when the difference of the first and second is equal to the 
difference of the third and fourth. Thus 8, 7, 12, 16 ; and 
a, a+6, c, c+bf are quantities in arithmetical proportion. 

461. Arithmetical Prouressisw is, when aseriesof num- 
bers or quantities increase or decrease by the same common 
difference. Thus 1, 3, 5, 7, 9, &c. and a, a+d^ a+^d, a+ 
3(/, &c. are an increasing series in arithmetical progression, 
the common differences of which are 2 and d. And 15, 12, 
9, 6, &c. and a, a — d, a— 2d[, a — 3J, &c. are decreasing se- 
ries in arithmetical precession, the common differences of 
which are 3 and d, 

462. It may be observed, that Garnier, and other Euro- 
pean writers on 4]gebra, at present, treat of arithmetical 
proportion and progression .under the denomination of equi- 
differences, which they consider, as Bonnycastle justly ob- 
serves, not without reason, as a more appropriate appellation 
than the former, as the term arithmetical conveys no idea 
of the nature of the subject to which it is applied. 

463. They also represent the relations of these quantities 
under the form of an equation, instead of by points^ as U ^ss^^- 
ally done ^ so that if a, 6, c, d, lakeu Yn^Xi^ q\^^ vo^^^i^^^cw 
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they stand, be four quantities in arithmetical proportion, this 
celatioD will be eipressed by a — h^^c^d; where it is evi- 
dent that all the properties of this kind of proportion can be 
obtained by the mere transposition of the terms of the equa- 
tion. 

464. Thus, by transposition, a-f-d=:6-f-c. From which it 
appears, that the sum of the two extremes is equal to the $um of 
the two means : And if the third term in this case be the same 
as the second, or c=&, the equi-difference is said to be con- 
tinued, and we have 

a+d—9b ; or 6=i (a+rf) ; 
where it is evident, that the sum of the extremes is double the 
mean ; or the mean equal to half the sum of the extremes* 

465. In like manner, by transposing all the terms of the 
original equation, a — 6=:c— d, we shall have 6 — a=^d^^i 
which shows that the consequents 6, d, can be pat in the 
places of the antecedents a, c : or, conversely, a and c in the 
places of h and d. ^ 

466. Also, from the same eqnality a — 6=^0 —(2, there will 
arise, by adding m— n to each of its sides, 

(a+m)— (6+n)=(c+m)-((£.fn) ; 
where it appears that the proportion is not alteiW, by aug- 
menting the antecedents a and c by the same quantity f?i« and 
the consequents b and d by another quantity n. In short, 
every operation by way of addition, subtraction, maltiplica- 
tion, and division, made jfpon each member of the equation, 
a — b=sc — d, gives a new property of this kind of proportion, 
without changing its nature. 

467. The same principles are also equally applicable to 
any continued set of equi-differences of the form o — 6=6 — 
c=c — d^=^d — e, &c. which denote the relations of a series of 
terms in what has been usually called arithmetical progres- 
sion. 

468. But these relations will be more commodiously shown, 
by taking a, 6, c, d, &c. so that each of them shall be greater 
or less than that which precedes it by some quantity d ; in 
which case the terms of the scries will become 

a, g+ff, a4i2d', a4-3ff, a4i4(f, &c. 
Where, if 2 be put for that term in the progression of which 
the rank is n, its value, according to the law here pointed out. 
will evidently be 

i=a±.(n— Odr ; 
fpbich expression is usoaWy c^XV^^ V\x^ %<a.tketAV«\^ ^S. v\\^^^- 
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ries ; because, if 1, 2, 3, 4, &c. be successively substituted 
for ft, the results will give the rest of the terms. 

Hence the last term of any arithmetical series is equal to the 
first term plus or rnintis, the product of the common c^erence, 
by the number of terms less one, 

469. Also, if s be put equal to the sum of any number of 
terms of this progression, we shall have 

- s=o+(a±£r)+(a±2d')+ .... +[a+{n^l)d:]. 
And by reversing the order of the terms of the series, 
,=[a+(n-l)(r]+[a±(n-2)(r]+ . . . {a±d)+a. 
Whence, by adding the corresponding terms of these two 
equations together, there will arise 

2s=[2a4:(n— l)(rj+[«aj:(n— l)(r], &c. to n terms. 
And, consequently, as all the n terms oi this series are equal 
to each other, we shall have 

2i=fi[2o+(fi- l)cr], or f=::^[2o±(fi— l)(r] . . (1). 

470. Or, by substituting I for the last term adb(n — l)d, as 
found above, this expression (1) will become 

5=J(a+/) .... (2). 

Hence, the sum of any series of quantities in arithmetical 
progrestion is equal to the sum of the two extremes multiplied by 
half the number of terms. 

It may be observed, that frooi equations (1) and (2), if any 
three of the fiire quantities, a, d\ n, /, i, be given, the rest 
may be found. 

471. Let /, as before, be the last term of ah arithmetic se- 
ries, whose^rsc term is (a), common difference (cf), and num' 

ber of terms (n) : then /=a+(n — I)*'' ; .*.d' ==——-. Now 

n — 1 

the intermediate terms between the first and the last is n — 2 ; 

/ — IE 

let n— 2=fii, then n— l=fii+l. Hence d=: — --, which 

m-f-' I 

gives the following rule for finding any number of arithmetic 
means between two numbers. Divide the difference ofihe two 
numbers by the given number of means increased by unity^ and 
the quotient will be the common difference Having the com- 
mon difference, ihe means themselves will be known. 

Exampje 1. Frad the 8um of the series 1, 3, 5, 7, 9, 11, 
&,c. continued to 120 terms. 

Herea=I,i . (Art. 469), s=[2a+(n-iy]J=-i5Ar2X 



rea=I,) . 
cf =2. } • ' 
n=120,) H 



+(120-1)2]= 14400. 
Ex. 2. The sttui of au ariihmelic «w\ft%*\% l^^"^ ^^^ S^^^^ 
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term 1, and the common diference S. What are the number 
of termi ? 
Here »=»567, J .-.(Art. 460),2i=n[2a+(ii-l)i]=«[14+ 



.7^ \ (fi^l)i«] = 14ii+2n»— 211=1134 ; .•• n'+ 

(T^S; )t;»+9=&'76, andn=21. 

Ex. 3. The nim of an arithmetic series is HSS, the^rtt 

term 5, aod the ntira6er of terms 30. What is the cammon 

difference ? Ads. 3. 

Ex. 4. The sum of aa arithmetic series is 1840, common 

difference^^i and number of terms 20. What is the^f'«^ term? 

Ads. 100. 

Ex. 5. Find the sum of 36 terms of the series, 40, 38, 36. 

34, &c. Ans. 108. 

Ex. 6. The sum of an arithmetic series is 440,^rf£ tertn 3, 

and common difference 2. What are the number of terms ? 

Ans. SO. 

Ex. 7. A person bought 47 sheep, nnd ga?e 1 shilling for 

the fint sheep, 3 for the second, b for the third, and so on. 

What did oil the sheep cost him ? Ans. 110^. 95. 

Ex. 8. Find six arithmetic means between 1 and 43. 

Ans. 7, 13, 19, 25, 31, 37. 

§ II. Gi:OMETR]CAL PROrORTION AND PROGRESSION. 

472. Geometrical pRoroKTiON, is the relation which two 
numbers, or quantities, of (he same kind, have to two others, 
when the antecedents or leading terms of each pair, sire the 
same parts of their consequents, or the consequents of their 
antecedents. 

473. And if two quantities only are to be comparad toge- 
ther, the part, or parts, which (he antecedent is of the con. 
sequent, or the consequent of the antecedent, is called the 
ratio ; observing, in both cases, to follow the same method. 

474. Direct proportion^ is when the same relation subsists 
between the first of four quantities, and the second, as be- 
tween the third and fourth. 

Thus, a, ar^ 6, 6r, as in direct proportion. 

475. Inverse^ or reciprocal proportion^ is when the first and 
second of four quantities are directly proportional to the re- 
ciprocals of the third and fourth. 

Thus, a, ar, br, 6, are inversely proportional ; because, a 

ar, — , -, are directly proportional. 

476. The same reaaou fti^t\ii^^ce^>^x^m>s.^\%\a&\>Scv^\v^^ 
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in (Art. 462), to give the name of eqni- differences to arith- 
metical proportionals, also led them to apply that of eqai-quo- 
tients to geometrical proportionals, and to express their rela- 
tions in a similar way by means of equations. 

Thus, if there be taken any four piH>portionals, a, 6, c, d, 
which it has been usual to express by means of points, as 
below, 

a : b : : c : d 

This relation, according to the method abore-mentioned, 

a c 
will be denoted by the equation y=3» (Art. 24) ; where the 

o d 

equal ratios are represented by fractions, the numerators of 
which are the antecedents, and the denominators the conse- 
quents. Hence, (Art. 190), ad=bc. 

477. And if the third term c, in this case, be the same as 
the second, or c^=b^ the proportion is said to be continued, 
and ive have ad-^b^^ or b=^^ad ; where it is evident, that 

' the product of the extremes of three proportionals^ is equal to 
the square of the mean : or, that the mean is equal to the square 
mot of the product of the tzoo extremes, ^ 

478. Also, from the equality, t=-5, there will result -=^- 

o d b 

c^d 
=-=— - : for, by adding or subtracting 1 from each side of the 

equation ; then 7±.l=3-f-l ; /. -=-=_--, anda-f-^ : 6 : : 

a ■ o *■ a "^ 

c+d : d. 

Hence, when four quantities are proportionals^ the sum or 

differerce of the first and second is to the second as the sum or 

difference of the third andfourthy is to the fourth. 

479. In like manner, it a : 6 : : c : rf ; then, maimbi : {^c: 

a c fna ^c 

id. For —-^ ; /. (Art. 1 18), ^=1^; and, (Art. 478), ma : 

mb : : ic : id, . 

Hence, when four quantities are proportionals^ if the first and 
second be multiplied^ or divided by any quantity^ and also the 
second and fourth y the resulting quantities will still be prapor- 
tionals, 

480. Also, if o : b :: c : t? ; then, j=i- ; .•.-.=_, and 

(Art. 478), a* : 6'» : : c» : d* ; where « ma^ be ^t^-^ \SL^»|^Cl<sx 
either integral orfractionaL 
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Hence, if four quantitiet he proportionals ^ any power or 
root of those quantitiiss will be proportionals. 

And, by proceeding in a similar manner, all the properties 
and transtbrmatioDS of ratios and proportion^ can be easily 

• a c 

obtained from the equality t=;7 ©r cKi=6c. 

481. In addition to what is here said, it may be obserTed, 
Ihat the ratio of two squares is frequently called duplicate 
ratio : of two square roots, subduplicate ratio ; of twocubes, 
triplicate ratio ; and of two cube roots, subtriplicate ratio. 
See the Appendix at the end of this Treatise, where the 
doctrine of ratios and proportion is fully explained and clearly 
illustrated. 

482. Geometrical Progression, is when a series' of num- 
bers, or quantities, have the same constant ratio, or which 
increase, or decrease, by a common multiplier, or divisor. 
Thus, the numbers I, 2,4,8, 16, &c. (which increase by 
the continual multiplication of 2), and the numbers 1 , ^, ^, ,i^, 
SiC. (which decrease by the continued division of 3, or multi- 
plication of J), are in Geometrical Pi egression. 

483. In general, if a represents the^rs^ term of snch a 
series, aud r the common multiplier or ratio ; then may the 
series itself be represented by a, ar, o'l^^ ar^^ «r^, &c., which 
will evidently be an increasing or decreasing serit^s, according 
as r is a whole number, or a proper fraction. In the forgoing 
series, the index of r in any term is less by unity than the num- 
ber which denotes the place of thai term in the series. Hence, 
if the number of terms in the series be denoted by (n), the 
last term will be ar^-^K 

484. Let / be the last term of a geometric series, then Z= 

/ «-V I 

ar^-^ and r"— *= — ; .\r= V — • The number of inter- 

a a 

mediate terms between the first and last is n — 2 ; let n — 2 = 

m+l f / 

m, then n — l=j/i+l> and r= \ -, which gives the follow- 

'^ng rule for finding any number of geometric means between 
hvo numbers ; viz. Divide one number by the other, and take 
that root of the quotient which is denoted by m-J-1 ; the result 
will be the common ratio. Having the common ratio, the means 
are found by multiplication. 

485. Let S be made to denote the sum of n terms of the 
series (Art. 483), including the first, then 
<jf-f-ar+«r*+ar*-|- ...... +«'''^^+«^~''=S. 
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Multiply the equation byr, and it become? 
ar+af^+ar^'\' ...... 'i-ar'*—^+af^-^+ar^=rS. 

Whence, subtracting the first of these eqaations from the 
second, observing that all the terms except a and ar* destroy 
each other, we shall have 

ar«— a=rS— S=(r~l)S ; and .-. S= . . . (\\ 

r — 1 

Or, by substituting I for the last term ar^"^, as above 

found, this expression will become S= ; . from which 

two equations, if any three of the quantities a, r, n, Z, S, be 

given, the rest may be found. Thus, from the second equa- 

S— a (r — l)S+a 

tion, a=rZ — (r — 1)S ; r= -^ — j, and Z=^ . 

o— Z r 

^w ^< ^^ 

la the formula (0, when r=l, we have S= r=-. 

■" 1 — 1 

Now, the value of tbe symbol --, in this particular case, shall 

be equal to na ; because the series a-\'ar+ar^+ . . . 
ai.«-2 _j»^,.>ir-i ^ for y=- 1 ^ becomes a+a-^'a+a-^- &c., and the 

sum of n terms of this series, is evidently equal to na ; there 

fore S=-=na. Or, since --=0. = CArt. 128) a 

r — 1 r — 1 * ' 

X -j^^=(Art. 112)a.[r'»~i+r«-«+r«-3 . . +r+l]= ' 

aX[l+r+r^+r^ , . . r"—*], which, in the case of r=l, 
becomes o.[l + l+.l+ *^.]> and the sum of n terms of the 
series 1 + 1 + 1+&C. is evidently equal to n ; therefore S=o. 

=a.-=a.f l + l + l+^c.)'^aXn =aii, as before. 

486. When the common factor r, in the above series, is a 
whole number, the terms a, ar, af^^ ar^*"^ , form an increasing 
progression ; in which casen may be so taken, that the value 
of the sum (S) shall be greater than any assignable quan- 

i't.y. 

487. But if r be a proper fraction, as -, the series a ,-,— r^ 

a 
-Tj) will be a decreasing one, and the expression (Art. 485), 

bj substituting -, for r, and changing the si^a oC <K^ Ts^^^sas^-^- 
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fffjft . -. ^^ 

tor and denominator, (Art. 128), will become — f L • 

where it is plain, that the term -^ will be indefinitely small 

when n id indefinitely great ; and consequently, by prolong- 

iog the series, S may be made to difier from -, by less than 

r — 1 •' 

any assignable quantity. 

488. Whence, supposing the series to be continued indefi- 

ar 
nitely, or withoot end, we shall ha?e in that case, 8=-^ — ; 

r — 1 

which last expression is what some call the radix, and others 

the limit of ttie series ; as k>eing of such a value, that the sum 

of any number of its terms, however great, can never exceed 

it, and yet may be made to approach nearer to it than by any 

given difference. 

489. If the ratio, or multiplier, r, be negative, in which 
case the series will be of the form 

a^ar+at^ — ar^+ ±af*-*, where the terms 

-4-; £(f>»U- A • 

are + and - alternately, we shall have 8= — . 

And if r be a proper fraction, -, as before, we shall have, 

T 

for the sum of an indefinite number of terms of the series a— 



r'^r' r^ ' — ' r'+T 

Ex. 1. Find the sum of the series, 1, 3, 9, 27, &c. to 12 
terms. 



Here a=l,) .•. S= 

r=3,f r—l 3-1 2 

n=12i 631441—1 631440 ^^ 

^~*^ ' \ = ^- = — —-=266720 

7 2 2 

Ex. 2. Find three geometric means between 2 and 32. 

Herea=2,) "»+i // 1/32 J/ 

/=32,>.-. a/-=V-^=V 16=2 

,71=3 ; ) 

and the means required are 4, 8, IG. 

Ex. 3. The first term of a geometrical progression is J, 
the ratio 2, and the number of terms JO. What is the sum of 
the series ? , Ans. 1023. 

Ex 4. In a geometrical progression is given the greatest 
term =1468, the ratio =3, and the number of terms =7, to 
^"^ /iieieast term. \ Ana, 2. 
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Kx. 5. It is required to find two geometrical proportionals 
between 3 and 24, and four geometrical means between 3 and 
96. Aq8. 6 and 12 ; and 6, 12, 24, and 48. 

Ex. 6. Find two geometric means between 4 and 256. 

Ans. 16, and 64. 

Es. 7. Find three geometric means between ^ and 9. 

Ans. ^,1,3. 

Ex. 8. A Gentleman who had a daughter married on New- 
yea I '6 day, gave the husband towards her portion 4 dollars, 
prv^mising to triple that sum the first day of every month, for 
nine months after the marriage ; the sum paid on the first day 
of the ninth month was 26244 dollars. What was the Lady's 
fortune ? Ans. .39364 dollars. 

Ex. 9. Find the value of l+^+i+i+^c. ad infinitum. 

Ans. 2. 

Ex. 10. Find the value of 1+f +JV+JJ+ &c. ad infini- 
tum. Ans. 4. 

<S HI. Harmonical Paofortion and Progression. 

490. Three quantities are said to be in harmonical propor- 
tion, w4)en the first is to the third, as the dififercnce between 
the first and second is to the difference between the second 
and thin). 

ThiH, a^h, c, are harmonically proportional, when 

a : c : : a — h : b — c, or a : c '. : h — a : c — h. 

And c, [since a{h — c)=c(a — h) or a6=(2a— 6)c], is a third 

ah- 
harmonical proportion to a and 6, when c= ^ -j. 

491. Four quantities are in harmonical proportion, when 
l!io first is to the fourth, as the difference between the first 
anil fecond is to the difference between the third and fourth. 

Thus, a, 6, c, <i, are in harmonical proportion, when 
rt : d :: a -6 : c—rf, or a : d :: 6— a : (i—c. 
And (/, [since a(c— rf)=«/(a— 6) or ac=(2a — 6)4], is 
u fourth harmonical proportional to a, h^ c, whea dss 
ae 

2a— 6' 

In each of which cases, it is obvious, that twice the first 
term must be greater than the second, or otherwise the pro- 
portionality will not subsist. 

492. Any Dumber of quantities, a, 6, c^ d>e^ %tc. ^^t^vciXAx- 
monical progresiion, if a : c :: a— b \\j— *t \ \> \ ^v.^ 
— d ; c : e :: c^d : ct— -e, &c. 

4c^* 
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493. The reciprocal of quantities in harmonical progression^ 
are in arithmeiieal progression. For, if a, 6, c, d, c, &c. are 
in harmoDical progreasion ; then, frniii the preceding Arti- 
cle, we shall have 6c+a6=2ac ; Jc-|-frc=2c?6 ; ei4-crf=2cc, 
&c. Now, by dividing the first of these equalities by abc ; 

the second by bdc ; the third by ale ; &c., we have, — +-= 
•^ "^ a c 

2 1.1 2 1,12 . „, ^ ,.^ _ . 1 I I I 

1 5 r+:i==- » -+-''*:j ; ^' ^ hereforc, (Art. 464) -,-,-,-, 
b b a c c e a ^ a b c d 

-, ^. are in arithmetical progression. 

w 

494. An harmonioal meanbet'Sieen any tu:o quantities^ ?i equal 
to twice their product divided by their sum. For if a. x, h, 
are three quantities in harmonical proportion, then (Art. 490), 

a : b \l a — x : x — b ; /, ax — ab=^ab — bx, and «= — ^-r-' 

a-f-6 

Ex. 1 . Find a third harmonical proportional to 6 and 4. 

Let «= the required number, then 6 : x :: 6 — 4 : 4 — x ; 
.*. 24 — 6x=2a', and a;=3. 

Ex. 2. Find an harmonical mean between 12 and 6. 

Ans. S. 

Ex. 3. Find a third harmonical proportional to ^34 and 
144. Ans. 101. 

Ex. 5. Find a fourth harmonical proportional to 16, 8, nnd 
3. Ans. 2. 

§ IV. PROBLEMS IN PROPORTION AND PROGRESSION. 

Prob. 1. There are two numbers whose product is 24, and the diffe- 
re7ice of their cubes : cube of their difference : : 19 : 1. What arc the 
numbers ? 

^ Leta:= the greater number, and y= the lesser. 

Then, xy=24, and-^— ^ : (x—yf :: 19 : 1. 

By expansion yX^-y^ : ar^ — Sx^y-i-Sxy^ — y^ y, 19 : I ; 

.% (Art. 480), 3x'y--3xy^ : {x—yf : : 18 : 1 ; 

and, (Art. 481), dividing by x — y, Sxy : (x — yf : : 18 : 1 ; 

buta?y=24 ; .-. 72 : (or-y^ : : 18 : I. 
Hence, (Art. 190), 18 (ar-y)^=72, or(x— y)»=4 ; 

.". X — y=2. 
A%^vtk, oc?— 2a:^-f tf = 4, 
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.*. x^+Zxy+y^=ilOO, and a;+ysslO, 

but X — y= 2, 

.'. a;=6, and ^=4. 

Prob. 2. Before noon, a clock which is too fast, and points 

to afternoon time, is put back five boars and forty minates ; 

and it is* observed that the time before shown is to the true 

time as 29 to 105. Required the true time. 

Ads. 8 hoars, 45 minates. 
Prob. 3. Find two numbers, the greater of which shall be 
to the less as their sum to 42, and as their difference to 6. 

Ans. 32. and 24. 
Prob, 4. What two numbers are those, wisose difference^ 
sum, and product, are as the Bombers 2, 3, and 5, respective- 
ly ? Ans. 10, and 2. 
Prob. 5. In a court there are two square grass-plots ; a 
side of one of which is 10 yards longer than the other ; and 
their areas are as 25 to 9. Wh^t are the lengths of the sides ? 

Ans. 25, and 15 yards. 
Prob. 6. There are three numbers in arithmetical pro- 
gression, whose sum is 21 ; and the sum of the first and 
second is to the sum of the second and third as 3 to 4. Re- 
quired the numbers. 

• Ans. 6, 7, 9, 

Prob. 7. The arithmetical mean oT two numbers exceeds 
the geometrical mean by 13, and the geometrical mean ex- 
ceeds the harmonical mean by IS. What are the numbers ? 

Ans. 234, and 1Q4. 
Prob. 8. Given the sum of three numbers, in harmonical 
proportion, equal to 26, and their continual product =576 ; 
to find the numbers. 

Ans. 12, 8 and 6. 
Prob. 9. It is required to find six numbers in geometrical 
progression, such, that their sum shall be 315, and the sum 6f 
the two extremes 1 65. 

Ans. 5, 10, 20, 40, 80, and 160. 
Prob. 10. A number consisting of three digits which are in 
arithmetical progression, being divided by the sum of its di- 
gits, gives a quotient 48 ; and if 198 be subtracted from it^ 
the digits will be inverted. Required the number. ' 

Prob. 11. The difference between \Vv^ &t%\. %xA %^^^^ ^ 
feitr Dumben in geometrical prog^t^mou \% ^^^"mA^^ ^aS.^- 
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reDce between the third and fourth is 4 ; What arc the 
numbers ? 

Ans. 54, 18, 6, and 2. 
Prob. 12. There are three numbers in geometrical pro- 
gression ; the sum of the 6rdt and second of which is 9, and 
the sum of the first and third is 15. Required the numbers. 

Ans. 3, G, 12. 
Prob. 13. There are three numbers in geometrical pro- 
gression, whose continued product is 64, and the sum of 
their cubes is 584. What are the numbers ? ^ 

Ans. 2, 4,8. 
Prob. 14. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means as 7 to 3« 
Required the numbers. 

Ans. 1,3, 9, 27. 
Prob. 1 5. There are four numbers in arithmetical progrc^ 
sion, whose sum i^ 28 ; and their continued product i« 585. 
Required the numbers. 

Ans. 1. 5, 9, 13. 
Prob. 16. There are four numbers in arithmcticnl pro- 
gression ; the sum of the squares of the first and second is 
34 ; and the sum of the squares of the third and fourth is 
130. Required the numbers. 

Ans. 3, 5, 7, 9. 
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CHAPTER XIV. 



ON LOGARITHMS. 

495. Previous to 'the investigatiod of Logarithms, it maj 
not be improper to premise the two followiDg propositions. 

496. Any quantity which from positive bacomei negative , 
and reciprocally^ passes tnrough zero, or infinity. Id tact, in 
order that m, which is supposed to be the greater of the two 
quantities m and n, becomes n, it must pass through n ; that is 
to say, the difference m — n becomes nothing ; therefore p, 
being this difference, must necessarily pa^s through zero, in 
order to t^ecome negative or —p. But if p becomes — p, 
the fraction ^ will become ^ ; and therefore it passes 
through |, or indnitj. 

497. It may be observed, that in Logarithms, and in some 
trigonometrical lines, the passage from positive to negative is 
made through zero ; for others of these lines, the transition 
takes place through infinity : It is only in the first case that 
we may regard negative numbers as less than zero ; whence 
there results, that the greater any number or quantity a is, 
when taken positively, the less is — a ; and also, that any ne- 
gative number is, aforiiuri, less than any absolute or positive 
number whatever. 

498. If we add successively different negative quantities to 
the same positive magnitude,. the results shall be so much less 
according as the negative quantity becomes greater, atwtract- 
iog from its sign. For instance, 8—1 >8 — 2^8 — 3, &c. 

It is in this sense, that 0> — 1 > — 2>»3, kc. ; and S> 
0>-.l >_2j^— 3>— 4, fcc. 

499. Any quantity, which from real becomes imaginary, or 
reciprocally, passes through zero, or infinity. This is what may 
easily be doncluded from these expressions, 

considered in these three relations, 

fl.a', y>=o«, fsa'. 
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§ I. THEORY OF LOGARITHMS. 

500. Logarithms are a set of numbers* which have been 
computed and formed into tables, fir the purpose of facilitat- 
ing arithmetical calculations ; being so contrived, that the ad- 
dition and subtraction of them answer to the multiplicatioD 
and division of thQ natural numbers, with which they are made 
to correspond. 

501. Or, when taken in a similar, but more general aeiise, 
logarithms may be considered as the exponents of the pow- 
ers, to which a given, or invariable number, must be raised, 
in order to prodqce all the common, or natural numbers. 
Thus, if a* =y, a*'=y , a*"=y", &c. ; then will the indices 
X, Xf x'\ &c, of the several powers of a, be the logarithois of 
the numbers y, y', y'\ Sic. in the scale or system^ of which a 
is the base. 

502. So that, from either of these formulae, it appears, 
that the logarithm of any number* taken separately, is toe in- 
dex of that power of some other number, which, when it is 
involved in the usual way, is equal to the given number. And 
since the base a, in the above expression:*, can be assumed 
of any value, greater or less than 1, it i^ plain that there may 
be an endless variety of systems of logarithms, answering to 
the same natural numbers. 

503. Let us suppose, in the equation a'=^y, at first, x^=0, 
we shall have y=\, since (Art. 46:3), a®=l ; to «=!, cor- 
responds y=a. Therefore, in every system, the logarithm of 
unity is zero J and also, the base is the number whose proper lo' 
garithm^ in the system to which it belongs^ is unity. These pro- 
perties belong essentially to all systems of logarithms. 

504. Let +-'^ he changed into — x in the above equation, 
and we shall have 

Now, the exponent x augmenting continually, the fraction 

— , if the base a be greater than unity, will diminish, and may 

be made to approach continually towards 0, as its limit ; to 
this limit corresponds a value of x greater than any assignable 
number whatever. Hence it follows, that, when the base a is 
greater than unity, the logarithm of zero is infifiitely negative. 

505. Let y and t/ be the representatives of (wo numbers, 
X and X the corresponding logarithms for the same base : we 
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shall have these two equations, a*=y, and a*' — y\ whose pro- 
duct is a^.a'^^^y.y', or a^*^'=^yy\ and consequently, by the de- 
finition of logarithms, (Art. 501), x-f a;'=log. yy\ or log. yy' 
=log. y+log. y. 

And, for a like reason, if any number of the equations 
«'=y, a*'=y , a^'=^y'\ &c. be multiplied together, we shall 
have o*+*'+«"+^"===yyy', &c. ; and, consequently, x+x'+x'\ 
&c.=log, yy'y\ &c. ; or log. yy'y", &c.=log. y-flog. y'+log. 
y% &c. 

Tfie logarithm of the product of any number of factors is, 
therefore, equal /« the sum of the logarithms of those factors, 

606. Hence, if all the factors^, y\ y\ &c. are equal to each 
other, and the number of them be denoted by wis the prece- 
ding property will then become log. (y*" )=m, log. y. 

Therefore the logarithm of the mth power of any number is 
equal to m times the logarithm of that number. 

507. lu like manner, if the equation a^=t/, be divided by 

a* 
<^*'=y'> we shall have, from the nature of powers, — ;, ora 

=-=V ; and by the definition of logarithms, x — a>'=log. 

y 

(-^)' ; or log. t/-log. y = log. (1) 

Hence the logarithm of a fraction, or of the quotient arising 
from dividing one number by another, is equal to the logarithm 
oj the numerator milium the logarithm of the denominator, • 

508. And if each member of the equation, a^^^^y, be rais- 



«n 



ed to the fractional power -, we shall have a '*=^'* ; and 

m 

consequently, as before, — a;:=^log. (2^'')=log. ^y^ ; or log. 

m 

2/ "=■;;■ log. y. 

Therefore the logarithm of a mixed root, orpozsjer, of any 
number f is found by multiplying the logarithm of the given ntim* 
ber, by the numerator of the index of that power, and dividing 
the result by the denominator. 

509. And if the numerator m of the fractional index of the 
number y, be, in this case, taken equal to 1, the preceding 
formula will then become 

log. y '*=i log. y. 
From which it follows, that the logarithm of the nth root of 
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any ntimftfr, it equal to the nth part of the logarithm of that 
number. 

510. Hence, besidet the ase of logarithms io abridging the 
operations of multiplication and division, they are equallj ap- 
plicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given loga- 
rithm by the index of the power, or difiding it by the nambier 
denoting the root. 

^11. But, although the properties here mentioned are 
common to every system of logarithms, it was necessary for 
practical purposes to select some one of these systems from 
the rest, and to addpt the logarithms of all the natural num- 
bers to that particular scale. And as 10 is the base of our 
present system'of arithmetic, the same number has according- 
ly been chosen for the l>ase of the logarithmic system, now 
generally used. \ 

612. So that, according to this scale, nbich is that of the 
common logarithmic tables, the numbers, 

m^ -^ — 3 — 10 12 3 4 

etc. 10 , 10 , 10 ,10 , 10, 10, 10, 10, 10, 

etc. ; or, 

'''■ loOoo- W Wo' W '' '°' '«°' '^^' ^°°°°' 

etc., have for their logarithms, 

etc. -4,— 3, -2,-1,0, 1, 2, 3, 4, etc. 

which are evidently a set of numbers in arithmetical pro'»Tes- 

sion, answering to another set in geometrical progression ; as 

j^ the case in every syr»tein of loiijarithms. 

613. And, therefor^, since the common or tabular loga- 
rithm of any number (n) is the index of that power of |0, 
which, when involved, is equal to the given number, it is 
plain, from the equation I0*=«, or 10"'=^, that the loga- 
rithms of all the intermediate numbers, in the above series, 
may be assigned by approximation, and made to occupy their 
proper places in the general scale. 

514. It 18 ali^o evident, that the logarithms of 1, 10, 100, 
1000, etc. being 0, 1, 2,3, respectively, the logarithm of 
any number, falling between 1 and lU, will be 0, and some 
decimal parts ; that of a number between 10 and 100, 1 and 
some decimal parts ; of a number between 100 and 1000, 2 
and some decimal parts ; and so on. 

615. And, for alike reason, the logarithms of — ,< » 

* 10' 100 

jQQQ f etc. or of their equa\«» .\> .0\> ,^\^^Vr,/v^ ^%.^<^v 
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• 

cendiogpart of the scale, being —I, —2, —3, etc. the loga- 
rithm of any number, falling between and .1, will be— 1 and 
some positive decimal parts ; that of a number between . 1 
and .01, -^2 and some positive decimal parts ; and so on. 

516. Kence, as the multiplying or dividing of any number 
by 10, 100, 1000, etc. is performed by barely increasing or 
diminishing the integral part of its logarithm by 1,2, ^, &c. 
it is obvious that all numbers which consist of the same 
figures, whether they be integral, fractional, or mixed, will 
have the same quantity for the decimal part of their loga- 
rithms. Thus, for instance, if % be made to denote the in- 
dex, or integral part of the logarithm of any number N, and 
d its decimal part, we shall have log. N=t-fc?; log. lO'^XN 

=(i-fm)+d ; log.— =(i— m)+cl; where it is plain (hat 

the decimal part of the logarithm, in each of these c^ses, 
remains the same. 

617. So that in this system, the integral part of any loga- 
rithm, which is usually caljed its index, or characteristic, is 
always less by 1 than the number of integers which the natu- 
ral number consists of ; and for decimals, it is the number 
which denotes the distance of the first significant figure firom 
the place of units. Thus, according to the logarithmic tables 
in common use, we have 

jVium6cf». Logarithms, 



0.1361496 
2.6253817 

2-6676490 

.06164 I 2.7891575 
&c. lie. 



1 .36820 
-336.260 

.46621 



where the sign — is put over the index, instead of before it, 
when that part of the logarithm is negative, in order to distin- 
guish it from the decimal part, which is always to be copsi- 
as +, or affirmative. 

618. Also, agreeably to what has been before observed, the 
logarithm of 38640 being 4.6869117, the logarithms of any 
other numbers, consisting of the same figures, will.be as fol* 
lows : 



^0 
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Afliiii6erf. Logarithmic 



3864 
386.4 
38.64 
3.864 

.3864 

.03864 

.003854 



3.6869117 
2.6869117 
1.6869117 
0.6869117 

r.6869117 

2 5869117 

3.6869117 



which logarithms, io this case, differ only io their iodiceSy the 
decimal or positive part, being the same in them all. 

519. And as the indices, or the integral parts of the logph 
rithms of any numbers whatever, in* this system, can alwajs 
be thus readily found, from the simple consideration of the 
rule above-mentioned, they are generally omitted in tha ta> 
bles, being left to be supplied by the operator, as occasion 
requires. 

620. It may here,yalso, be farther added, that, when the 
logarithm of a given number, in any particular system, is 
known, it will be easy to find the logarithm of the same num- 
ber in any other system^ by means of the equations, a'ssn, 
e*'=n, which give 

(1) .... a:= log. n, x = 1. n . ... . . (2). 

Where log.' denotes the logarithm of n, in the system of 
which a is the base, and 1. its logarithm in the system of 
which e is the base. 

1 ^ 

621. Whence o*=»c«', or a?=e, and e* =a, we shall have, 

X X 

for the base a,— 7^=log. e, and for the base e, — =Z.a : or 

X X 

(3) a:=x' log. e, x=^xJm (4). 

Whence, if the values of x and x\ in equations (l), (2), 
be substituted for x and x in equations (3), (4), we shall have, 

log. n= log. eX/.n, and l.n= - — — X log. n ; or Z.ns=/.aX 

log. n, and log. n=— X/.n. where log. e, or its equal— ex- 

presses the constant ratio which the logarithms of n have to 
each other in the systems to which they belong. 

622. But the only system of these numbers, deserving of 
notice, except that above described, is the one that furnishes 
what have been usually called hyperbolic or Aeperum loga- 

ritbm, tb% base of which ia 2^718281828469 , . . . 
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5S3. Hence, in comparing this with the common or tabular 
logarithms, we shall have, by patting a in the latter of the 
abo re formulae =10, the expression 

log. n^-z Xi.n, or /.«=/.lOXlog. n. 

^ MO 

Where log., in this case, denotes the common logarithm of 

the number n, and /. its Neperian logarithm ; the constant 

factor -i^which is^^J^_.or .43«9448.9 . . . be- 

iog what is usually called the modulus (^f the common or ta- 
bular system of logarithms. 

524. It may not be improper to observe, that the loga- 
rithms of/ negative f^nantities, are imaginary ; as has been 
clearly proved, by Lackoix, after the manner of Euler, 
in his Traiti du Calcul Differentiel et Integral; and also, by 
SuREMAiN-AiiASBRY in his Thiorie Purement AlgSbrique des 
Qaantitis Imaginaires, See« for farther details upon the pro- 
perties and calculation of logarithms, Garniek's d^ Algebre, 
or Bonrycastle's Treatise on Algebra in two vols. 8vo. 

§ n. APPLICATION OF LOGARITHMS TO THE SOLUTION OF EXPO- 
NENTIAL SITUATIONS. 

525. Exponential equations are such as contain quanti- 
ties with unknown or variable indices : Thus, a*=6,a;*=c, 

y 
a^'s^df &c. are exponential equations. 

526. An equation involving quantities of the form a;', where 
the root and the index are both variable, or unknown, seldom 
occur in practice, we shall only point out the method of solv- 

X 

ing equations involving quantities of the form a', a^, where 
the base a is constant or invariable. 

527. It is proper to observe that an exponential of the 

form a^, means, a to the power of b* , and not a^ to the power 

of X. 
Ex. 1. Find the value of x in the equation a'=^b. 
Taking the logarithm of the equation a*=6, we have xX 

loo* h 

log. a=log. b ; .•. x=,— — ; thus, let a=5, 6=100 ; then in 
o *» log. o 

the equation 5^=100, 

^log. I00_2.0000000 

* log. 5 0.6989700"" 



• 
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£i. 2. It if rtquirtd to fimd AbihUum of x in the cfuaiion 






Aasume 6*=yi then cff^^d abd yX log. «= log. e ; .-. y= 
!?l:i\ Hence 6.=:5*i.(which \ei)=d. Take the loga- 

rithm of the equation ^=rf, then, bjr (Ex. 1.), g= ■ . 

log. 6 
« 
Thus, let a=9, 6=3, c=1000 ; then in the equation 9^ = 

.^^^ log.c log.loOO o - w jx J log. d 
1000,T-^=-~ — jr-=3.14(=c?) ; anda=r-s--.= 
log.6 log. 9 ^ log. b 

log. 8. 14_ .4969g96 _ 

1^3 "".4771813 * • 

Ex. 3. Mak$ such a uparaiionof the quantities in the equa- 
tion (a«-My=a+2>,af to show, <jbr -— = J^l-^^L 
^ ' 1 — X log. (o-^6) 

Taking theiogarithm, we hare 
arXlog. (a*— 6»)= log. (o+6), or xX log. (a+6)X(a— 6)= 
log. {a+b) ; 
that is, a;X log. (a+6)4-xx log. (o-6)= log. (a+6). - 

Hence ocXiog. (a— />) =log. (a+6) — ^xXlog. (o+^}«= 

1 / 1 IN * log. (*+W 
(1— X) log. {a+b) ; .-. = , ^ ) ^ ' . 

Ex. 4. Given a»+6y=sc, and a*— 6»=d, required the va- 
lues of X and y. 

c+d 
By addition, 2a*=c+d, or a»==— — -, irhich put =m ; 

log. m 

then .T=T-^ . 

log. a 

Again, by subtraction, we have 2fcy=c — (f, or 6y=- ^ 
(which let =n) ; .'. y= | , . 
Ex. 5. Find the value of rr in the equation — -z — =c. 

log. 6 

Kx. 6. F'ind the value of a; in the equation a*=^^4-;-;5 — -- 

^ {/(Pe 

Ans. x--^ ^""^^ C^+c)+i log . (6— c)-| log, d-^ log, e 

Jog. a 
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£x. 7. FIdcS the value of a; in the eqaatioQ |a«+^=/^a« 

+ 1. Ad8. a;*;.; . 

log. a 

Ex. 8. Given log. «+ log. y=| > • to fiad the values of x 
and log. X — log. y=^ J and y. 

Ans. a;=10v/10, and y«=10. 
Ex. 9. In the equation 2«=10, it is required to find the va- 
lue ofx. Ans. a;=3.32I98, &c. 
Ex. 10. Given f^739c=3, required the value of x. 

Ana. a:=6. 
Ex. 11. Given ^57862=8, to find the value of x. 

Ans. 5.2734, &c. 

Ex. 12. Given (2 1 6) x =64, to find the value of ar. 

Ans. a:=4.2098, &c. 

Ex. 13. Given4^''=40y6, to find the value of x. 

Ans. .T=r^^= 1.6309, &c. 
log. 3 

Ex. 14. Given a''*y=c, and 6*~y=d, to find the values of 

X and y, 

. m-i-n , m^n , log. c , 

Ans. .t= — ;:- — , and v= — ^ — ; where »in=r-= — , and n?=c 
2 ^ 2 ' log. a 

log. d 
log. h ' 



3^ 
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CHAPTER XV, 



THE RESOLUTION OF EQUATIONS 

OF THE THIRD AND HIGHER DEGREES. 

§ I. THEORY AND TRANSFORMATION OF EQUATIONS. 

528. In addition to what has beeo already said (Art. 192)^ 
it may here be observed, that the roots of any equation are 
the namberi), which, when pubsliluted for the unknown quan- 
tity, will make both gidos of the equation identically equal. 
Or, which is the same, the roots of any equation are the num^ 
bers, which, substituted for the unknown quantity, reduce 
the first member to Z(»ro, or the proposed equation to the 
form of = 0; because ever}' equation may, designating the 
highest power of the unknovvu quantity by a:'", be exhibited 
under the form 

x"»+Ax'"»-^+Ba:'«-2+Cx»'-^+ . . T.r+V = 0.(l), 

A, B, C, . . . . T, V^, being known quantities. And the re- 
solution of an equation is the method of finding all the roots, 
which will answer the required condition. 

529. This being premised, it may now lie shown, that if a 
be a root of the equation (1), the left-hand member of (hat equa- 
tion will be exactly divisible by x^a. 

For if a be substituted for x, agreeably to the above defi- 
nition, we shall necessarily have 

a'"+Aa«-*+Ba«»~24.Ca«-34- . . . Trt+V=0. 

And consequently, by transposition, 

V=— o'"— Ao«-»— Ba^-2— Ca»"-3— - . . . -Ta. 
Whence, if this expression be substituted for V in the first 
equation, we shall have, by uniting ihe corresponding terms, 
and placing them all in a line, 
(«« — a«)+A(x»»~*— nm~i)4-B(x'«-^— a«-2)4-T(x— a)=o. 

Wbeve, moce the difference of any two equal powerflTof 
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two different qaantities is divifible by the difference of their 
roots (Art. 108), each of tke qaantities (ac*— o«), (ap"*-"— a 
*"~0» (*"*""^ — a*»-^), &c. will be divisible by a?— a. And^ 
therefore, the whole compoaiftd eipression 

(a:m— am)+A(x"*-*— o«-*)+B(a;«-^— fl"»-^)+ &c.=0, 
which is equivalent to the eqaation first proposed, is also di- 
visible by x— a ; as was to be shown. 

But if a be a quaotity greater or less than the root^ this 
conclusion will not take place ; because, in that case, we shall 
not have 

V=— a«-A«^««^— Bfl"^— Ci«"^— .... —To ; 
which is an equality obviously essential to the division in 
question. ^ 

530. The preceding proposition may be demonstratetl, af- 
ter the manner of D'Alembert, as follows : In fact, desig- 
nating by X, the polynomial, which forms the first member of 
the equation (1) ; then we shall always carry on the division 
of X by X — a, till we arrive at a remainder R, independent of 
X, since a: is only of the first degree in the divisor ; so that, 
representing by Q the corresponding quotient, we shall have 
this identity, 

X=Q{a:-a)+R. 

Now , by hypothesis, a substituted for x reduces the poly- 
nomial X to zero ; and it is evident that the same substitution 
gives Q(a; - a)=0 ; therefore we shall necessarily have 0=R : 
Hence x— a divides the equation (1), without a remainder. 

ReciprocaUy , if the first member of any equation of the form 
X=*:0 he divisible by x — a, a is a root. In fact we have, accor- 
ding to this hypothesis, the identity X=Q(x — a), which, for 
x=a, gives X=0 ; therefore, (Art. 528), a is a root of the 
proposed equation. 

CoR. I. Hence we may easily conclude, that if a be not a 
root of the equation (1), the first member will not be divisi- 
ble by X — a. 

Cor. 2. And if the first member of the equation (]), be 
not divisible by x — a, a is not a root of the proposed equa«> 
tion. 

531. Supposing every equation to have one root, or value 
of the unknown quantity, it can then be shown, that any pro^ 
posed equation will have as many roots as there are units in the 
index of its highest term^ and no more. For let a, according 
to the assumption here mentioned, be a root of the equation 

(I). 
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a:«+A«^»+B«-^+Ca!«^+ . . . 4T«+V=0. 

Then, since by the lait propositioii this is divisible by x — 0, 
it will necessarily be reduced, by actaally perfonniDg the 
operation, to ao equation of the next inferior degree, or one 
of the former 

x~-»+A'a;-^+B'af^+C«»-*+ . . T'x+V'=0. 

And as this equation, by the same hypothesis, has also a root, 
which may be represented by a', it will likewise be reduced, 
when divided by x — a\ to another equation one degree lower 
than the last ; and so on. 

Whence, as this process can be continued regularly in the 
same manner, till we arrive at a simple equation, which has 
only one root, it follows that the proposed equation .will have 
m roots 

a, a\ a", a'", ..... a("-*)' ; 

andr that iis successive divisors, 01^ the factors of which it is 
composed, will be 

X — a, X — a', x— a", « — a'", .... x — aC"""*)', 

being equal in number to the units contained in the index m 
of the highest term of the equation. 

CoR. If the last term of un equation vanishes, as in the 
form x"»+Ax"»— *+Bx-"»-^+ .... +Tx=0, it is evident that 
x^=0 will satisfy the proposed equation ;, and consequently 
is one of its roots. And if the two last terms vanish^ or the 
equation be of the form x'" + Ax'"~*+Bx"'-^+ . . . +Sx^=0, 
two of its roots are ; and so on. See, for another demon- 
stration of the preceding proposition, B onny castle^ s Algebra, 
vol. ii. 8ro. 

632. Since it appears (Art. 629), that every equation, 
when all its terms are brought to one side, is exactly divi- 
sible by the unknown quantity in that equation minus either 
of its roots, and by no other simple factor, it is evident that 
the equation 

x'»+Ax'»--'Bx'«-2+Cx»«-3^ . . Tx+V=0 , (1), 

of which a, by c^ d, , . . /, are supposed to be its several 
roots, is composed of as many factors. 

(X— a) (x—b) {x—c) (x-d) . . (x-O . (2), 

as the equation lias roots ; and that it can have no other fac- 
tor whatever of that form. 

688. Whence, as these two expressions are, by bypothe- 
sf^, identical, the proposed e<\uation> by actually multiplying 
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the above factors, and arrangiDg the terms according to the 


powers of .r, will become 


x^ — a 


x^-^+ab 


a:w-3— a6c 


tw-^CaftcO^^O 


—b 


' +flC 


^abd 




— c 


+ad 


^acd 




^d 


+6c 


— bed 




&c. 


&c. 


&c. 


(3), 



which form is general, whatever may be the different signs of 
the root^, or of the terms of the equation ;/' taking a, 6, c, &c. 
as well as A, B, C, kc. in -|- or — as they may happen to be. 

534. Hence since the two eqtiations (1), (3), are identi- 
cal, the coefficients of the like powers of x, (Art. 435) are 
equal ; and consequently, the following relations between the 
coefficients and roots will be sufficiently obvious. 

I. The sum of all the roots of any equation^ having its terms 
arranged according to the order of the powers of the unknoTim 
quantity, is equal to the coefficient of the second term of that 
equation t with its sign changed, 

II The sum of the products of all the roots^ taken two and 
two, is equal to the coefficient of the third term^ with its proper 
sign ; and so on. 

III. The continued product of all the roots, is equal to the 
last term, taken with the same or a contrary signy according as 
the equation is even or odd,- 

535. It is very proper to observe, that We cannot have all 
at once x=a, a;=6, x^^e, &c. for the roots of any equation 
as in the formula (2) ; except when a=6=:c=d, &c., that is, 
when all the roots are equal. The factors x^a, x — b, x — Cy 
&c. exist in the same equation : because algebra gives, by 
one and the same formula, not only the solution of the parti- 
cular problem from which that formula may have originated; 
but also the solution of all problems which have similat con- 
ditions. The different root<« of the equation satis^ the re- 
spective conditions ; and those roots may differ from one 
another by their quantity, and by their mode of existence. 

536. To this we may likewise add, that, if the roots of any 
equation be all positive, as in formula (2), where the factors 
are of the form ^ 

(x — a) (x— 6) (x — c) (x — d) . . . (x— /)s=0, 

the signs of the terms will be alternately -^ and — \ *«& ^^ 
readily appear from performing the oif eT\)L<\QTi x^o^vt A'* 
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637. bot if the roots be dl ntfiaiTa, io whick cate the 
fitcton will be of the form 

(«+a) {s+h) («+c) {x+d) . . («+l)«0, 

the tigntofall the terms will be positive ; because the eqes- 
tioD arises wholly from the moliiplication of pofitire quanti- 
ties. 

Some equatioos have their roots in {mrt positire* and ia 
part negative : Thos, in the cobic equation, (x— a) X(a^-4] 
X («+c)=ssO, er «»+(c— o— 6)««+(a6 «ek;-4e) Xx+abc=0, 
there are two positive and one negative root ; becaoee, whsa 

638. Any e^tuUum, having fractMnal eo^feimtU^ may ftc 
trantformed into another^ that ^laU ha7>e the eo^ffieient ^ itt 
fir$t term unity ^ and than of the rett^ Of w§U a$ the o^solaie 
ftrm, whole nwnbers. 

For let there be taken, instead of a general equation <tf 
this kind, the following partial example, 

which will be sufficient to show the method that ahoold be 
followed in ^ther cases. 

Then if each of the terma be multiplied by the product of 
the denominators, or by their least commoo multiple, we shall 
have \2x^+63i^+8x+0=0, where the coefficients and abso- 
lute term are all whole numbers. 

And if 12x, in this case, be put =y, or «=-^, there will 

arise by substitution, 

^r+6(?^)+8(^)+9=o. 

Which lastecj^uation, when all its terms are multiplied by 12*, 
gives y^+ay'+Qey-f 1296=0 ; where the coefficient of the 
fir^t term is unity, and those of the rest whole numbers, as 
was required. 

So that when the value of y in this equation is known, we 

y 

shall have for the proposed equation x=-^, 

239. Any equation may be transformed into another^ the 
roots of which shall be greater or less than those of the former 
hy a given quantity. 

Thus, let there be taken, as before, the following general 
e^iuationi 
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And suppose it were requised to traasform it into another, 
whose roots shall be greater than those of the given equation 
by «. 

Then, if y be made to represent one of these roots, we 
shall have, by the nature of the question, 

y=a:4"«> or QC=y — c. 
And, consequently, by substituting y — e for x, in the propos- 
ed equation, there will arise 

ywi— 2^^, _.Q 



1/"* -^me 
+A 



+B 



(4). 

which equation will evidently fulfil the conditions required, 
y being here greater than x by e. And if y be taken =x«-e, 
or x=y+e^ we shall obtain, by a similar substitution, an 
equation whose roots are less than those of the given equa- 
tion by e, 

540. Whence, also, as «, in the above case, is indetermi- 
nate, this mode of substitution may be used for destroying one 
of the terms of the proposed equation. For putting in the 
above expression the coefficient — me-|-A-=o, we shall have 

A ^ A ^ 
e= — , and x=^y — e=i/ ; 

where it is plain, that the second term of any equation may be 
taken away, by substituting for the unknown quantity some other 
unknown quantity^ together with such a part of the co^cient of 
the second term^ taken with a contrary sign^ as is denoted by 
the index of the highest power of the equation. 

Thus, for example, to transform the equation aP-^ doi^+lx 
+ 12=0 into one which shall want the second term. Assume 
x^y+3] then 

a^:=Mf+9f+Zly+Zl\ 
-9ar*=« — 9^^—54^-8 If _^ ■. 

+lx= +7y+2U"""* 

+ 12= +12) 

that is, ly^— 20y--21=:0; and if the values of ^ be a, 6, c, 
the values of x are a +3, 6+3, and c+3. 

The. third term of the proposed equation may also be tak- 
en away by means of the coefficieDti or formuila^ 
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a^S^^^n,^ 1)A+B*=^ 



where the deteimiiutioD of e. requires the .solQlum of ea 
eqoatioD of the second degree ; eod so oa. 

641. Amf proposed <y— Jibn imav is litwtj^wmerf mJonmnHmr, 
ike roottofwhiUk thaU bt amy mwHplu or fmU ^ tkwm cjf :Ai 
formor. 

Thus, let there be taken, as in the former ppoposoftimsi ^ 
general equation 

a«+Aaf»~»+Bap"^+C«"^+ . . Tap+VaeO. (1). 

And, in order to conyert it into another, whose vooCa dull 
be some multiple of those of the given equation; let there Im 

V 

pat yssex, or «=-. 

e 

Then, by substituting this Talue for » in the propoeed eqdi* 
tion, there will arise 

And, consequently, if this be multiplied by «*, we shall hsTS 

which equation will e?idently fulfil the conditions required, y 
being equal to ex. 

And if y be put =-, or a;=f^, we shall obtain, by a similar 

c 

substitution of this value for x, and then dividing by e"*, the 
equation 



where the roots are equal to those of the proposed equation, 
divided by e. 

And it may easily be proyed, that if the alternate terms, 
beginning with the second, be changed, the signs of aiiU^roQlt 
are changed. 

642. For a more particular account of the general Theo- 
ry and Doctrine of f^uations, see Bonslvcastlb's JUgoin^ 
vol. li. 8vo. Bridoc's Equations, and Lauranob's TraM dola 
Retolution des Equations Numeriques; where the inl 
reader will find a full investigation of this part of aaalyaisT 



§ II. RESOLUTION OF CVBIC E^UATIOHS BV THB ROXiB OF 



543. CWWc efitotions, aa \»» Awaa^i \«wi ^sftwn^Na. 



v^ 
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Chap. VIII., are of tWo kinds ; that is, pure and adjected. All 
pure eqaatioDS of the third degree are comprehended in the 
formula x^=^n^ where n may be any number whatever, posi- 
tive or negative, integral or fractional. And the value of x is 
obtained, (Art. 396), by extracting the cube root of the num- 
ber n. 

544. But in this manner, we obtain only one value for x ; 
whereas (Art. 531), every equation of the tfiird degree has 
three values. /In order to show how the two remaining values 
of X may be determined in equations of the above form, let 
us, for example, consider the equation or* — 8=0 ; where x 
is readily found =2. And as 8 is a root of the proposed equa- 
tions, it is plain, (Art. 529), that x^ — 8 must be divisible by 
or — 2 : therefore, this division being actually performed, the 
quotient will be a;^+2a;+4. 

Hence it follows, that the equation o;^ — 8=0, may be re- 
presented by these factors ; 

(a;-2) X(a:2+2x-f 4)=0'. 

545. Now the question is, to know what number we are to 
substitute instead of x, in order that a:^-^8='0 ; and it is evi- 
dent that this condition is answered by supposing the product 
which we have ju^ found equal to : but this happens, not 
only when the first factor x — ^2=0, which gives a:=2, but 
also when the second factor a;^+2a;-t-4==0. 

Let us, therefore, make aj^'-j-Sac-f 4=0 ; then (Art. 411), 
^a;= — 1+v^— 3. So that besides the case in which a;=2, we 
find two other values of x, which will satisfy the equation tn? 
— 8=0. It is true, as Euler justly observes, that these va- 
lues are imaginary ; but yet they deserve attention. 

546. Wh^t has beei( just said applies in general to every 
pure cubic, such as a;^=fi, and the three roots or values of rr, 
may be found in a similar manner. To abridge the calcula- 
tion, let us suppose J^/n=^n\ so that n^^n'^ ; the proposed 
equation will then assume this form, sc^ — n^=0, which, be- 
ing divided by x — »', will give for the quotient a^+n'x+n'^. 
Consequeptly, the equation x^ — n=0, may be represented by 
the product (x — n') (x'+n'a:+n'')=0, which is in fact =0, 
not only when »— n'=0, or «=«,' ; but also when x^+n'x+ 
n'^=0. Now this expression contains two other values of a;, 

for it gives «= — — di -— j^ — 3 ; both of which answer 

the required condition. 

647. All adfected cubic eqtiatiOTA« ^fiftx \^^vqi%^'^^^^^'^ 
daced by the knonxk rales, may be exYAXAXe^xwAw^^^^^^"^' 

31 
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iof genenl forms ; nimdy, c'-foac'+ls^O and ifl-^^V+ 
yop+cfssO, where a, ft» oT, &', and c'« niMr be mj nnmhef* 
whiteTer^ poiiiim or ntf olive, Mdfrof or fiaoimul* 

548, Tbe solatioD ot a cabic equalioot of theiecm ^^+a:f 
4«6«sOy it attended with no difficiilt,T ; tiiiGe it nft^ el ence 
be pat voder the form 9X{t^+ax+b)^0 ; and it u efideot 
that the prodact x X {o^+ax+b) maj be ^0, in Iwp waji, 
that if, wheo opsO, or x'+cMp+i^^O ; to that nethiBg now 
remaiiii, hot to find the valoet of s in the qoadr^tic equation 



ij^ax+bs^O. which are readily fonnd to be «ss — — Hh}^(i^ 

— 4i)« Conaeqaentlj the three Talaet of «, which nnawer 
the reqaired condition, ate 0, — 4^+K/(«^--4i)f uid -— |c 

^fy/(fl^— 46). 

649. An adfected cobic eqnatioQ it taid to be complete, 
when, after being properly redsced by the known rulee, it it 
of the form i^+a'gf+V»+if^O. And it hat already been 
thown, (Art 640), that every cnbic equation of the above 
form, whote roott are r, /, i^, may be trantformed into an- 
other d^UinU in iU $tcond term^ by subttitotiog jr — ^a' tat » 
in the given eqoation ; in which case the roott of the trans- 
formed equation will be r— ^' r' — |o' r" — Jo' ; if therefore 
tbe roots of the transformed equation be known, the roott of 
tbe given equation will be known also. Hence the resolution 
of a cubic equation complete in all its terms will be effected, if 
we can arrive at the resolution of it in the form x^+ax=h, 
lu which a and 6, may be any positive or negative Dnmbers 
whatever. 

660. For this purpose, let there be taken a:=y-|-2r, and 
the above equation* by substitution, ivill become ^-f~S2^z+ 
3y:^'\- z^+ay-^az^b. 

Or, because 3y^c+Sy^=3yz(2/+^), and ay +02^=^0(^+2), 
it will be y3+r'H-(3y^+a)(i/+2)=:&. ^» 

Now, as another trnknoitn quantity hat been introduced into 
tbe equation, another condition mny be annexed to its solution. 

Let this condition be, that Syz+a^^Oy or^=— — ^, in which 

case the transformed equation becomes 

yj-j- 2^=8=6 , or by substitution y^— -— &6 ; 

* • jr 

•*.^-^^=/t<i^ ; which equation solved, gives 
y=3i/[j6+v^(i^+^o3)] ; .-.since z'^l^, we have 
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where by taking a and 6 in + or — 1, as they may happen 
to be, we have always one root of the transformed equation ; 
and this is the formula which is called the Rule of Cardan, 

551. And since one value of x is now determined, the 
equation may be depressed to a quadratic, as in (\rt. 644), 
from which the other two roots may be readily found. 

Ex. 1. Given x^+Zx^^l'i, to find the values ofx. 

Comparing thi» with the general equation, (Art. 549), x^ 
'\'ax=*b^ we have a=2, and b=.\2 ; therefore, by substitat- 
iBg these values for a and 6 in the above formula (1), 

=V(6+6.024b3 s) + 3/(6— e.O^f 4633) 
=V(12.024633)+y(— .024633)=^ i. 29— .29=2. 

One root of the equation, therefore, is 2 ; divide re*-{-2x— 
12 by X — 2, and the quotient is x* — 2x+6 ; /.x^— 2a:+6=0, 
whose roots are l±.v/ — 6. Hence, the three roots of the 
equation are 2, l+v' — 6, 1 — ^-^6, the two last of which 
are imaginary. ^ 

Ex. 2. Given x^ — 48x=: 128, to find the Taloes of x. 

Here, by comparing this with the equation, (Art. 649), we 
have a=— 48, and 6=128 ; 

/^=V[64+v^(4096— 4096)]+V[64— v'(4096— 4096)] 
= V(64+0)+ V(64— 0)=:4+4= 8, 

One root of the equation, therefore, is 8 ; divide x^ — 48x 
— 128 by y — 8, and the quotient is x^+8x+16 ; /.x^+8x+ 
16=0, whose roots are — 4+0 ; the three root39 of the pro- 
posed equation are 8, —4, —4, the two last of which are 
equal. 

552. Hence we may infer, if a be negative^ and ^^a^^ taken 
with a positive sign, equal to }6% or i6^+A<i^=^0 ; then two 
roots of the proposed equation are always equal. 

553. Butif a be negative, and ^ya^ taken with a positive 
fligUi greater than ^h^ ; then r^'+^^^a^ is a negative quantity ; 
and consequently, v^(i6*+iV'*^) '* imapnary. 

Although the value of x cannot be obtained from Cardan's 
formula, (Art. 650), by the ordinary method, we are not, 
however, to conclude, that the value of x^ in this ca^e, is ima- 
ginary ; since it may be proved to be a feal quantity after 
tbe following mann<^r. 

564. For this purpose, let ^b be represented by a\ and 
^(i6'+^ya^), supposed imaginary, by i'-^— 1 ; then x=i{/ 

(a'+6V-l)+i/C«'-^V— 0- ^'^^* i«t v(«'+iv~^^ 

and V^(o'-6V— I) be expanded b^ me%\A o^» >Jafc Vi\"WMa%<^. 
iheorem; and since, by adding lYie i««\]\\.vck^ %^\\«^ Vs^j^^^k^ 
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^ 

the terms inyolfiiig the imagiiiary qnantitj ^—1 deftro^ one 
another, we shall have 

which is a real eipressioo. When a' is greater than V ; the 
abof e series cooTerges rapidly «. and a few of the first tenu 
will giTe a near value of the root required. Bat if a' is less 
than b\ V^ — 1 mast be pat for the first term of the himomM^ 
and d for the second : See Clairaut's Algt}nUy Vol. II. . 

£i. 3« Gi?en o? — 6ffSB5.6, to find the valaes of x. Coflft- 
paringthis with the eqaation a^+ax»6, we hsFe 
a^ — 6, and h^^xbA ; therefore* (Art. 550), - 
x=V[2.8+v^(7.84— 8)]+V[«.8--v/(7.84-«)] 
=Vl^.8+.4^— l)+i/(2.8— -V— 1.) . 

Now, by comparinj^ this valoe oC «, with V^(a'+&'^^ l)-f 
9/^a'— 6V— 1), we have ass2.8, and h^A ; v* aalietitatpfig 
these valaes for a' and 6' in the above formula (t), scb2^2.8 

(^+7^- ni^|^««=0=3.8«(l+.«O22T-.OOop«,&cJ 

saS. 826345 fteaWy. 

Here three terms of the series are sofficient, «n account o/its 
converging so rapidly, to give an approximate value of s, which 
is exact enough for all practical purposes. And, in fact, the 
value may be still found more accurate by continuing the se- 
ries to five or six terms. 

Ex. 4. Given 7^-^2^-9,2 — 8=0, to find the values of 2, 
Let 2^=rx-f>l, and the equation will be transformed into ar^. 
— 5a;=12 ; .*. since a= — 5, and 6=12, 

x=i/[6+v^(36— VV]+V[6-V(36-W)1 
=1/ (6+6.60O9)+V(6— 6.6009)^2.26376+.73624 = 3. 

And, consequently, 2^=a;+l=4, or 2r=-f-2. 

555. Two roots of the proposed equation, therefore, are 2 
and —2 ; divide z*— 3«*— 22^ — 8 by z^ — 4, and the quotient 
is 2r*+ z^^^ ; .-. (Art. 529), 2r*+r»4-«=0. whose roots are 
z=^v^(— ii^V^ — 7). Hence four roots of the proposed 
equation are imaginary. 

It may be observed that, in general, all equations, as 2r^"'+ 
o2*»+62r"»+c=0. may be reduced to one of the third degree, 
by putting 2r"*=x — |a. 

Ex. 5. Given ar'+^^=l 17, to find the values of x. 

Ans. a?=3, or — }+f y^— 3. 

Ex. 6. Given ar^-f- 9x=270, to find the values of x. 

Ans. x=6, or — 3+6-y/ — I. 

Ex. 7. Given x^-— S6x=91, to find the values of s. 

Ans. x=7, or — J+^y/_3. 
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Ex. 8. Given ar'— 6ar»+10«— 8«0, to find the values of x. 

Ans. «=4, or l^iv^— K 
Ex. 9. Given x^ — 3rc— 4=0, to find the values of x, 
Ans. a:=2.2 ; 1.1+-^/-. 63 ; — 1.1 — -v^ — .63, very nearly, 
Ex. 10. Given x^-^^Ax^s^^bO^ to find the value of x* 

Ans. «=6.05. 

Ex. 11. Given z^— Sz^+lSar— 12=0, to find the values of 

z. Ans. 2r=3, or f+Jv^— 7. 

Ex. 12. Given 2x^—1 2r'+36a;=44, to find the value of oe. 

Ans. 2.32748, &c. 

§ III. RGSOLUTIOIV OF BI^VADRATIC EQUATIONS BY THE ME- 
THOD OF Des Cartes* 

556. The same observation may be applied to biquadratic 
equations as was applied to cubic equations in (Art. 649), that, 
since the equation a;*+ax^+&V4T«+«'=0 may be trans* 
formed, (Art. 540), into another which shall be deficient in iti 
second term^ and whose roots shall have a given relation to 
the roots of the, given equation, the complete solution of a bi- 
quadratic equation will be effected, if we can arrive at the so- 
lution of it in the form 

x^+ax^+bx+c^O (1) ; 

where a, 6, c, may be any numbers whatever, positive or 
negative. 

557. In the ^oiutioa of a biquadratic equation, afler the 
manner of Des Cartes^ ihe formula x^+ax^-j-Ax+c is ''oppos- 
ed to be the product of two quadratic factors, x^-^-px+q and 
x^+rx+s, in which p, ^, r, «, are unknown quantities. Or, 
which is the same, the biquadratic equation x^+<i^^+6x4'Css 
is considered as produced by the muhiplication of the two 
quadratics, 

(2) .... x^+/Jx+9=0 ; x2+rx+s=0 . . . (3). 
55B. Hence, by the actual multiplication of the above two 
factors, we shall have 

x*+{p+r)x^+(8'{'q+pr)x^'{'(j>s+qr)x+qs=i 
X* +ax^ -{-bx+c. 

And, consequently, by equating the coefficients of the like 
powers of x, (Art. 435), in this last equation, we shall have 
the four following equations, ' 

p-f-r=0 ; s-^-q+pr^sza ; pi+7r=6 ; ^»=c. 
Or, if -'p, which is the value of r in Ihe first of these, lie 
substituted for r in the second and third, they will becone^ 

s+^fsso+p* ; t— j=- ; qsssc. 

Whencoi subtracting the square of Uie second of Ihisc 

;31* 
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firomdiatrfthe finty and then ehangiiiftiM tid«i •JT tte eqvi- 
tiODi we ihall hm 

Andy therefore, by loaltiplying by p** tod piecing tlie temi 
eccordiog to the order of their powen» the^retalt will pre, 
|»^+tap*+(a^-4c)p«=6>. • . (4). 

From which last equation, if there be pntja'sc^, we ahall 
hare, «»+«az*+(aF— 4i:)ar«6" .(6). 

Hence, also, since t+q^a+f^^ and t— f =-• there' wiD 

J* 
arise, by addition and subtraction, 

where p being known, t andTy are likewise known. 

And, conse^oentiy, by extracting the roots of the two as^ 
snmed quadratics, (t) and (3) ; or of their equals, s^+px+ 
f 3bO, and s^'-^fx+i^X) ; we shall have 

'^±\/(ip'^) .••••;• Or* 

which expressions, when taEen in + and -— , give the four 
roots of the proposed biquadratic, as was required. 

559. It may be observed, that whichever of the Talues of 
the unknown quantity, in the cubic, or reduced equation (5), 
)>e used, the same values of x will be obtained. 

660. To this we may farther add, that when the roots of 
the cubic, or reduced equation (5), are all real^ then the roots 
of the proposed biquadratic are all real also. But if only 
ons root of the cubic equation (1) be reo/, and, therefore, 
(Art. 554), the other two imaginary ; then the proposed bi- 
quadratic will have two real and two imaginary roots. 

Ex. 1. Given the equation x^— dr^+ex+S^O, to find its 
roots, or the values ol x. 

Comparing this equation with x^'\'aoi^'\'hx 4*'£=0, we have 
o=— 3, 6=6, and c=8 ; therefore, 

j^+2a^+(«^ - U)z—l^=^2^—%z'+pz - 36=0. 

Let ^=^+2» and substitute y+2 for z in the latter eqna* 
tion ; the resulting equation is ^-.S5y — 98aO. Now, by 
comparing this last equation with a;^4'ax=6, (Art. 549) , we 
have a= — 35. and 1^98 ; therefore, (Art. 550), 
y=3:ij/[49+frv'(65856)]+y[49— Jv^(b5856)] 

«V(^9+28.514)+V^(49— 28.514)=V(77.514)+V'^ML 
466) ' 

f.j?64+i?.736=7. 
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/.(Art. 559), taking p=3,»=-f+f+l=3+l=4, and 9= 
— 3+1 — 1 =2* Conseqaently, bj substituting these raluef 
for Pf qy and 5, in the equations (2), (3), we shall have 
3:^+ 3x4-2=0, and x*-.3a:+4=U ; 
.% a?= -f ±i, and a;=|+iv^ — 7 ; 
so that the four roots of the given equation are — 1,— 2, ^j^ 

Ei. 2. Given .t*— ear*— 1 7x+« 1 =0, to find the values of sc. 

Ans. rr=3, or 1 ; or — ^iiy/ ^S. 

Ex. 3. Given the equation x*^4aP — 8a;+32=0, to find its 

roots, or the values of a;. Ans. 4, or 2 ; or — 1-Hy/— .3^ 

Ex. 4. Given the equation »*— 6x^+5r*+2a?— 10=0, to 

find its roots, or the values of x. 

Ans. — I, or +6; orl±v''— !• 

Ex. 5. Given x*— 9x3+ 30ar»- 46a; +24=0, t^ finj ^1,^ 

roots, or values of x. Ans. x=l, or 4 ; 2±<^— .2. 

Ex. 6. Given x*+ 1 6x3+ 99x2+ li28x+ 144=0, ^^ fijjj jijg 

roots, or values of x. 

Ans. x=: — 1, — 3 ; or — Q±:y/ — IS?. 
Ex. 7. What two numbers are those, whose product, mul- 
tiplied by the greater, is equal to 1 ; and if from the square 
of the greater, added to six times the lesser, the cube of the 
lesser be subtracted, the remainder shall be 8. 

Ans. -v^2±^(l+^2), +v/2+v'(l— V^2}. 

§ IV. RESOLUTION OF NUMERAL EQUATIONS BY THE METHOD OF 

DIVISORS. 

561. Since the last term (v) of the equation (a)=x«+ 
Ax"*-"*+BX™~^ .... Tx+v=o, is equal to the product 
of all its roots, (Art. 534), it is evident, that if any of those 
roots be whole numbers^ they will be found among the divisors 
of that term. To discover, therefore, whether any of the 
roots of a giveur equation be whole numbers, we have only to 
find all the divisors of iis Ust term, and substitute each of 
them, first with the sign + and then with the sign •— , for x, 
in the given equation, such of them as reduce the equation tQ 
0=0, will be roots of the equation. 

562. Or, if the divisors of the last term should be too nu- 
merous, the equation may be transformed into another, that 
shall have its last term less than that ot the former ; which is 
done by increasing or diminishing the roots by 1 , or somi^ 
other quantity, as in (Art. 559). 

Ex, J, Given x^— x^-— 2x+8=0, to ^\i^ ^Xifc \^^\a ^V ^^ 
equation^ or values of x. 
fiere the Avisors of itdlaatUTO,?xe\>%>^>^ > ve^^^v^^ 
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Iy t» 4, 8» iDd*^l»*^^t *^4, — 8,&rx Iq tiM(|raB eqnatiii, 
•ad '--^f , will be found to be Um ooU oo« of these nnntben 
which gifei the retail ; ««-t therefore is the ooly; iot^gnl 
root of the eqaatioD. Heoce, (Art b29), s+% irill fi? ide s* 
•^-^ — S«+B withoot ■ rematiHler ; let thU diTisioo be made, 
aed the qootient being put equal to 0, we ahall have ac ^ .'Zx + 
43^9 a quadratic equation which conlaioi the other two 
roota. The solution of this quadratic fifes xaeEsfdi^^/— 7 ; 
dM three roots of the given equation , therefere» are — S, f+ 

563. The integral roots of any n^mteral equatioB of the 
kind above oBmrtiened, may also be found, by NnwTon'a Jlli- 
ihod of Divi$or$f which is founded upon the foUowing pria- 
^ciples. 

Let one of the roots of the equation (A)»Ot be^Hi.sr, 
which is the same, let the proposed equation be representsd 
tmder the form («-f'A)r»0, where the binomial x+a denotes 
one of the divisors, or factors, of which the equation b com- 
posed, and p the product pf the rest Then, if three or 
more terms of the arithmetical series, 2, 1, 0» -^**lff -—St be 
saccessively substituted for x, the divisors of the resulti, 
thus obtained, i^ill be 

a+2,o+I,a, 0—1, and a— 2. 

And as these are also io arithmetical progression, it is plain 
that the roots of the giveu equation, when integral, will be 
some of the number^ in such a 8erie8. 

Whence, if a progrei^i«ion of thi»kind, whose common dif- 
ference is 1, can be found among the divisors of the results 
above mentioned, by taking one number out of each of the 
lines, that term of it which aii^wers^ to the substitution of 
for X, taken in + or — , according as the series is iocreasiag 
or decreasing, will i^enerally he a root of the equation. 

Ex. 2. aiven x^+x*- 1 4x^— har*+ 20x+48=O, to find the 
roots of the equation, or values of x. 

Divisors. Progress, 

I, 2, 6, 10, 25, 60, 
I, 2, 3, 4,6,8, 12, 24,48, 
I, 2. 3, 4, 6,9, 12, l», 36, 

Here the numbers to be tried are 2, 3, 
are found to succeed ; so ,that the equation has three integral 
roots ; namely, 2, 3« —4. The equation whose roots are 
2, 3, —4. is (ir-2) (a;-3).(«+4)-«^-«^— 14«4-24=:0, let 
the given equation be divided by it, and the quotient is «*-{- 
Sx+issQ^ whose toot* are — tJLV"^* 1 the five roetsof 
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60 





49 


— 1 


36 
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2 
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2 
3 



5 
4 
3 



all of which 
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the proposed equation are, therefore, 2, 3, —4, — 1+^ — 1, 

-1— -v/— X. 

564. If the highest power of the unknown quantity has any 
coefficient prefixed to it, let the equation be assumed of the 
form (na;+tt)p=0, and substitute 2, 1, 0,-1, — 2, successive- 
ly for X, as, in the former instance. 

Then, as before, the divisors of the several results, arising 
from this substitution, will be the terms of the arithmetical 
series. 

2ft+«» «+«♦ «> ^n+a, and — 2n+o ; 
where the common difference n must be a divisor of the first 
term of the equation, or otherwise the operation would not 
succeed. ^ 

Hence, in this instance, the progressions must be so taket 
out of the divisors, that their terms shall differ from each 
other by some aliquot part of the coefficient of the first term. 

Therefore, if the terms of these series, standing opposite 
to 0, be divided by the common difference* the quotient thus 
arising, taken in + and — , according as the progressioo is 
increasing or decreasing, will generally be the roots of the 
equation. 

It is necessary to continue the series 2, 1, 0, — li^-2, far 
enough to show whether the corresponding progression may 
not break off, afler a certain number of terms ; which it never 
can do when it contains a real rational root. 

Ex. 3. Given 2a:^- 3x^+1 6a:— 24=0, to find the roots of . 
the equation or values of x. 

Substituting 2, 1,0, — 1, — 2, successively, for a?, as in the 
former case, we shall have 

Divisors. Prog, ' 

1,2,3,4, 6,12, -1 

1,3,9 +1 

I, 2, 3, 4, 6, 8, &c. +3 
1,3,5,9,16.45, +5 

1,2, 3, 4, 6, 7, &c. +7 

Where the progression is ascending, the number to be tried 
is, therefore, f , which is found to be a root of the equation* 

Let the given equation be divided by x — |, and the quotient 
is 2a;^ — 16=0, whose, roots are +.2-J/2 ; the three roots of 
the proposed equation are, therefore, — f, -j-2y^2, — 2y^2. 

Ex. 4. Given x^+x'— 29ar»-.9x+l80=0, to find the roots 
of the equation. Ans. 3, 4, — 3, and — 5, 

Ex. 6. Given x*— 4x^-. 8x+32=20, to find the rooUof tbkft. 
equation, or values of x, 

Ans. x=aSt» w A % wi — 'X-iE- ^4 -^ 
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Ek. e. OtTeBfl^— axM-lOx— S:vO, to fiod th^ inlflsril fMt 
of tbe eqaation. Am. 1 

£i. 7. Ghreo aB<--8«'4-«'+32s -SOsbO, to find the iatagnl 
rooti of the equation. ' Am. 6* end— >3. 

Ex. 8. Uifen a^-^dx^+Za^-^nszO, to Aid ttie raoteof tke 
eqoatiooy or faloes of s. 

Ana. jr«— 3. or — «,or 3 ; or Ijt^/— 3. 

§V. EI80LUT10V or B(IUAT10N8 BT NeWTON'S KBTBOp QW AP- 

VAOZllfATIOV. 

565. The metiiods laid dowo io the preceding tectioii vU 
tie foand safficieDt for determioing the integral or ntioed 
«ooti of equations of all orders ; bnt when the roots are im* 
iimuii^ reconne most be had to a different proceiM, as fbqf 
can then be obtaibed only by approiimation ; that ia to lay, 
by methods which are continually briofiog os nearer to the 
trae Talue, till at last the eriror being Tory saiall, it tuy be 
Mi^ei^ed. 

666. Differeht methods of this kind baire been propooed, 
the simplest and most asefbl of which, as LAORAHGn jostlj re- 
barks, IS that of Newton* firit published in W alms's jS&fs- 
tra^ an3 afterwards at the beginning of bis f7icxi(mf-H>r ratMr 
the improved form of it, given by Raphson, in his work, 
entitled Analyns JEquationem Universalis. 

667. Io order to investigate the above-mentioned methodi 
let there be taken tbe CDllowing general eqaation, 

a5«4.|,jc»H-i+^x«-3+ra"»--»+ . . sa^+tx+u^O . (1). 

Then, supposing a to be a near value of x, found by trial, and 
2r to be the remaining part of the root, we shall have xssm^ 
z ; and, consequently, by substituting this value for x in the 
given equation, there will arise 

which last expression, by involving its terms, and taking the 
result in an inverse order, may be transformed into the equa- 
tion 

P+Qa:+Rr'+S^'+ . • • +^*acO . . (2), 

where P, Q, B, &c. are polyDomials, composed of ceiitain 
functions of the known quantities, a, m, p, 9, r, &c. which are 
derived from each other, accordint; to a regular law. 

568. Thus, by actually performing the operations above 
indicated, or by referriuf^Xo ^kn, b'^^^/\\.vi\VVVjk^C<i^ad that 
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which Vjalae is obtained by barely sabetitutiDg a for x in the 
eqaatioD first proposed. 

And, by collecting the several terms of the coefficients ofz, 
it will likewise appear, that 

Q=:iiia«»--i+fii(m^l)pa«-«+ . . . +2sa+t ; 
which last value is found by multiplying each of the term* of 
the former by the index of a in that term, and diminishing the 
same index by unity, 

569. Hence, since r in equation (£) tS| by hypothesis, a 
proper fraction, if the terms that involve its several powers 
2:^, 2^, 2r^, &c. which are all, successively, less than z^ be neg- 
lected in the transformed equation, weehall have 

And, consequently, if the numeral value of this expression 
be calculated to one or two places of decimals, and put equal 
to 6, the first approximate part of the root will be ;?=6, or 

Whence also, if this value of x, which is nearer its true va- 
lue than the assumed number a, be substituted in the place of 
a in the above formula, it will become 

a'« +/>«'*""* + +ta'+u 

which expression being now calculated to three or four places 
of decimals, and put equal to c, we shall have, for a second 
approximation towards the unknown part of the root 

z=:c, or x^^a-^-c^^a". 
And, by proceeding in thi^ manner, the approximation may 
be carried on to any assigned degree of exactness .; observing 
to take the assumed root a in defect or excess, according as it 
approaches nearest to the root sought, and adding or subtract- 
ing the corrections 6, c, kc. as the case may require. 

570. A negative root of any equation may also be found in 
the same manrier, by first changing the signs of all the alter- 
nate terms, (Art. 541), and then taking the positive root of this 
equation, when determined as above, for the negative root of 
the proposed equation. 

571. In the practical application of this rule we must en- 
deavour to find two whole numbers, between which some one 
root of the given equation lies ; and by substituting each of 
them for x in the given equation, and then observing which of 
them gives a result most luarly equal to 0, we shall ascertain 
the whole number to which- x mo*l t\«i«A^ ^^Y^^'w^CkRA % ^^' 
must tbea aBsume a equal to ontt o$tti^^^^^^ \MXsi^i«t% ^^tsa^ 
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fiMlld, or to some decimal Dumber which lies betiveen tbeD, 
Mcoiding lo the circuDii<tances of the case. 

an. Since any quaDlity, which rrom positive becomes ne- 

eire, passes through (Art. 496), if aoy two whole ddb- 
n, naodn'; one of which, when ^ubslituied for x la the 
pr^esed equatioD. givea a positive, and the other a negative 
rMoll : one mnt of ib<> i!qiiaiL[>n will, therefore, lie belneen 
« md n'. This, of coune, goes upoD tbe auppoBitioa that tbc 
eqnifion contains at least one real root. 

6?S. It It Decessary to observe, that, when a la a much 
MOMr approiiooalion to one root of the given eqaation than 
to-uiv other, then the foregoing method of approsimatioo nn 
only he applied with any degree of accuracy. To this we 
ajMfiirther add, that, when some of the roots are nearly 
«qDBl, or iliffer from each other by leE9 than uuily, they maj 
ba pused over wiihoul being perceived, and by that meanj 
rwderthe process illusory ; wbich circumstance has been 
particularly noticed by Laurjnge, who hat giren a new sod 
iin[ff»vedmellind of approximation, in his 7Vaif€ de la Rtit- 
Ivlion del Eqvaiiona Nwniriqvti. See, for farther particalars 
relating to Ihi^, and other methods, Bohnv castle's Algebra, 
or BaiDGc's EquatioM. 

Ex. I. Uiven a:'+2i'— 8r=S4, to find the valae of i by 
approximation. 

Here by subalituling 0, 1, 1, 3, 4, anccessirely for .r in the 
given equation, we find that one root of the equation ties 
between 3 and 4, and is evidently very nearly equal to 3. 
Therefore let a=3, and x=a+z. 

;r'=a=4.3aV+3a3^+r' ■ 
fx^=2o*+4or+8z» 
— 8i=— 8o— 8e 
And by rejecting the terms ^+Sai^+i^, (Art. 569), a» be- 
ing flmall in comparinon with x, we shall have 

o'-j-2a*-8o+3a"e+4or— 8r=i4 ; 
_gj— o'-go'+ 8a 3_ ' 
•'• ' 3o"+4o— 8 '^3i~ ' 

and consequently x=a+2=3.09, ntarly. 

Again, if 3.09 be sabstitated for a, in the lait eqnttioiit we 
ifaall have zss 
24— o'—ga'+eo _ g4— 29.503629 — 1 9.0962+24.7* 

3a'+4o— 8 38.6443+12.36—8 

=.00364 ; and conaeqnently a;=(i+z=3.09+ .00384=8. 
0936*, for a ttcond approxmuittim. 
Aad, if tha first fow bcoH*, ftJA^, tA*&ak'n»n!a«t>i& v£^ 
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stitoted for a in the same equation an approximate valae of ^ 
will be obtained to six or seren places of decimals. And by 
proceeding in the same manner the root may be found still 
more correctly. 

Ex. 2. Giren 3x*+4x'— 5fl5=140, to find the value of x 
by approximation. Ans. a;=:2.07264. 

Ex. 3. Given {?*— 9a:3+8ar*~3a:4-4=0, to find the value 
of X by approximation. Ans. a;= 1.11 4789. 

Ex. 4. Given ar'+SS.Sx^— 39a:-93.3=0, to find the fa- 
lues of X by approximation. 

Ans. 3c=2.782 ; or — 1.36 ; or — 24.72 ; very nearly, 

Ex. 5. Find an approximate value of one root of the equa- 
tion x^+x^+x=90. Ans. «=4. 10283. 

Ex. 6. Givena;3+6.76ar'+4.6x-10.26=0,to find the va- 
lues of X by approximation. 

Ans. «=.90018 ; or -2.023 ; or— 5.627 5 veryjnearly. 



END OF THE TREATISE ON ALGEBRA. 
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Algebraic Method of demonstrating the Propositiom in the fifth 
000 k of Euclid^ s Elements ^ according to the text and arrange- 
ment in Simson^s edition, 

SIMSON'S Euclid is undoubtedly a work of great merit, 
and is in very general use among mathematicians ; but not- 
trithstanding all the efforts of that able commentator, the fifth 
book still presents great difficulties to learners, and is in ge- 
neral less understood than any other part of the elements of 
Geometry. The present essay is intended to remove these 
difficulties, and consequently to enable learners to understand "^ 
in a sufficient degree the doctrine of proportion, previously to 
their entering op the sixth book of Euclid, in which that doc- 
'^ trine is indispensable. 

I have omitted the demonstrations of several propositions, 
which are used by Euclid merely as lemmata, but are of no 
consequence in the present method of demonstration. 

Instead of Euclid's definition of proportion, ns given in his 
5th definition of the 5th book, 1 make use of the common al- 
gebraic definition ; but I have shown the perfect equivalence 
of these two definitions. This perfect reciprocity between 
the two definitions is a matter of great importance in the doc- 
trine of proportion, and has not (as far as I can learn) been 
discussed by any preceding mathematician. 

With respect to compound ratio, I have also given a,pother 
definition of it Instead of that given by Dr. Simson ; as his 
definition is found exceedingly obscure by beginners, and is in 
my judgment one of the most objectionable things in his edi- 
tion of Euclid's Elements. 

The literal operationa made use of in the present paper 
are extremely simple, and reqiiire very little previous know- 
ledge of algebra to render them intelligible. ' 

The algebraic {signs commonly used to indicate greater, 
equals less, are "7, =, Z- : thus the three expres^ons a^b, 
c'=^d, e v/, signify that a is greater than 6, that c U eo^-^VVsi ^^ 
and that e is less than /. The ex^temotL c^s^d \% ^^^^^ "w^ 
equation or equality ; the othera o^b-^e'^J^vt^ c;^^^'^"^*^* 
qualities. 
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Also when foar qaaQtities are proportiooals, we ahall ex- 
press this relarion in the usual mode by points ; thas, 

A: B : : C : D 
is to be read, A is to B as C it to D ; or, A haf the same ra- 
tio to B that C has to D. 

THE ELEMENTS OP EUCLID, BOOK V. 
Definitiont. 
I. 
A less magnitude is said to be a part of a greater, wbto 
the less measures the greater, that is, when the less is con- 
tained a certain number of times exactly in the greater. 

11. 
A greater magnitude it said to be a multiple of a less, whoi 
the greater is measured by the less, that is, when the greates 
contains the less a certain number of times exactly. 

III. ' 

Ratio is a mutual relation of two magnitudes of the sao^ 
kind to one another in respect to quantity. 

iV. 

Magnitudes are^aid to have a ratio to one another, when 
the less can be multiplied so as to exceed the other. 

V. 

The ratio of the magnitude A to the magnitude B is the 
number showing how often A contains B ; or, which is the 
same thing, it is the quotient when A is numerically divided 
by B, whether this quotient.be integral, fractional, or surd. 

Explication, 

This fifth definition, with its corollaries, is used in the pre- 
sent essay instead of Euclid's 5th and 7th definitions : the 
following examples will sufficiently illustrate the definition. 
Let A=t^O, and B=5, then the ratio of A to B, or of 20 to 5, 

A 20 
is ^- or -—, or 4, so that the ratio of 20 to 5 is 4. Again, let 

DO 

A 6 I 

A=5, and B=20, then Tr-=;-r=T» an^ therefore the ratio of 

D 20 4 

6 to 20is~. Lastly, let A=12^2, and B=4, then 



12i/2 

—~-=Sy/2, and therefore the ratio of 12-^/2 to 4 is 3^/2. 

Corollary I. If four magnitudes A, B, C, D, be so re- 

A C 

la^iedi (hat n"^Tr> ^ ^* ev\detvllVke x^jilo of A to B is the same 

wifii the ratio of CloD. 
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Cor. n. Any four magnitudes whatever, so related that the 
ratio of the first to the second is the same with the ratio of 
the third to the fourth, maybe expressed by 

rA, A, rB, B ; 
the first of the four being rA, the secoud A, the third rB, and 
the fourth B ; the magnitudes A and B being any whatever, 
and the letter r denoting each of the two equal ratios or quo- 
tients when the first r A is divided by the second A, and the 
third rB divided by the fourth B. 

Cor. in. When four magnitudes A, B, C, D, are so relat- 

A C 

ed that ^p is greater than ■=- it is evident that the ratio of A 

to B is greater than the ratio of C to EX ; or that the ratio of 
C to D is less than the ratio of A ta B. 

The Fifth Definition according to Euclid, 

The first of four magnitudes is naid to tiave the same ratio 
to the second which the third has to tbe four h^ when any 
equimultiples whatsoever of the first and third being taken, 
and any equimultiples 'Whatsoever uf the second and fourth, 
if the multiple of the first be less than that of the second, the 
multiple of the third is also less than that of the fourth ; or, 
if the multiple of the tirst be equal to that of tbe second, the 
multiple of the third is also equal to that oi the fourth ; or if 
the multiple of the first t)e greater than that of the second, 
the multiple of the third is also greater than that of the 
fourth. 

Scholium. We shall demonstrate towards tbe close of 
this essay, that this deiinitiuu of Euclid's and uur 6th defini- 
tion, according to the common algebraic method, are not 
only consistent with each other, but also perfectly equivalenf, 
each comprehending whatsoever is comprehended by the 
other. 

VI. 

When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second as the third to 
the fourth. 

The Seventh Definition according to Euclid. 

When of the equimultipUih oi four maj^nitudes, (taken as 
in the fifth definition) the uiuitipie ot the first is greater than 
that of the second, but the muliiple ot the third is not greater 
than that of the fourth ; then the first is said to have to the 
second a greater ratio than the third has to the fourth ;, ajasi^ 
on the contrary, the third is said \o Yiax^ Vft>XifeVQ»^\NX3k^ \w^ 
ratio thao ibe first has to tbe,secon&. 
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VIIL 
ADftlogj or pffoportioD it the eqaalit j of ratiiNi. 

IX. 

Omitted. 
X. 
Wbeo three magnitudes are pro|K>rtioiui1t, the first is said 
to have to the thin! the doplieate ratio of that which it hat 
to the seceod. 

XL 
When four magoitodes are cootiDaed proportionals^ the first 
is said to hare to the fourth the triplicate ratio of that which 
it has to the second, and so on» qnadraplicate, fcc. increasing 
the denominatipQ still bj ntnitj io anj number of propor- 
tionals. 
Definition Ap vU* of ceauiound ratio* omitted.. 

XII. 
In proportiooalSs the anfeacedent terms are called homolo- 
gous jia one another, as also the consequents to one another. 

XIU. 
Pe|rmutandO| or Aitemando, by permutation, or by alter- 
natiod* or alternately, are terms used, when of four proper^ 
tionals it is inferred that the first is to the third as the second 
to the fourth. 

' XIV. 
InveKendo, by ioTersion, or inversely, when of four pro« 
portionals, it is inferred that the second is to the first as the 
fourth to the third. 

XV. 
Componendo, by composition, when it is inferred that the 
sum of the first and second is to the second as the sum of the 
third and fourth is to the fourth. 

• XVI. 
Diiridendo, by division, when it is inferred that the excess 
of the first above the second is to the second as the excess of 
the third above the fourth is to the fourth. 

XVII. 
Conrertendo, by conversion, or conversely, when it is in- 
ferred that the ^rst is to its excess above the second, as the 
third to its excess above the fourth. 

XVUI. 

Ex aquali (sc. distantia), or ex aequo* from equality of dis- 

taace, when there is any number of magoiludes more than 

two, and as many others, so that they arc proportionals when 

tiaken two and two of each rank, and it is inferred that the first 

ii to the last of the first tuuV^V m^%\^\\>\4fts as the first is to 
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the last of the others : of this there . are the two following' 
kinds, which arise from the different order in which the mag- 
nitudes are taken two and two. 

Ex aequali, from equality ; this term is used simply by it- 
self, when the first magnitude is to the second of the first 
rank, as the first to the second of the other rank, and the se- 
cond to the third of the first rank as the second to the third 
of the other ; and so on in order ; and it is inferred thatthe 
first is to the last of the first rank as the first is to the last of 
the other rank. 

XX. 

£x aequali, in proportione perturbata, seu inordinata, from 
equality in perturbate proportion : this term is used when 
the first is to the second of the first rank as the last but one to 
the last of the other rank, and the second is to the third of the 
first rank as the last but two to the last but one of the other 
rank, and so on in a cross order ; and it is inferred that the 
first is to the last of the first rank as the first is to the last 
of the other rank. ^ 

xxr. 

If A,B, C, D, be any number of magnitudes of the same 
kind, and P any other magnitude ; and if we make A : B : : 
P : Q ; and B : C : : Q, : R ; and C : D : : R : S ; the ratio 
of P to S is said to be compounded of the ratios^ of A to B, B 
to C, C to D. 

AXIOMS. 

I. Equimultiples of the same, or of equal magnitudes, are 
equal. 

II. These magnitudes of which the same, or equal magni- 
tudes, are equimultiples, are equal to one another. 

III. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

IV. That magnitude of which a multiple is greater than 
the same multiple of another, is greater than that other mag- 
nitude. 

PROPOSITIONS. 

Propositions I. 11. 111. V. and VI. are omitted, as they do 
not treat of proportion, and are not wanted in the method of 
demonstration adopted in this essay. 

PROP. IV. THEOR. / 

If the first of four magnitudes has the same ratio to the se- 
cond which the third has to the fourth ; then aai{ eo^vsci&S^- 
p)es whatever of the first and Wiu^ ^V^Vv*^^^ ^^sssci&'^sSx'a 
ta ai) J equimultiples of the ftecotid^ ^u^Iq»w\^s '^■^'^^'^ 
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efokMltipte of thft frrtt ttelt b« ko that of tibe Mcond at^ the 
eqwatlUplo of the third iii.to that of Ihoibaitii. 

DBMOHSTRATIOH. 

By Cor. ft. Def. 6» let any foor proportionali be repre- 
sented hj 

r A, A, rB« B ; 
and m and m being any (wo integers greater than anity, the 
eqaioHiltipIes of rA and rB will be . 

mrA, mrB ; 
and in like manner the eqaimalUples of A» B, will b« iiA, aB. 
We are to prore that the four following qnantiliea, mrA^* 
iiA, mrB, nB, are proportionals. 

By Def. 6. the ratio of eirA to nA is — r-s — , 

fvA n 

and the ratio of mrB to nB is — 5-=-* : 

no n , 

now these two ratios being eachss — 

are manifestly equal to each other, and therefore by Cor. 1. 
Def. 6. 

mrA : nA : : mrB : nB. Q^ E. D. 

CoR. Likewise if the first be to the second as the third to 
the fourth, then also any equimultiples of the first and third 
shall have the same ratio to the second and fourth ; and, in 
like manner, the first and third f>hal1 have the same ratio to any 
equimultiples of the siDCond and fourth. 

DEMONSTRATION. - 

We Lave first to prove that the four following, 
mrA, A, mr B, B are proportionals. 

The ratio of mrA to A is — 7-=mr, 

A 

and the ratio of mrB to B is — -- =smr ; 

Therefore mrA : A : : mrB : B. 
in like manner we prove that rA : nA : : rB : nB. 

PROP. A. THEOR. 

If the first of four magnitudes has the same ratio to the 
second which the third has to the fourth ; then if the first be 
greater than the second, the third is also greater than the 
fourth ; if equal, equal ; and if less, less. 

DEMONST RATION. 

By Cor 1. Def. 5. any four proportionals may be express- 
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If wfi have rA7 A, \ if rA^A, > if rA^ A^l 
thea by difisioo r7 1« > then r= l» \ tiwD rz.!', S 
and by muUip. rB7B,)aiid rB=:B,) andrBz-B.) 

^ELD. 

FR09. B. THEOK. 

If four magnitudes are proportionals, they are proportion- 
als also when taken inversely. 

DEMONST RATION. 

Let rA, A, rB, B be any four proportionalii, we are to prore 

thai A, rA, B, rB will also be proportionals. 

A I 
The ratio of A to rA is— =•, 

rA r 

B 1 

and the ratio of B to rB is-— =- ; 

rtS r 

and therefore 

A : rA: : B : rB. ^ E. D. 

PROP. C. THKOR. 

If tbe 6r8t be the same multiple of the second, or the same 
part of it that the third [» of the fourth ; the first is to the 
second as the third is to the fourth. 

DEMONSTRATIOir. 

1. Supposing m to be any integer greater than unity, letmA 
the first be the same multiple of the second A, that mB the 
third is of the fourth B ; we are to prove tliat mA| A, mfit B 
are proportiooals. 

The ratio of mA to A is — - ^^m, 

mB 
and the, ratio of mB to B is ->^=rfii, 

therefore mA : A : : mB : B. 

• 

2. The letter m still denoting an integer greater than uni- 
ty, let A the first be the same part of mA the second, that B 
the third ia of mB the fourth ; then we are to shew that 

A, mA, B, mB are proportionals. 

A 1 

The ratio of A to mA is — --= — , 

mA m ; 

B 1 

and the ratio of B to mB is —5-=: — ; 

mU m 

therefore 

A : mA : : B : mB. Ct E* D. 

PROP. D. THKOR, 

If the £r$t be to the aeconA aa \kijt V!k&t^ V^ ^3aft.\.^xae^ 
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if the fint be a multiple, or part of the second ; the third is 
the same mnltiple, or the same part of the foarth. 

DBMOVSTRATIOR. 

Any four proportionals being expressed by 

rA,vA, rB, B ; 

1. Let the first rA be a multiple of A, then it is to be pror* 
ed that rB is the same mnltiple of B. 

Because rA is a multiple of A, it is evident that r is an in- 
teger greater than unity, and r being such an integer, rA, and 
rB are manifestly equimultiples of A and B. 

2. If rA be a part of A, we are to show that rB is the same 

part of B. 

A 1 
Because rA is a part of A, therefore ~r=~ mast be an in- 

rA r 

teger greater than unity ; but -7^, when reduced, is also equal 

ro 

to~, that is, to the same integer, and therefore rA, rB, are 
r 

the same parts of A and B. Q. E. D. 

PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the same magni- 
tude ; and the same has the same ratio to equal magnitudes. 

DEMONSTRATION. 

Let A and B be any two equal magnitudes, and C any other, 
we are to prove that A and B have ea<h the same ratio to C, 
and that C has the same ratio to A and B. 

Because by hypothesis A=B» 

A B 

therefore by division 77=77 5 

that is, A : C : : B : C. 

A^ain, since by hypothesis A~B, 

C C 

therefore by division — =-— ; 
^ A B ' 

that is, C : A : : C : B. Q. E. D. 

PROP. VIII. THEOR. 

Of unequal magnitudes the greater has a greater ratio to 
the same, than the less has ; and the same magnitude has a 
greater ratio to the less, than it has to the greater. 

DEMONSTRATION. 

Let A and B be two unequal magnitudes, of which A is the 
greater, and let C be any m^^^tivVxi^e -wVi^K-^n^^ ^^ vV\fe v^xae 
had nitb A and B : it is to b^ aVvoNq\i V\v^\. W^ 't^^vi ^K K \si^ 
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is greater than the ratio of B to C : and also that the ratio of 
C to B is gr<^ter than the ratio of C to A. 

1. Because by hypothesis A > B, 

therefore by division o" > n"* ' 

that is, the ratio of A to G is greater than the ratio of B to C. 

2. Because by hypothesis AyB, therefore Bz.A, 

and therefore by division we have -^ 7-t- , 

B A 

because the less the divisor of C is, the greater is the quo- 
tient ; ana therefore the ratio of C to B is greater than the 
ratio of C W A. Q. E. D. 

PROF. IX. THEOR. 

Magnitudes which hare the same ratio to the same magni- 
tude are equal to one another ; and those to which the same 
magnitude has the same ratio, are equal to one another/ 

DEMONSTRATION. 

1 . Let A and B have the same ratio to C, it is to be proved 
that A is equal to B. 

Because A and B have, by hypothesis, the same ratio to C, 

therefore we have the equality p-^TT-* end therefore by 

multiplication A=B. 

2. Because by hypothesis, C has the same ratio to A as to 

C C 

B, therefore we have the equality -t-^tt-* therefore, by di- 

viding by C, and multiplying by A and B, we have As=B. 

QpE. D. 

PROF. Z. THEOR. 

That magnitude which has a greater ratio than another has 
to the same magnitude, is the greater of the two : and that 
magnitude to w^ch the same has a greater ratio than it has to 
another, is the less of the two. 

DEMONSTRATION. 

1. Let A have to C a greater ratio than B has to C, it is to 

be proved that A is greater than B. 

A B 
Since the ratios of A and B to C, are -^ and ^, 

A B 
therefore by supposition 7r>^, and therefore by 

multiplication A > B. 

2. Here the ratio of C to B ia |^%\ftt ^vok^% x:^";^ ^^ ^ 
to A, and we have to proTe tYk%t B \& \eA« ^«^ ^ '^'^ 



9n. JffiEHDDL 

c m 

SiBCt ttMO C coDtaini B •&•■« ftei C 4ENiflrt|iM lA» ^ 
sanifiMt that B niQit be teM ttei A. %ILD. 

BtfiflstiMft tn te tiiM tathe MM iitio,4M Ikif i«M to 
ODtanotlnr* 

DBMOVSTRATUMI. 

LetAtetoBtf CiDD.aiMlftboEto'Ftf C to D; itk 

tobeihoinidwlAiitoBafEiitoF« . 

A C 
Bieaiise A a (6 B It C to D, therefiMia ^«>|^i--, { 

K C • ^ 

KMT the mae iwiott -i iW|^ ; tkerewi 

g.=:^, thit M, A : B :: E : p. 0,8- » 

If any nnmber of magnitiides be pr^rtiiiMlaiiL'')BI one if 
the aDtecedents ii to iti cooteqaeoty so ahdl HH the luitici* 
dents taken together be to all the consequents. ' 

DBXOaaTRATIOV. 

By Cor. 2. Def. 6. any number of proportiooab may bi 
expressed by rA, A ; rB, 6 ; rC, C ; 

Where rA. rB, rC, are the antecedents, and A, B, C, the 
consequents ; and we are to prove that 

as rA is to A, so is rA+i'B+rC to A+B+C. 

nk ^ 

^ The ratio of rA to A is expressed by -^^r, and the ratio 

of rA+rB+rC to A+B+C, by J^^^^^^r ; aad 

therefore 

rA : A : : rA+rB+rC : A+B+C. 

PROF. XIIT. TBEOR. 

If the first has to the second the same ratio which the tlurd 
' has to the fourth, but the third to the fourth a greater ratio 
than the fiAh has to the sixth ; the first slwll aiso^hareito the 
second a greater ratio than the fiflb has to the sixth. 

DEMONSTRATION. 

Let A, B, C, D, £, F be the first, second, third, fourth, fifth, 
and sixth magnitudes respectively. 
The ratios of A to B, ei C \<i\> ,«A lA 1* V^l? 
ACE 
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and since by hypothe8i8^=g-, ' 

C E 
and also-fj >— , 

therefore we have -5 >-pr. ' /^ t, ^ 

B F Q. E. D. 

Cor. And if the fir<:t have a greater ratio to the second 
than the third has to the fourth, but the third the same ratio 
to the fourth which the fifth has to the sixths it may be de- 
monstrated, in like manner, that the first has a greater ratio 
to the second than the fifth has to the sixth. 

PROF. XIY. THEOR. 

If the first has to the second the same ratio Tirhich the third 
has to the fourth ; then, if the first be greater than the third, 
the second shall be greater than the fourth ; if equal, equals 
and if less, less. 

DEMONSTRATION. 

Let r A, A, r 6, 6 be any four proportionals. 

1. Suppose rA7»"B, 
then by. division A^ B : 
next, suppose rA=rB, 
then by division Ar= B : 
lastly, suppose rA^rB, 
then by division AT B. Q. E. D. 

PROP. XV. THEOR.. 

Magnitudes have the same ratio to one another which their 
equimultiples have. 

DEMONSTRATION. 

Let A, 6 be any two magnitudes of the same kind ; and m 
being any integer greater than unity, let mA, mB, be equimul- 
tiples of A, B ; It is to be proved that 

A, B, mA, mB are proportionals. 

4 
The ratio of A to B is the numerical quotient-^, and th^ 

ffiA A 

ratio of mA to mB is ^=r-, which is reducible tO:=r>; therefore 

mo H 

the two ratios =^, --^- are equal, and therefore 

a rnn 

A : B : : mA : mB. 

PROP. XTI. THEOR. 

If four magnitudes of the saipaekindbe \>x^^^i^Qit)»^^%^'^^^ 
shall ahio be proportionals when taken AVfttnaX^l • 

33 
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]UBiioirs!nu«iolr. 

We nty eipms anj four {nroMrtiontb by 

rA,A»rB,B, 
and we are to demoettnte that the four 

fAf f 0i Af B| 

wil dfo be proportioiiak. 

fA 
The ratio of rA to rB it -s, which» became the factor r is 

in* both Domerator and denomioalor, ii erideDtly reducible to 

A - A 

•g- : again the ratio of ttie third A to the fourth B is also ^g-; 

Uierefore, the two ratios, ?ias. of rA to rB, and of A to B, 
beii^ equal* we have 

rA : rB : : A : B. . 

Q,E.D. 

PAOP. Sril. TBIOA. 

V 

If mtgDitiides taken joindy be proportionals, their shall a^ 
be proportionals when taken separately ; that is, if two maf*^ 
nitodes together have to one of thenrihe same ratio which two 
others have to one of these, the remaining one of the first two 
shall have to the other the same ratio which the remaining 
one of the last two has to the other of these. 

DEMONSTRATION. 

By hypetnesis we have A+B : B : : C-f-D : D,.and we 
are to prove that A : 6 : : C : D. 

Now the ratio of A+B to B ia^^^ "= "g"''"^' 

' C+D C 

and the ratio of C+D to D is ^ p . =8 — -j-i j 

and since by hypothesis these two ratios are equal, therefore 

/A C ' AC 

we Wive g+l= rv+^> consequently g==g, that is 

A : B : : C ; D. 

Q. E. D. 

PROP. ZVIII. THEOR. 

If magnitudes taken separately be proportionalsi they shall 
slso be proportionals when taken jointly ; that is, if the first 
be to the second as live XYi\t& v& \o Wt\L^ iKe first and second 
tojgetber shall be to IVmv a^Qu4^>3Ei%S^^VD^ l^^^v^^- I 
tber to the fourth. ^ 
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DEHONSTIUTIOir. 

By hypothesis we ha^e A : B : : C : D, 
and we are to demoostrate that A+BiBiiC+DiD. 
Since the ratio of A to B is the same with that of C to D , 

thei«foreg=j^, 

to eich side of thi«4 equation add unity, and we have 

^+1=? + 1 that is^^±i=^-±i^. 

and therefore A+B ; B :; C+D : D. Q, E. D. 

PAOP. XIS. TUBOR. 

If a whok mignit'ide he to a whole, as a magnitude taken 
from the first is to a magnitude taken from the other, the re- 
Biaioder shall be to the remainder as the whole to the whole. 

DEMONSTRATION. 

Let A, B, be the two whole magnitudes, and C, D, the 
magnitudes taken from them. 

So that by hypo^he^is A : B : : C : D, 

we are to prove that A : B : : A — C : B — D. 

A B 
By Prop. XVI. we havep=j^, 

.1 A , B ^ ; ^^ . A-C B— D 
consequently - — 1= - — |, that is, -■ = — =^ — ; 

By this last divide the first equation, 

and the equal quotients are - — >,=5 — i\, 

A — C D — \) 

and therefore by mult, and div. jJ=o — i=|» 

that is, A : B : : A— C : B — D. Q. E. D. 

ANOTHER DEMONSTRATfON. 

Since by hypothesis A : B : : C ; D, 

therefore by alternation, prop. XVI. A : C :: B : D, 

and by division, prop. XVII. A — C : C :: B — D : D, 

and by alternation. A — C : B — D :: C : D, 

and therefore by prop. XI. A — C : B — D : : A ; B. 

q. E. D. 

ANOTHER DEMONSTRATION. 

Let A+C, and B+D, be the whole ma<ga\t\ide*^^^4C^\i^ 
the magoitades taken away, so tti^iVV)^ Vi^^Q>\x^i\% 
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A+C : B+D : : C : D. 

And we are to show that 

A+C : B+D : : A : B, 

Since by hypothesis A+C : B+D : : C : D- 

therefore by prop. XVI. A+C : C : : B+D : D, 

consequently by prop. XVII. A : C : : B : D, 

and therefore by prop. XVI. A : B : : C : D, 

therefore by prop. XI. A+C : B+D : : A : B. 

q. E. D. 

ANOTHER DEMONSrr RATIOK. 

Supposing r greater than unity, let rA, rB, be the two 
wholes, and A, C the magoiludes taken away, so, that by hy- 
pothesis, we bare rA : rB : : A : C ; 

of course we hare D==p»^J^K=pi whence C=s=B, and we 

hare therefore only to show that 

rA : rB : : rA— A : rB — B ; 

rA A 

Now the ratio of rA to rB is -5=0- ; 

To • u 

. /- A * •»> T* • rA — A (r— 1).A 
and the ratio of rA— A to rB — B, is -5— p-= ^ >( p = 

TD'^D ^r IJ.D 

^-, and therefore 

D 

rA : rB ; : rA— A ; rB — B. 

Q, E. D. 

PROP. E. THEOR. 

If four magnitudes be proportionals, they are also propor- 
tionals by conversion ; that is, the first is to its excess abore 
the second as the third is to its excess above the fourth. 

DEMONSTRATION. 

Let rA, A, rB. B, be the four proportional?, 
we have to demonstrate that 

rA : rA— A : : rB : rB— B. 

r A r 

The ratio of rA to rA — A is -7 -=■ -, 

r A — A r — 1 

_ . rB r 

and the ratio of rB to rB— B is -- — =--= , 

ro — Jo r — 1 

therefore rA : rA — A :: rB ; rB — B. 
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PROP. XX. THEOR. 

If there be three magiiitudes, and other three, which tak- 
en two and two have the saine ratio ; if the first be greater 
thafi the third, the fourth will be greater than the sixth ; 
if ^ual, equal ; and if less, lees. 

DEMONSTRATION. 

Let the three first magnitudes be A, 6, C, 
and the other three be D, £, F ; 
flo that by hypothesis, A is to B as D to B, and B to C as £ to 
F ^. and it is to be proved that if A be greater than C, D will 
be greater than F ; if equal, equal ; and if less, less. 

AD 
Because A : B : :' D : £, therefore o'^^'ir* 

B E 

and because B : C : : E : F, therefore ^8|r : 

therefore by multiplication of fractions, 

AB DR ^. . A D 

from which it is evident that when the quotient j^ is greater 

thdn unity, tlie quotient rr is also greater than unity ; that is, 

if A be greater than C, D is also greater than F ; in a similar 
nranner it is shown that when A is equal to C, D is equal to 
F ; and if less, less. Q. £*. D. 

PROP. XXI. THEOR. ' 

If there be three magnitudes, and other three, which have 
the same ratio taken two and two, but in a cross order ; if the 
first be greater than the t-iird, the fourth shall also be great- 
er than the sixth ; if equal, equal ; and if less, less. 

DEMONSTRATION. 

Let the three first magnitudes be A, B, C, 

and. the other three be D, £, F, 

so that A is to B as E to F, and B to C as D to E ; it is to be 

shown that if A be greater than C, D will be greater than F ; 

if equal, equal ; and if less, less. 

A E 
Since A : B : : E : F, therefore we have s-=Tr9 and be« 

B D 
cause B : C : : D : E, therefore «lUo tt^^ % "^^^ ^^ws^V 

Are bj mahipH^iimt' 

33* 
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AB _DE . A _D 

BC"""EF' ^^**'C ""F ' 
from which it is maoifest, that according 'aa the quotient 

A 

-^ is greater than, equal to, or less than unity, the quotient 

=-- must also be greater than, equal to, or less than unity, anJ 
r 

therefore if A be greater than C, D will be greater than F ; 
if equal, equal ; and if less, less. 

PROP. XXII. THEOR. 

If tfa^re be any number of magnitudes, and as many other?, 
which, take two and two in order, have the same ratio ; the 
first shall have to the last of the first rank of magnitudes, the 
same ratio which the first of the others has to the last. 

N. B. This is usually cited by the words ex csquali^ or ex 
csguo. 

DEMONSTRATION. 

Let the first rank of magnitudes be A, 6, C, D, 
and the second rank be E, F, G, H, 
so that by hypothesis A is to B as E to F, B to C as F to G, 
and C to D aa G to H ; we are to show that A : D : : E : H. 

A E 

Since A : B : : E : F, therefore we have ^="-t;, 

in like manner we have 7^=7^ » 

C G 

J C G ' 

ABC 
now multiply the quotients - , =, -together, and also the quo- 

E F G ^ ^ - . ABC EFG 

tients pt Q» ||» ^^^ ^^ °*v® ^"® equation -g^D^ FGH' 

which by reduction becomes j^==Tri 

and therefore A : D : : E : H. 

in like manner the truth of the proposition may ,be shown, 
whatevei- be the number of magnitudes. 

' Q. E. D. 

PROP. XXtll. THEOR. 

• r 

if there he any number o? m^^tiAVw^t^^^xA vi"^ xsax^^ ^'^^-^'^^ 
9fhich, iaken two and two iu «i cio^* ot^«t^\wi^^"^ 'Kwtw'b^- 
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tio ; the first shall have to the last of the first magnitudes the 
same ratio which the first of the others has to the last. 

N. B. This is usuallj cited by the words ex aquali in pro- 
porUone perturbata^ or ex cequo perturbato ; that is^ by eqtiality 

/^perturbate proportion. 
DEMOffSTRATIOir. 
Let the first rank of magnitudes be A, B, C, D, 

and the other rank E, F, G, H, 
so'that, bj hypothesis, A is to B as 6 to H ; B to C as F to 
Gi and C to D as E to F ; we are to pro?e, that 

A : D : : E : H. 

A G 

Since A : B : ; G : H, therefore b^lij 

B F 

and because B : C ; : F : G, therefore p=pi 

C E 
and because C ; D : : E : F, therefore Tv— p> 

A R F* 

now multiply the quotients ^, =, =,, together, and also thge 

./i "c^ T^ ARC OFF 

quotiente g, ^, p, and we have the products gcD^HGF" 

which reduced, becomes -=lss<~, 

U rl 

and therefore A : D : : E : H. 

In like manner we may proceed for any number of magni- 
tudes. Q,. E. D. 

PROF. XXIY. 

If the first has to the second the same ratio which the third 

hah to the fourth ; and the fifth to the second the same ratio 

S: which the sixth has to the fourth ; the first and fifth together 

8|»ill have to the second the Maine ratio which the third and 

sixth together have to the fourth. 

DEMONSTRATION. 

By hypothesis we have rA : A : : rB : B, 

and r A : A : : r'B : B, 
in which rA is the first, A the i<>econd. rB the third, B the 
fourth, r'A the fifth, and r B the sixth : r denoting each of 
the two equal ratios when the fifth is divided by the second, 
andWie ftgLth by the fourth ; and ive have to show, that 
.^ rA+r'A : A : : rB+r'B : B- 

TAe ratio of rA+ r A to A iJ-^,—=T-V^ , 
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and the ratio of rB+r'B to'B i»»i5il!l5==r+r' ; 

thcrefbro, rA+r'A : A : : r B+r B : B. 

Q. E. D. 

Cor. 1. If the same hypothesis be made as io the propo- 
sition, the excess of the first aod fifth shall be to the second, 
as the excess of the third and sixth to the fourth. 

Cor. 2. The prop, holds true oft^o ranks of magnitudes, 
whatever be their number, of which each of the first rank 
has to the second magnitude the same ratio which the corres- 
ponding one of the second rank has to a fourth magnitude. 

PROP. XXT. TBBOR. 

If four magnitudes of the same kind be proportionals, the 
greatest and least of them together bre greater than the other 
two together. 

DEMONSTRATION. 

Let the proportionals be rA, A, rB, B ; 
and let the first r A be the greatest : then since by hypothesis 
rA is the greatest, rAT'A, therefore ryi. 

Again, since by hy^iothesis rA is the greatest, therefore 
rA^^rB, and consequently A7B ; since then r is greater than 
unity, and A is greater than B, it is manifest that B is the 
least ; and we^are to show that rA+B7**B+A. 

Now because A — B=A — B, 

and ry\\ 
therefore by multiplication rA - rB7A — B ; 
to each side of this equation add rB-f-B, 

and we shall have rA+B7A+rB. 

A similar mode of demonstration may be adopted which- 
ever of the four proportional be the greatest. 

Q,. E. D. 

PROP. XXVI. THEOR. 

If there be any number of magnitudes of the same kind, 
the ratio compounded of the ratios of the first to the second, 
of the second to the thiid, and so 00 to the last, is equal to the 
ratio of the first to the last. 

DKMONSTRATION. 

Let the magnitudes of the same kind be A, B, C, D ; we are 
to prove that the ratio compounded of tbe ratios of A to B, of 
B io C, and of C to D,?Lccoidv\:k^lovVk^ de^duition of compound 
ratio y is e^ual to the ruXio oi XVqT3. 
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Take any mag;&itude P, 
and let A be to B as P to Q, and A,B,C,D, 
B to C as Qto R, and C to D as P, Ct R, S ; 
R to S ; then by the definition of 

compound ratio, the ratio of P to S is the ratio compounded 
of the ratios of A to B, B to C, and of C to D ; and it is to 
be proved that the ratio of A to D is the same with P to S. 

Noi? because A, B, G, d, are several magnitudes, and P, 
Q« R, S, as many others, which taken two and two in order, 
have the same ratio ; that is, A is to B as P to Q, ; B toO as 
C^to R, and C to D as Rto S; therefore ex aqualiy prop. 
XXII. 

A : D : : P : S. 

In like manner the proposition is proved for aoy number of 
magnitudes. 

Q. E. D. 

PROF. ZXVII. THBOR. 

If four magnitudes be proportionals according to the com- 
mon algebraic definition, they will also be proportionals ac- 
cording to Euclid's definition. 

DEMONSTRATION. 

Let the four rA, A, rB, B, 

be the proportionals according to our 6th definition ; that is, 
according to the common algebraic definition ; it is to be proved 
that the same four 

rA, A, rB, B, 
are proportionals by Euclid's fiflh def. of the fifth book. 

Let m and n be any two integers, each greater than unity, 
so that mrA, mrB, are any equimultiples whatever of the first 
and third ; and nA, nB are any whatever of the second and 
fourth ; and the four multiples are therefore 

mrA, nA, mrB, nB ; 
Now the thing to be proved is, that according as the multiple 
mrA is greater than, equal to, or less than nA ; the multiple 
mrB will also be greater than, equal to, or less than nB. 

First let mrAT^nA, 
then by division mr7n, 

and by multiplication mrB^nB. 

Secondly, if mrAs=nA, 

then mrsszn 

and therefore mrB=nB. 

Lastly, if mrAz.nA| 

then mrZ.ti, 

therefore mrBiLnB, 
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-J- 1 aod therefore -T-=s^-, 

A ; ' A B 

that is, A' : A : : B': B. 

Scholium. Thus we have shown, that if four quantities he 
proportionals by the common algebraic definition, they will 
also be proportionals according to Euclid's definition ; and 
conversely, that if four quantities be proportionals by Eu- 
clid's definition, they will also be proportionals by the com- 
mon algebraic definition ; and by a similar method of reason- 
ing w^ may easily show, that when four quantities are not 
proportionals by one of these two definitions, they cannot be 
proportionals by the other definition. 

Thus it appears, that the two definitions are altogether 
equivalent ; each comprehending, or excluding, whatever is 
comprehended, or excluded, by the other. 
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